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Preface 



The Lagrangian method of dynamics is applicable to a very extensive field of particle 
and rigid body problems, ranging from the simplest to those of great complexity. The 
advantages of this procedure over conventional methods are, for reasons which follow, of 
outstanding importance. This is true not only in the broad field of applications but also in 
a wide area of research and theoretical considerations. 

To a large extent the Lagrangian method reduces the entire field of statics, particle 
dynamics and rigid body dynamics to a single procedure: one involving the same basic 
steps regardless of the number of masses considered, the type of coordinates employed, 
the number of constraints on the system and whether or not the constraints and frame of 
reference are in motion. Hence special methods are replaced by a single general method. 

Generalized coordinates of a wide variety may be used. That is, Lagrange's equations 
are valid in any coordinates (inertial or a combination of inertial and non-inertial) which 
are suitable for. designating the configuration of the system. They give directly the equa- 
tions of motion in whatever coordinates may be chosen. It is not a matter of first intro- 
ducing formal vector methods and then translating to desired coordinates. 

Forces of constraint, for smooth holonomic constraints, are automatically eliminated 
and do not appear in the Lagrangian equations. By conventional methods the elimination 
of these forces may present formidable difficulties. 

The Lagrangian procedure is largely based on the scalar quantities: kinetic energy, 
potential energy, virtual work, and in many cases the power function. Each of these can 
be expressed, usually without difficulty, in any suitable coordinates. Of course the vector 
nature of force, velocity, acceleration, etc., must be taken account of in the treatment of 
dynamical problems. However, Lagrange's equations, based on the above scalar quantities, 
automatically and without recourse to formal vector methods take full account of these 
vector quantities. Regardless of how complex a system may be, the terms of a Lagrangian 
equation of motion consist of proper components of *f orce and acceleration expressed in 
the selected coordinates. 

Fortunately the basic ideas involved in the derivation of Lagrange's equations are 
simple and easy to understand. When presented without academic trimmings and unfamil- 
iar terminology, the only difficulties encountered by the average student usually arise from 
deficiencies in background training. The application of Lagrange's equations to actual 
problems is remarkably simple even for systems which may be quite complex. Except for 
very elementary problems, the procedure is in general much simpler and less time consum- 
ing than the "concise", "elegant" or special methods found in many current texts. More- 
over, details of the physics involved are made to stand out in full view. 

Finally it should be mentioned that the Lagrangian method is applicable to various 
fields other than dynamics. It is especially useful, for example, in the treatment of electro- 
mechanical sytems. 

This book aims to make clear the basic principles of Lagrangian dynamics and to give the 
reader ample training in the actual techniques, physical and mathematical, of applying 
Lagrange's equations. The material covered also lays the foundation for a later study of 



those topics which bridge the gap between classical and quantum mechanics. The method 
of presentation as well as the examples, problems and suggested experiments has been 
developed over the years while teaching Lagrangian dynamics to students at the University 
of Cincinnati. 

No attempt has been made to include every phase of this broad subject. Relatively little 
space is given to the solution of differential equations of motion. Formal vector methods 
are not stressed; they are mentioned in only a few sections. However, for reasons stated 
in Chapter 18, the most important vector and tensor quantities which occur in the book 
are listed there in appropriate formal notation. 

The suggested experiments outlined at the ends of various chapters can be of real value. 
Formal mathematical treatments are of course necessary. But nothing arouses more in- 
terest or gives more "reality" to dynamics than an actual experiment in which the results 
check well with computed values. 

The book is directed to seniors and first year graduate students of physics, engineering, 
chemistry and applied mathematics, and to those practicing scientists and engineers who 
wish to become familiar with the powerful Lagrangian methods through self -study. It is 
designed for use either as a textbook for a formal course or as a supplement to all current 
texts. 

The author wishes to express his gratitude to Dr. Solomon Schwebel for valuable sug- 
gestions and critical review of parts of the manuscript, to Mr. Chester Carpenter for review- 
ing Chapter 18, to Mr. Jerome F. Wagner for able assistance in checking examples and 
problems, to Mr. and Mrs. Lester Sollman for their superb work of typing the manuscript, 
and to Mr. Daniel Schaum, the publisher, for his continued interest, encouragement and 
unexcelled cooperation. 

D. A. Wells 

October, 1967 
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CHAPTER 
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Background Material, S 



Basic laws of dynamics. Conditions under which valid. Two 
principal types of problems and their general treatment. 



1.1 Regarding Background Requirements. 

The greatest obstacles encountered by the average student in his quest for an under- 
standing of Lagrangian dynamics usually arise, not from intrinsic difficulties of the 
subject matter itself, but instead from certain deficiencies in a rather broad area of back- 
ground material. With the hope of removing these obstacles, Chapters 1 and 2 are 
devoted to detailed treatments of those prerequisites with which students are most fre- 
quently unacquainted and which are not readily available in a related unit. 

■3 

1.2 The Basic Laws of Classical Newtonian Dynamics and 
Various Ways of Expressing Them. 

Newton's three laws (involving, of course, the classical concepts of mass, length, time, 
force, and the rules of geometry, algebra and calculus) together with the concept of virtual 
work, may be regarded as the foundation on which all considerations of classical mechanics 
(that field in which conditions C,D,E of Section 1.6 are fulfilled) rests. However, it is 
well to realize from the beginning that the basic laws of dynamics can be formulated 
(expressed mathematically) in several ways other than that given by Newton. The most 
important of these (each to be treated later) are referred to as 

(a) D'Alembert's principle (c) Hamilton's equations 

(b) Lagrange's equations (d) Hamilton's principle 

All are basically equivalent. Starting, for example, with Newton's laws and the principle 
of virtual work (see Section 2.13, Chapter 2), any one of the above can be derived. Hence 
any of these five formulations may be taken as the basis for theoretical developments 
and the solution of problems. 

1.3 The Choice of Formulation. 

Whether one or another of the above five is employed depends on the job to be done. 
For example, Newton's equations are convenient for the treatment of many simple problems; 
Hamilton's principle is of importance in many theoretical considerations. Hamilton's 
equations have been useful in certain applied fields as well as in the development of 
quantum mechanics. 

However, as a means of treating a wide range of problems (theoretical as well as 
practical) involving mechanical, electrical, electro-mechanical and other systems, the 
Lagrangian method is outstandingly powerful and remarkably simple to apply. 

1.4 Origin of the Basic Laws. 

The "basic laws" of dynamics are merely statements of a wide range of experience. 
They cannot be obtained by logic or mathematical manipulations alone. In the final 
analysis the rules of the game are founded on careful experimentation. These rules must 
be accepted with the belief that, since nature has followed them in the past, she will con- 
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tinue to do so in the future. For example, we cannot "explain" why Newton's laws are 
valid. We can only say that they represent a compact statement of past experience 
regarding the behavior of a wide variety of mechanical systems. The formulations of 
D'Alembert, Lagrange and Hamilton express the same, each in its own particular way. 

1.5 Regarding the Basic Quantities and Concepts Employed. 

The quantities, length, mass, time, force, etc., continually occur in dynamics. Most 
of us tend to view them and use them with a feeling of confidence and understanding. 
However, many searching questions have arisen over the years with regard to the basic 
concepts involved and the fundamental nature of the quantities employed. A treatment 
of such matters is out of place here, but the serious student will profit from the discussions 
of Bridgman and others on this subject 

1.6 Conditions Under Which Newton's Laws are Valid. 

Newton's second law as applied to a particle 1 of constant mass m may be written as 

^ dv 

F = m Tt 

where the force F and velocity v are vector quantities and the mass m and time t are 
scalars. In component form (1.1) becomes, 

F x = mx t F y - my, F z - mz (1.2) 

(Throughout the text we shall use the convenient notation: ^ = x, = x, etc.) 

Relations (1.2), in the simple form shown, are by no means true under any and all 
conditions. We shall proceed to discuss the conditions under which they are valid. 

Condition A. 

Equation (1,1) implies some "frame of reference" with respect to which dv/dt is 
measured. Equations (1.2) indicate that the motion is referred to some rectangular 
axes X,Y,Z. 

Now, it is a fact of experience that Newton's second law expressed in the 
simple form of (1.2) gives results in close agreement with experience when, and 
only when, the coordinate axes are fixed relative to the average position of the 
"fixed" stars or moving with uniform linear velocity and without rotation relative 
to the stars. In either case the frame of reference (the X, Y,Z axes) is referred to 
as an INERTIAL FRAME 2 and corresponding coordinates as INERTIAL COORDINATES. 
Stated conversely, a frame which has linear acceleration or is rotating in any 
manner is NON-INERTIAL 3 . 



3 The term "particle", a concept of the imagination, may be pictured as a bit of matter so small that 
its position in space is determined by the three coordinates of its "center". In this case its kinetic energy 
of rotation about any axis through it may be neglected. 

2 The term "inertial frame" may be defined abstractly, merely as one with respect to which Newton's 
equations, in the simple form (1.2), are valid. But this definition does not tell the engineer or applied 
scientist where such a frame is to be found or whether certain specific coordinates are inertial. This 
information is, however, supplied by the fixed-stars definition. Of course it should be recognized that 
extremely accurate measurements might well prove the "fixed-star" frame to be slightly non-inertial. 

3 Due to annual and daily rotations and other motions of the earth, a coordinate frame attached to its 
surface is obviously non-inertial. Nevertheless, the acceleration of this frame is so slight that for many 
(but by no means all) purposes it may be regarded as inertial. A non-rotating frame (axes pointing always 
toward the same fixed stars) with origin attached to the center of the earth is more nearly inertial. Non- 
rotating axes with origin fixed to the center of the sun constitutes an excellent (though perhaps not 
"perfect") inertial frame. 
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The condition just stated must be regarded as one of the important foundation 
stones on which the superstructure of dynamics rests. Cognizance of this should 
become automatic in our thinking because, basically, the treatment of every problem 
begins with the consideration of an inertial frame. One must be able to recognise 
inertial and non-inertial frames by inspection. 

The above statements, however, do not imply that non-inertial coordinates 
cannot be used. On the contrary, as will soon be evident, they are employed perhaps 
just as frequently as inertial. How Newton's second law equations can be written 
for non-inertial coordinates will be seen from examples which follow. As shown 
in Chapters 3 and 4, the Lagrangian equations (after having written kinetic energy 
in the proper form) give correct equations of motion in inertial, non-inertial or 
mixed coordinates. 

Example 1.1: 

As an illustration of condition A consider the behavior of the objects (a), {&), (c), shown in 
Fig. 1-1, in a railroad car moving with constant acceleration a x along a straight horizontal track. 



In Fig. 1-1, (a) represents a ball of mass m acted upon by some external force F (components 
Fx,F y ) and the pull of gravity. Assuming X\ t Y\ to be an inertial frame, considering motion in a 
plane only and treating the ball as a particle, the equations of motion, relative to the earthy are 



Differentiating (3) and (4) twice with respect to time and substituting into (1) and (2), 



which are the equations of motion of the ball relative to the car. 

Clearly the y 2 coordinate is inertial since (2) and (6) have the same form. However, x% is 
non-inertial since (1) and (5) are different. Equation (5) is a simple example of Newton's second 
law equation in terms of a non-inertial coordinate. (Note how incorrect it would be to write 
mxt = F x .) 

Notice that the effect of this non-inertial condition on any mechanical system or on a person 
in the car is just as if g were increased to (al + g z ) 1/2 t acting downward at the angle 9 — tan -1 ajg 
with the vertical, and all coordinates considered as inertial. 

If the man pitches a ball, Fig. 1-1(6), upward with initial velocity v Q , its path relative to the 
car is parabolic but it must be computed as if gravity has the magnitude and direction indicated 
above. If the man has a mass M } what is his "weight" in the car? 




(1) mxi = F x (2) myi = F y — mg 

Now relations between "earth coordinates" and "car coordinates" of m are seen to be 

(S) Xi — x 2 + vit + ±a x t 2 (i) yi = y 2 + h 



(5) m X2 — F x — ma x 



{6) my* — F y — mg 
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As an extension of this example, suppose the car is caused to oscillate along the track about 
some fixed point such" that s — So + A smut, where So, A,u are constants. Equation (6) remains 
unchanged, but differentiating Xi — x 2 + So + A sin ut and inserting in (1) we get 

vi x\ — mAt/sinui + F x 

Again it is seen vhat x 2 is non-inertial. 4 

It is easily seen that the ball in (6) will now move, relative to the car, along a rather complex 
path determined by a constant downward acceleration g and a horizontal acceleration Au s sinu£. 

The man will have difficulty standing on the scales, regardless of where they are placed, 
because his total "weight" is now changing with time both in magnitude and direction. 

Example 1.2: 

Consider the motion of the particle of 
mass m, shown in Fig 1-2, relative to the 
X 2 , Y* axes which are rotating with con- 
stant angular velocity u relative to the 
inertial X u Y\ frame. 

The equations of motion in the inertial 
coordinates are 



Xx, Yx 

Frame Rotating 




Fig. 1-2 



mxx — Fx v my i — F yi 

where F Xl and F SI are components of the 
applied force along the fixed axes. We shall 
now obtain corresponding equations in the 
rotating (and as will oe seen, non-inertial) 
coordinates. 

Reference to the figure shows that 

xi = x 2 cos u£ — y% sin at 

yi — x 2 sin u£ + yi cos at 
Differentiating these equations twice and substituting in the first equations of motion, we obtain 
F X{ = m[&t cos tat — 2i 2 (jsinu£ — 2y2io cos u£ — #*u 2 cos u£ -r 2/2U 2 sin ut - y% sin tat] (9) 
F Vl = m[x 2 s\nat + 2x 2 acosut — 2i/2usinu>£ — x^sinufc - y 2 <*) 2 cosut -f y 2 cos vt] (10) 

Again referring to the figure, it is seen that the components of F in the direction of X 2 and 
Y 2 are given by F X2 = F Xl coswt + F yi sin u« and F U2 = F fl cos ut - F Tl smut Hence multi- 
plying (9) and (10) through by cos ut and sin u« respectively and adding, the result is 

F* 2 - mxz — mx 2 J — 2muy% (11) 

Likewise multiplying (9) and (10) through by sin ut and cosu£ respectively and subtracting, 

F = my 2 - my- t u 2 + 2mwx 2 (12) 

These are the equations of motion relative to the non-inertial XuY* axes. Note that it would 
indeed be a mistake to write F X2 = mx\ and F n - my 2 . From this example it should be evident 
that any rotating frame is non-inertial. 



Condition B. 

Equations {1,2) are valid only when m is constant. In case m is variable, equa- 
tion (1.1) must be replaced by . 

F = f t (mv) 



Various examples can be cited in which the mass of an object varies with 
coordinates (a snowball rolling down a snow covered hill); with time (a tank car 
having a hole in one end from which liquid flows or a rocket during the burn-out 
period), with velocity (any object moving with a velocity approaching that of light). 
However, we shall not be concerned with variable-mass problems in this text. 



4 As a matter of convenience we shall, throughout the book, refer to the product (mass) X (acceleration) 
as an "inertial force". 
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Condition C. 

In general, the masses of a system must be large compared with the masses 
of atoms and atomic particles. The dynamics of atomic particles falls within the 
field of quantum mechanics. But there are "borderline" cases; for example, the 
deflection of a beam of electrons in a cathode ray tube is usually computed with 
sufficient accuracy by classical mechanics. 

Condition D. 

Whether a mass is large or small, its velocity must be low compared with that 
of light. As is well known from the special theory of relativity, the mass of any 
object increases with the velocity of the object. For "ordinary" velocities this 
change in mass is very small, but as the velocity approaches that of light its rate 
of increase becomes very great. Hence the relation (1.2) will not give accurately 
the motion of an electron, proton or baseball moving with a velocity of say 
2 X 10 10 cm/sec. (This condition could, of course, be included under B.) 

Condition E. 

In case certain masses of the system are very large and/or long intervals of 
time are involved (a century or more), the general theory of relativity agrees 
more closely with experiment than does Newtonian dynamics. For example, 
general relativistic dynamics predicts that the perihelion of the orbit of the planet 
Mercury should advance through an angle of 43" per century, which is in close 
agreement with astronomical measurements. 

In conclusion, we see that when dealing with "ordinary" masses, velocity and time 
conditions C, D and E are almost always met. Hence in "classical dynamics" the greatest 
concerns are with A and B, 

It is evident from the above conditions that there exist three more-or-less well defined 
fields of dynamics: classical, quantum and relativistic. Unfortunately no "unified" theory, 
applicable to all dynamical problems under any and all conditions, has as yet been 
developed. 

1.7 Two General Types of Dynamical Problems. 

Almost every problem in classical dynamics is a special case of one of the following 
general types: 

(a) From given forces acting on a system of masses, given constraints, and the known 
position and velocity of each mass at a stated instant of time, it is required to find 
the "motion" of the system, that is, the position, velocity and acceleration of each 
mass as functions of time. 

(b) From given motions of a system it is required to find a possible set of forces which 
will produce such motions. In general some or all of the forces may vary with time. 

Of course considerations of work, energy, power, linear momentum and angular momen- 
tum may be an important part of either (a) or (&). 

1.8 General Methods of Treating Dynamical Problems. 

Most problems in applied dynamics fall under (a) above. The general procedure is 
the same for all of this type. As a matter of convenience it may be divided into the 
following four steps. 

(1) Choice of an appropriate coordinate system. 

The ease with which a specific problem may be solved depends largely on the 
coordinates used. The most advantageous system depends on the problem in hand, 
and unfortunately no general rules of selection can be given. It is largely a matter 
of experience and judgment. 
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(2) Setting up differential equations of motion. 

Simple examples of equations of motion al- 
ready have been given. However, to illustrate 
further the meaning of the term "equations of 
motion" consider the problem of a small mass m 
suspended from a coiled spring of negligible mass 
as shown in Fig. 1-3. Assume that m is free to 
move in a vertical plane under the action of 
gravity and the spring. Equations of motion, 
here expressed in polar coordinates, are 

r - r¥ - gcosO +^(r-r 0 ) = 0 

rO + 2r$ + g sin0 = 0 

where tq is the unstretched length of the spring 
and k the usual spring constant. Integrals of 
these second order differential equations give r 
and 6 as functions of time. 

Two points must be emphasized: (a) These differential equations can be set up 
in various ways (see Section 1.2). However, as in most cases, the Lagrangian 
method is the most advantageous, (b) The equations above do not represent the 
only form in which equations of motion for this pendulum may be expressed. They 
may, for example, be written out in rectangular or many other types of coordinates 
(see Chapters 3 and 4). In each case the equations will appear quite different and 
as a general rule some will be more involved than others. Statements (a) and (6) 
are true for dynamical systems in general. 

(3) Solving the differential equations of motion. 

Equations of motion, except in the Hamiltonian form, are of second order. The 
complexity of the equations depends very largely on the particular problem in 
hand and the type of coordinates used. Very frequently the equations are non- 
linear. Only in certain relatively few cases, where for example all differential 
terms have constant coefficients, can a general method of solution be given. It is 
an important fact that, although correct differential equations of motion can be 
written out quite easily for almost any dynamical system, in a great majority of 
cases the equations are so involved that they cannot be integrated. Fortunately, 
however, computers of various types are coming to the rescue and useful solutions 
to very difficult equations can now be obtained rapidly and with relatively little 
effort. This means, of course, that differential equations formerly regarded as 
"hopeless" are presently of great concern to scientists and engineers. Moreover, 
the more advanced and general techniques of setting up such equations are of 
increasingly great importance in all fields of research and development. 

(4) Determination of constants of integration. 

The method of determining constants of integration is basically simple. It 
involves merely the substitution of known values of displacement and velocity at 
a particular instant of time into the integrated equations. Since the method will 
be made amply clear with specific examples in the chapters which follow, further 
details will not be given here. 

1.9 A Specific Example Illustrating Sections 1.7 and 1.8. 

As a means of illustrating the remarks of the preceding sections and obtaining a 




Figr.l-3 
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general picture of dynamics as a whole, before becoming involved in details of the 
Lagrangian method, let us consider the following specific example. 

The masses mi and m% are connected to springs (having spring constants hi and k%) and the block B 
as shown in Fig. 1-4 below. The block is made to move according to the relation s — A sin at by the 
force F. Po,Pi,p-2 are fixed points taken such that popi and pij?2 are the unstretched lengths of the first 
and second springs respectively. All motion is along a smooth horizontal line. Masses of the springs are 
neglected. 




Fig. 1-4 



We now set ourselves the task of giving a dynamical analysis of the system. The problem falls under 
(a), Section 1.7. The method of treatment is that of Section 1.8. A broad analysis of the problem would 
include a determination of: 

(a) The position of each mass as a function of time. 

(b) The velocity of each mass at any instant. 

(c) The energy (kinetic and potential) of the system as functions of time. 

(d) The acceleration of and force acting on each mass as functions of time. 

(e) The frequencies of motion of each mass. 
(/) The force which must be applied to B. 

(g) The power delivered by B to the system at any instant. 

It should be understood that the solutions given below are not for the purpose of showing details but 
only to illustrate fundamental steps. Hence mathematical manipulations not essential to the picture as a 
whole are omitted. We shall first determine (a), from which . . .,(#) follow without difficulty. 

Following the steps listed under Section 1.8, we first select suitable coordinates. Since motion is 
restricted to the horizontal line, it is evident that only two are necessary, one to determine the position 
of each mass. Of the coordinates indicated in Fig. 1-4, any one of the following sets may be used, (xt,xt) f 
(%&>%s)> (xz,xi) t (xa, etc. As a matter of convenience (xi,Xt) have been chosen. 

The equations of motion, obtained by a direct application of Newton's laws or Lagrange's equations, are 

miXi + (ki + kt)xi — kiXz — kiA sinwi (1) 

m 2 x 2 + k2X2 — ktxi — 0 (2) 

To make the problem specific, let us set 

mi — 400 grams, m 2 — 300 grams, A = 5 cm 

kt = 6 X 10 4 dynes/cm, kt = 5 X 10 4 dynes/cm, w — 12 radians/sec 

Now, by well-known methods of integration, approximate solutions of (1) and (2) are 

xi = 6.25A* sin (19.37* + y,) - 3A 2 sin (8.16* + y 2 ) - .95 sin 12t (S) 
X2 = -5Ai sin (19.37* + y,) - 5A a sin (8.16* + y 2 ) - 7 sin 12* U) 

which completes the first three steps of Section 1.8. 

The arbitrary constants of integration At, At, y„ y, can be determined after assigning specific initial 
conditions. One could assume for example, as one way of starting the motion, that at t = 0, 

Xi = 3 cm, Xt ~ 4 cm (5) 
Xl = 0, it = 0 (6) 

Putting (5) into ($) and (4), and (6) into the first time derivatives of {3) and (-4), there result four algebraic 
equations from which specific values of the above constants follow at once. .The displacements xi and x* 
are thus expressed as specific functions of time. 

Inspection shows that each of (6), (c), ...,(#) can be determined almost at once from the final forms 
of (3) and (4). Hence further details are left to the reader. 
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The above simple example presents a rather complete picture of the general procedure 
followed in treating the- wide field of problems mentioned in Section 1.7(a). But a word 
of warning. The equations of motion (1) and (2) are very simple and hence all steps 
could be carried out without difficulty. Unfortunately this is by no means the case in 
general (see Section 1.8, (3)). Moreover, it frequently happens in practice that many details 
listed under Section 1.9 are not required. 

The second general class of problems mentioned in Section 1.7 (b) will be treated in 
Chapter 13. 



Summary and Remarks 

1. "Classical dynamics" is that branch of dynamics for which Newton's laws are valid 
under restrictions C,D,E of Section 1.6. 

2. The "basic laws" of dynamics are merely compact statements of experimental results. 
They may be expressed mathematically in a variety of ways, all of which are basically 
equivalent. Any one form can be derived from any other. 

3. A cognizance and understanding of the conditions under which the laws of classical 
dynamics are valid is of vital importance. The definition of "inertial frame" and a 
full realization of the part it plays in the treatment of almost every dynamical problem 
is imperative. 

4. There are two principal types of problem in classical dynamics (as discussed in Sec- 
tion 1.7), of which 1.7(a) is the most common. Cognizance of this fact and the general 
order of treatment is of importance. 

5- There exist, at the present time, three distinct (from the point of view of treatment) 
and rather well defined (physically) fields of dynamics: classical, quantum and rela- 
tivistic. No unified set of laws, applicable to any and all problems, has as yet been 
developed. 



Review Questions and Problems 

1.1. State the meaning of the term "classical dynamics". Give specific examples illustrating the re- 
maining two fields. 

1.2. What can be said regarding the "origin" of and ways of formulating the basic laws of dynamics? 

1.3. Make clear what is meant by the term "inertial frame of reference". 

1.4. Prove that any frame of reference moving with constant linear velocity (no rotation) relative to 
an inertial frame is itself inertial. 

1.5. Can one recognize by inspection whether given coordinates are inertial or non-inertial? Is it 
permissible, for the solution of certain problems, to use a combination of inertial and non-inertial 
coordinates? ^ (These are important considerations.) 

1.6. The cable of an elevator breaks and it falls freely (neglect air resistance). Show that for any 
mechanical system, the motions of which are referred to the elevator, the earth's gravitational 
field has, in effect, been reduced to zero. 
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1.7. A coordinate frame is attached to the inside of an automobile which is moving in the usual manner 
along a street with curves, bumps, stop lights and traffic cops. Is the frame inertia!? Do occupants 
of the car feel forces other than gravity? Explain. 

1.8. If the car, shown in Fag. 1-1, Page 3, were moving with constant speed around a level circular 
track, which of the coordinates x 2t y 2i z 2 of mi (or of any other point referred to the X 2 , Y 2 , Z 2 
frame) would be non-inertial? Explain, (Assume Zi taken along the radius of curvature of track.) 

1.9. Suppose that the X 2i Y 2 frame, shown in Fig. 1-2, Page 4, has any type of rotation (as for example 
$ — constant, V — constant, or & ~ 0 o sin<o£), show that the x 2 ,y 2 coordinates are non-inertial. 
See Example 1.2. 

1.10. Suppose that the arrangement of Fig. 1-4, Page 7, be placed in the R.R. car of Fig. 1-1, Page 3, 
parallel to the X 2 axis and that the car has a constant linear acceleration a». Show that the 
equations of motion, (1) and (2) of Section 1.9, must now be replaced by 

wusci 4- (ki + k 2 )x x — k 2 x 2 = kiA sin — m l a x 
m 2 *x 2 + k 2 x% — k 2 xi = —mi Ox 

1.11- Assuming that the origin of Z 2 , Y 2l Fig. 1-2, Page 4, has constant acceleration a x along the Xi axis 
while, at the same time, X 2 ,Y 2 rotate with constant angular velocity w, show that equations (11) 
and (12) of Example 1.2 must now be replaced by 

F X2 ~ mx\~ mx 2 u> 2 — 2mwi/2 + ma x cos wi 
Fy 2 — my 2 — my 2 u> 2 + 2m^ 2 — ma* smut 

1.12. Assuming that the X, Y frame to which the simp?3 pendulum of Fig. 1-5 below is attached has a 
constant velocity v x in the X direction and v y in the Y direction (no rotation of the frame), show 
that the equation of motion of the pendulum in the e coordinate is r*$ = —g sin 6. Is the period 
of oscillation changed by the motion of its supporting frame? 




Fig. 1-5 



1.13, If the X, Y frame of Fig. 1-5 above has a constant acceleration a x in the X direction and a constant 
velocity v y in the Y direction, show that 

r'e — —dx cos 6 — g sin $ 

and hence that 6 is no longer inertial. Does the pendulum now have the same period as in 
Problem 1.12? 

1.14. State and give examples of the two principal classes of problems encountered in classical dynamics. 
Outline the general procedure followed in solving problems 6f the first type. 
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Coordinate systems, transformation equations, generalized coordi- 
nates. Degrees of freedom, degrees of constraint, equations of 
constraint. Velocity, kinetic energy, acceleration in generalized 
coordinates. Virtual displacements and virtual work. 



2.1 Introductory Remarks. 

Theoretical treatments as well as the solution of applied problems in the field of 
analytical dynamics involve, in addition to the important matters discussed in Chapter 1, 
an immediate consideration of generalized coordinates, transformation equations, degrees 
of freedom, degrees of constraint, equations of constraint, velocity and kinetic energy as 
expressed in generalized coordinates, general expressions for acceleration, and the mean- 
ing and use of virtual displacements and virtual work. No student is in a position to 
follow the development of this subject without a clear understanding of each of these 
topics. 



Coordinates 

(*i> vi); (*», vt) ) 



2.2 Coordinate Systems and Transformation Equations. 

The various topics under this heading will be treated, to a large extent, by specific 
examples. 

(1) Rectangular Systems. 

Consider first the two-dimensional 
rectangular systems, Fig. 2-1. The 
lengths xi, 2/1 locate the point p relative 
to the X\, Yi frame of reference. Like- 
wise X2, 2/2 locate the same point relative 
to X2, F2. By inspection, the Xi, y\ co- 
ordinates of any point in the plane are 
related to the #2,2/2 coordinates of the 
same point by the following "transfor- 
mation equations": 



Xx = x Q + x% cos (9-2/2 sin 0 
2/i = 2/o + X2 sin 0 + 2/2 cos 0 



(2.1) 




Fig. 2-1 



{2.2) 



Note that Xt and yi are each functions 
of both x% and 2/2. 

It is seen that relations (2.1) can be written in the more convenient form 

Xi = x 0 + I1X2 + J22/2 
2/i = 2/o + miXz + m 2 2/2 

where h, mi and h, m 2 are the direction cosines of the X2, Y 2 axes respectively 
relative to the Xi, Yi frame. 

As a further extension, suppose that the origin of Z 2 , Y2 is moving with, say, 
constant velocity (components v Xt v y ) relative to the X u Yi frame while, at the same 
time, the X 2 , Y 2 axes rotate with constant angular velocity o> such that 0 — o>£. 
Equations (2.1) or (2.2) can be written as 



Xi ™ v x t + X2 cos tat — 2/2 sin at 

y x = v y t + X 2 Sin id + 2/2COSo>£ 



(2.8) 
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Note that Xi,yi are now each functions of #2,2/2 and time. Corresponding 
equations for any assumed motions may, of course, be written out at once. 

Transformation equations of the above type are encountered frequently and 
are often indicated symbolically by 

xi = Xi(x2,y2,f), 

Considering three-dimensional rec- 
tangular systems, Fig. 2-2, it may be 
shown, as above, that transformation 
equations relating the #1,2/1,21 coordi- 
nates of a point to the #2,2/2,22 coordi- 
nates of the same point are 

Xi = Xq + I1X2 + Z22/2 + hZ2 
2/i = 2/o + miX2 + m 2 y% + m 3 z 2 (24) 
Zi = Zo 4- niX2 + n 2 2/2 + nsz 2 

where li,m h ni are direction cosines of 
the X 2 axis, etc. 

Of course the X 2 , Y 2 , Z 2 frame may 
be moving, in which case (for known 
motions) #0,2/0,20 and the direction co- 
sines can be expressed as functions of 
time, that is, xi = xi (#2, 3/2,22,*), etc. 

(2) The Cylindrical System. 

This well-known system is shown in Fig. 2-3. It is seen that equations relating 
the (x,y,z) and (r r <j> f z) coordinates are 




Coordinates 



/*,mz, ft* 



Direction Cosines of 
JTt axis; /..TOi.hi, 
etc. 

~7 v" 



Fig. 2-2 



Coordinates 




# = p cos <f>, y = p sin 9, 



'J. : .V;. 



(*•*) 



Coordinates — \ 




Cylindrical Coordinates p, z 




jr- = r sin ff sin # -s. J/ ^ 



Spherical Coordinates r, , ^ 
Fig. 2-4 



Fig. 2-3 

(3) The Spherical System. 

Spherical coordinates consisting of two angles <j> and 0 and one length r are 
usually designated as in Fig. 2-4. Reference to the figure shows that 

x = r sin 0 cos <f>, y — r sin 0 sin <f>, z — r cos 0 (2.6) 

Note that x and y are each functions of r,<f>, 6. It happens that z is a function of 
r and 0 only. 
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(2.7) 
(2.8) 
(2.9) 



(4) Various Other Coordinate Systems, 

Consider the two sets of axes X, Y 
and QuQi of Fig. 2-5, where « and ft 
are assumed known. Inspection will 
show that the point p may be located 
by several pairs of quantities such as 
(%, V), (qi,q*), (q' x ,q$, (81,82), (si,x), etc. 
Each pair constitutes a set of coordi- 
nates. Transformation equations relat- 
ing some of these are 

x — qi cos a + q% cos p 
y = qi sin<* + q^ sin p 

q[ = <7i + ^2 cos (0 - «) 
#2 ~ <?2 + 2i cos (0 - a.) 

S2 = a; sin /3 -. t/ cos £ 
si - 2/ coso; — a; sin a 

Other interesting possibilities are 
shown in Fig. 2-6. Measuring r x and r 2 
from fixed points a and 6, it is seen that 
they determine the position of p any- 
where above the X axis (they are not 
unique throughout the XY plane). Like- 
wise (0, a) or (n, sin 0), etc., are suitable 
coordinates. 

Writing x — r% cos 8, y = n sin 0 
and designating sin 0 by q, it follows 
that 

x = ri(l-? 2 ) 1/2 , y = ng 

which relate the (x,y) and (n, g) coordi- 
nates. 

It is interesting to note that the 
shaded area A and sin 0 constitute per- 
fectly good coordinates. Relations be- 
tween these and x, y are 



xy = 2A f 



y 



x 



(2.11) 



Obiique Axes 



Qt Axis 



Possible 
Coordinates: 
(x,y)\ (qi,&); (qui*) 
x); etc. 




Qt Axis 



Fig. 2-5 



Possible 
Coordinates: 
(XfV); (ti,#)i (n.rj) 
(*, a); (n, sin $)\ (A , sin 9) 




Fig. 2-6 



A and g lines. 

q 

xy - 2A. y = 



?-lines 



See Fig. 2-6 



A -lines 
9 = 6i, bti 6s, etc. 



\vi-flV 

Coordinate' lines corresponding to 
A and g are shown in Fig. 2-7. The 
"g-lines" are obtained by holding A con- 
stant and plotting the first relation of 
(2,11). Likewise "AJines" result from 
the second relation above for q constant. 

It is evident from examples given 
above that a great variety of coordi- 
nates (lengths, angles, trigonometric 
functions, areas, etc.) may be employed. 

(5) Coordinates for the Mechanical System of Fig. 2-8 below. 

Assume that the masses mi and m% are connected by a spring and are free to 
move along a vertical iine only. Since the motion is thus limited, the positions 




Fig. 2-7 



CHAP. 2] 



BACKGROUND MATERIAL, II 



13 



of the masses are determined by specifying only two coordinates as, for example, 
?/i and 2/ 2 . Also (2/1,2/3), (2/2,2/3), (quVi), (#2,2/1), (21,2/2), etc., are suitable. When 
any one of these sets is given, the configuration of the system is said to be 
determined. Obvious relations (transformation equations) exist between these sets 
of coordinates. Note that since m x q\ — m 2 ?2, Qi and q% are not independent. 
Are <?i and 2/3 suitable coordinates? 





Disc Dj fixed. D 2 can move vertically. Mass W3 
serves as bearing for D 2 and does not rotate, 
mi, m%, m 3 , nu have vertical motion only. Tensions 
in ropes are represented by t v t v t 3 , t 4 . Neglect 
masses of Di and 



Fig. 2-8 



Fig. 2-9 



(6) Coordinates for a System of Masses Attached to Pulleys. 

Assuming that the four masses of Fig. 2-9 above move vertically, it is seen 
that when the position of mi is specified by either 2/1 or Si, the position of m$ is 
also determined. Again, when the position of m% is specified by giving either 
2/2 or s 2 , the position of m4.is also known. (These statements presuppose, of course, 
that all fixed dimensions of ropes and pulleys are known.) Hence only two co- 
ordinates are necessary to completely determine the configuration of the four 
masses. One might at first be inclined to say that four coordinates, as 2/1, 2/2, 2/3, #4, 
are necessary. But from the figure it is seen that 2/1 + 2/3 = Ci and 2/2 + 2/4 — 22/3 — C2 
where Ci and C 2 are constants. Hence if values of the coordinates in any one of 
the pairs (2/1, 2/2), {Vu 2/4), (2/2, 2/3) are given, values of the remaining two can be 
found from the above equations. 

For future reference the reader may show that 

yi = h + S4 + 3i - h ~ h - 2C, ya = h - s 4 - qx + h , £ ^ 

2/2 = h — s 4 — 2^i + ii, 2/4 = h — S4 ■ \ • J 

where Zi and h are the rope lengths shown. Note that for given values of two 
coordinates only, (s 4 , <?i), the vertical positions of all four masses are known. 

(7) Possible Coordinates for a Double Pendulum. 

The two masses mi and m 2 , Fig. 2-10 below, are suspended from a rigid sup- 
port and are free to swing in the X, Y plane. 
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P(£o, Vo) 



(2.13) 




Fig. 2-10 



(a) Assuming that n and r 2 are inextensible 
strings, two coordinates such as (0,<f>), 
(xi,x 2 ), (2/1,1/2), etc., are required. 

(b) Assuming the masses are suspended 
from rubber bands or coil springs, 
four coordinates such as (ri, r 2 , 9, <f>) t 
(xuVuXibV*), etc., are necessary. Trans- 
formation equations relating the above 
two sets of coordinates are 

Xi = Xo + ri sin 0 
2/i = 2/o — ri cos 0 
X2 — Xo + n sin Q + n sin 

2/2 = 2/0™ f 1 COS 6 — T2 cos £ 

(8) Moving Frames of Reference and "Moving Coordinates". 

In practice, many problems are encountered for which it is desirable to use 
moving frames of reference. (As a matter of convenience, coordinates measured 
relative to such a frame may at times be referred to as "moving coordinates".) 
General examples are: reference axes attached to the earth for the purpose of 
determining motion relative to the earth; a reference frame attached to an elevator, 
a moving train or a rotating platform; a reference frame attached to the inside 
of an artificial satellite. 

One specific example has already been mentioned (see Equation(#.#)), but perhaps 
the following additional ones may be helpful. 

(a) Suppose that in Fig. 2-1, Page 10, the origin 0 has initial velocity (v x ,v y ) and 
constant acceleration (a Xt a y ) while the axes rotate with constant angular 
velocity 0. Equations (2.2) obviously take the form 

Xi = v x t + \a x t 2 + #2COSo>£ — 2/2 sin of (2 H) 

yi = v y t + ia y t 2 + x 2 sin a>t + 2/2 cos at 

Again note that Xi = Xi(x<L,y2,t), etc. 

(b) If the support in Fig. 2-10 is made to oscillate along an inclined line such 
that xo = A 0 + A sin<o£, yo - B 0 + J3sino>£, then relations (2.13) have the 
form X 2 - A Q + Asirioit + rising + r 2 sin</> 

y 2 = Bo + B sin tat — ri cos 9 — r 2 cos <j> 

etc., which may be indicated as xz — X2(ri,r2,0,<t>,t), etc. It is important 

to understand and develop a feeling for the physical and geometrical meaning 

associated with symbolic relations of this type. 
(e) If in Fig. 2-9 the support is given a constant vertical acceleration with initial 

velocity v u h = Vit + %at 2 and relations (2.12) must be written as 2/1 = 

Vi t + \at 2 + §4 + qi + constant, etc. 
(d) Suppose the reference axes Qi and Q 2 , Fig. 2-5, Page 12, are rotating about 

the origin with constant angular velocities and o> 2 such that a = b^t, ft = <a 2 t. 

They still can be used as a "frame of reference" (though for most problems 

not a very desirable one). Relations (2.7) then become 

x = q t cos 
y = ^sin, 

or x = x(qu £2, t), etc. 

It is important to note that the moving frame of reference in each of the 
above examples is non-inertial. 

Finally, regarding transformation equations in general: 



(2.15) 



Ojt + q 2 cos<a 2 t 
h t + q % sino 2 £ 



(2.16) 



CHAP. 2] 



BACKGROUND MATERIAL, II 



15 



(i) Each coordinate of one system is as a rule a function of each and every co- 
ordinate of the other and time (if frames are moving), as illustrated by equa- 
tions (2.U), (2.15), (2.16). 

(ii) In previous examples most transformation equations relate rectangular co- 
ordinates to some other type. But when desirable to do so, equations relating 
various types can usually be written. 

Z3 Generalized Coordinates. Degrees of Freedom. 

(1) Generalized Coordinates. 

As seen from previous examples, a great variety of coordinates may be employed. 
Hence as a matter of convenience the letter q is employed as a symbol for coordinates 
in general regardless of their nature. Thus q is referred to as a generalized 
coordinate. 

For example, eq. (2.15) could be written as # 2 = Ao + A sin <»t + qiq 2 + qzq* 
and ?/2 = Bo + B sin^t - qt\/l - q\ - q&Jl - q\ , where n is replaced by q u sin 0 
by q%, etc. 

In conformity with common practice we shall frequently indicate the n co- 
ordinates required to specify the configuration of a system as quQz* ; . 

(2) Degrees of freedom, defined and illustrated. 

One of the first considerations in the solution of a problem is that of determin- 
ing the number of "degrees of freedom" of the system. This is defined as: 

The number of independent coordinates (not including time) required to specify 
completely the position of each and every particle or component part of the system. 

The term "component part" as here used refers to any part of a system such 
as a lever, disk, gear wheel, platform, etc., which must be treated as a rigid body 
rather than a particle. 

Examples illustrating systems having from one to many degrees of freedom 
will now be given. 

(a) Systems having one degree of freedom. 

A particle constrained to move along- a straight line (bead on a wire) the equation of which 
is y — a + bx. If either x or y is given the other is known. 
" "■ A bead free to move on a wire of any known shape: parabolic, helical, etc. 

A simple pendulum, motion confined to a plane. Or a pendulum whose string is pulled up 
through a small hole in a fixed board, at a known rate. (Length of pendulum is a known function 
of time.) Note that time is never included as a degree of freedom. 



The bead, shown in Fig. 2-11 below, free to slide along the rod which rotates about p in any 
known manner. 




Fig. 2-11 Fig. 242 

(6) Two degrees of freedom. 

A particle free to move in contact with a plane or any known surface: spherical, cylindri- 
cal, etc. 
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Rigid Body 
fastened 
* rod OB, 



Ball 



The dumbbell, shown in Fig. 2-12 above, free to slide along and at the same time rotate 
about the Y axis. • 

The system of masses and pulleys shown in Fig. 2-9, Page 13. Note that by equations (2.12), 
given Sa and qi the complete configuration is known. If support A B is moving, two coordinates 
and t are required; however, it is still regarded as having two degrees of freedom. 

The double pendulum of Fig. 2-10, Page 14, ri and r 2 being inextensible strings. 

(c) Three degrees of freedom. 
A particle free to move in space. Possible 

coordinates: (x, y, z), (r, 0, e)> etc. 

A board or any lamina free to slide in con- 
tact with a plane. Two coordinates are required 
for translation and one for rotation. 

Double pendulum, as shown in Fig. 2-10, Page 
14, assuming that r t is a rubber band and r 2 
inextensible. 

Rigid body free to rotate about any fixed 
point 0, as shown, in Fig. 2-13. Orientation is 
completely determined by 6 , 0, a. (m is any typi- 
cal particle of the body.) 

The system shown in Fig. 2-8, Page 13, with 
an additional spring and mass connected to m 2 . 

(d) Four degrees of freedom. 

The double pendulum, shown in Fig. 2-10, Page 14, with variable lengths r t and r 2 (rubber 
bands or coil springs). 

The arrangement shown in Fig. 2-14 below where mi is allowed vertical motion only. Particle 
wi2 is free to move about in any manner, under the action of gravity and a rubber band. 
The pulley system shown in Fig. 2-15 below, assuming vertical motion only. 
The rigid body, shown in Fig. 2-13, with the ball joint free to slide along the X axis. 




Line ab, normal to rod Oa, and in the 
AOZ plane. Line ac is normal to rod. 

Fig. 2-13 




Fig. 2-14 




4 




Fig. 2-15 



(e) Five degrees of freedom. 

The rigid body, Fig. 2-13, with the ball joint free to slide in contact with the XY plane. 
A system of five pulleys mounted as indicated in Fig. 2-16 below, 

■ l £ 2 

€2 



C 3 

— MA~ ^ 




Torsion springs ci, c s , c», etc., allow disks to move, one relative to the other. 

Fig. 2-16 
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The pulley system shown in Fig. 2-15 above, with a spring inserted in the rope connecting 
mi and ma, 

Five particles connected in line with springs as those shown in Fig. 2-18 below, horizontal 
motion only (or vertical motion only). Would the degrees of freedom be the same without the 
springs, that is, with no connection between masses? 

(f) Six degrees of freedom. 

The double pendulum, shown in Fig. 2-10, Page 14, particles wit and m% suspended from 
rubber bands and free to move in space. 

A rigid body free to move in space, even though connected in any way to springs. 

The rigid body of Fig. 2-13 above with another rigid body connected to it by means of a 
ball joint, say at point P. 

The pulley system, shown in Fig. 2-15 above, with a spring inserted in the rope supporting 
ra 2 and another in the rope supporting ma. 

(g) Many degrees of freedom* 

Two boards hinged together so that the angle between them can change but allowed to move 
freely in any manner except for the constraint of the hinge, has seven degrees of freedom. 

A row of seven pulleys as those in Fig. 2-16 
above has seven degrees of freedom. A system con- 
sisting of three particles suspended from one an- 
other so as to form a "triple pendulum" has eight 
degrees of freedom provided two of the supporting 
cords are elastic and motion is not confined to a 
plane. If each of the three cords is elastic, this 
system has nine degrees of freedom. 

Two rigid bodies fastened together with a uni- 
versal ball joint and allowed to move freely in 
space has nine degrees of freedom. 

The arrangement shown in Fig. 2-17 has ten 
degrees of freedom. Three coordinates are required 
to locate the point p, two more to determine the 
configuration of the bar (we assume that the bar 
does not rotate about its longitudinal axis), three 
more to fix the position of m 2 , and finally two more 
to locate mi (supporting string assumed to be in- 
extensible). 

The arrangement of springs and "particles" in Fig. 2-18 below may have various numbers of 
degrees of freedom depending on how the masses are allowed to move. If motion is restricted to 
the Y axis, the system has only four degrees of freedom; if restricted to the XY plane, there are 
eight degrees of freedom. If m, and m 2 are allowed to move along the Y axis only while m 3 and 
are free to move in the XY plane, the system is one of six degrees of freedom. If each particle 
is allowed to move in any manner, the system has twelve degrees of freedom, and if each mass 
is regarded as a rigid body it has twenty-four. 




Ten Degrees of Freedom 
Fig. 2-17 




Fig. 2-18 

It is thus seen that mechanical systems may have any finite number of degrees 
of freedom. The actual number in any particular case depends altogether on the 
number of masses involved and the geometrical restrictions placed on their motions. 
Indeed certain systems may be regarded as having an unlimited number of degrees 
of freedom. A coil spring, vibrating string, drumhead, etc., are examples if we 
imagine each to be composed of an unlimited number of particles. In many 
problems, but not all by any means, the masses of springs, supporting cords, etc., 
may be neglected. This we shall do throughout the text. 
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Systems having an "infinite number of degrees of freedom" are treated by 
methods which are quite distinct. 

(3) Selection of independent coordinates. 

In the mathematical treatment of a system there is usually a wide range of 
choice as to which coordinates shall be regarded as independent. 

For a simple pendulum, 0, the angular displacement of the string, is usually 
selected. However, the x or y coordinate of the bob or many others could be 
employed. 

Referring to Fig. 2-9, Page 13, it is seen that, for given values of the coordinates 
in either of the following pairs, (y u y*), (s 3 , qz), (2/2, 2/4), qi), (§4, qi), etc., the posi- 
tion of each mass of the system is determined. Thus either pair may be selected 
as the independent coordinates for treating the system. 

It is a well known fact that certain coordinates may be more suitable than 
others. Hence the quantities chosen in any particular case are those which appear 
to be most advantageous for the problem in hand. The final choice depends largely 
on insight and experience. 

2.4 Degrees of Constraint, Equations of Constraint, Superfluous Coordinates. 

It is evident from the preceding section that the degrees of freedom of a system 
depend not only on the number of masses involved but also on how the motion of each 
is restricted physically. A single particle, free to take up any position in space, has 
three degrees of freedom. Three independent coordinates, {x,y,z) 9 (r, <j>, 6), etc., are re- 
quired to determine its position. But if its motion is restricted to a line (bead on a rigid 
wire), only one coordinate is sufficient. The bead is said to have two degrees of constraint 
and two of the three coordinates required for the free particle are now "superfluous". 

Thus it is evident that a system of p particles can have, at most, Sp degrees of freedom 
and that the actual number, n, at any particular instant is given by 

n — Sp — (degrees of constraint) (2 ,17) 

Now the constraints of a system may be represented by equations of constraint If 
the bead is constrained to a straight wire in the XY plane, the equation of the wire 
y = a + bx and z = 0 are equations of constraint. If the wire is parabolic in shape, 
y = bx 2 and z = 0 are the equations of constraint. 

Again consider Fig. 2-9, Page 13. For vertical motion only it is seen that 

Xi = Ci, Z\ — b\ ; X2 = C2, Z2 — &2 ; etc. ,g ^ 

yi + Vs = constant ; i(t/ 2 + 2/4) - yz = constant 

» 

where x u zi are the (x,z) coordinates of m\\ C u bt are constants, etc. Thus, all told, there 
are ten equations of constraint and the degrees of freedom have been reduced from a 
maximum of twelve to only two. We may say that ten coordinates are superfluous. 



2.5 Moving Constraints. 

It is frequently the case that some or all constraints of a system are in motion. 

A simple example is shown in Fig. 2-11 where the rod is rotating in the XY plane 
about the axis indicated, with constant angular velocity a> r The bead m is free to slide 
along the rod and since a = o) 1 *, the equation of constraint may be written as y = 
s + (tan tafyx. Note that t appears explicitly in this relation. 
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As an extension of this example, suppose that the X, Y axes above are the X 2 , Y 2 
translating and rotating axes of Fig. 2-1; then y 2 = 8 + (tan* 1 t)z r Therefore trans- 
formation equations (2.14) written in terms of x 2 and t (they could just as well be expressed 
in 2/2, t) have the form 

Xi — V x t + ^CLxt 2, + X% COS tat ~ (s + X% tan a ± t) SUi <ot (9 1Q\ 

yi = v y t + %a y t 2 + X2 sin at + (s + x% tan mj) cos tat * ' ' 

where both a;i and y t are now functions of x 2 and t alone. 

General remarks: From a purely mathematical point of view, equations of constraint 
are merely certain relations existing between the possible and otherwise independent Zp 
coordinates. They may be indicated in a general manner as 

£i(9if 9% • • -jQzpjt) = 0, where i = 1,2, . . ,,3p-n (2.20) 



2.6 "Reduced" Transformation Equations. 

Assuming no constraints but possibly moving frames of reference, transformation, 
equations relating the rectangular coordinates of p particles to their 3p generalized co- 
ordinates may be indicated as X\ — Xi(qi, q 2 , . . .,9sp, t), etc. However, when there are 
constraints, stationary or moving, all superfluous coordinates can be eliminated from the 
above relations by means of equations of constraint, giving 

Xi = Xi(q u q 2 , . . ., q n , t); yx = yi(q u 9a, . . 9«, Q; 3< = ft (91, 9s, - - 9», *) 

which now contain only independent coordinates, equal in number to the degrees of free- 
dom pf the system. We shall refer to these as "reduced" transformation equations. It 
should be noted that t may appear explicitly in (2.21) as a result of moving coordinates 
and/or moving constraints. Simple examples of (2.21) are equations (2.12) in which 
t does not appear and (2.19) in which t appears explicitly. 

The great importance of relations (2.21) in obtaining expressions for velocity, kinetic 
energy, potential energy, etc., in just the appropriate number of independent coordinates 
will soon be evident. 

Note, (a) In some cases the algebra involved in eliminating superfluous coordinates may 
be difficult. (6) For the relatively rare "non-holonomic" system, equations of constraint must 
be written in non-integrable differential form. See Section 9.12, Page 193. 



2.7 Velocity Expressed in Generalized Coordinates. 

Expressions for the velocity of a point or particle may be arrived at by either of the 
following two procedures. The first brings out the fundamental definition of velocity and 
the basic physical and geometrical ideas involved. The second is more convenient. 

(1) Velocity from an element of path length, As. (As regarded as a vector.) 

Suppose the point p, shown in Fig. 2-19 below, moves the distance As from a 
to b in time At Its average velocity over the interval is As I At. When At ap- 
proaches zero, we write 

velocity = lim 4r = * (2.22) 
At-*o At 

where s is a vector quantity of magnitude \dsfdt\, pointing in the direction of the 
tangent to the path at a. As an aid in appreciating the" physics and geometry 
involved, we may think of a particle as having a velocity "in the direction of its 
path" at any position in the path. 
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The above definition of velocity makes no reference to any particular coordinate 
system. But, of course, As can be expressed in any coordinates we wish. Hence 
by so doing and passing to a limit as At-* 0, s is expressed in the chosen coordinates. 
Examples: 

In rectangular coordinates, (As) 2 = (ax) 2 + (Ay) 2 + (az) 2 . Dividing by (At) 2 and 
passing to the limit we write, 

s 2 = i 2 + y 2 + z 2 (2.23) 




Fig. 249 Fig. 2-20 

In spherical coordinates (see Fig. 2-20), (as) 2 = (Ar) 2 + ^(AO) 2 + r 2 sin 2 0(A<£) 2 ; then 

§2 = ; 2 + r 202 + r 2 s in 2 0<£ 2 (2M) 

In the two-dimensional oblique system, Fig. 2-5, Page 12, imagine p given any 
small general displacement As. It is seen, for example, that (As) 2 ~ (AQi) 2 A- (Aq 2 ) 2 + 
2(A<7i)(Ag , 2) cos (/? - a); then 

s 2 = q\ + q\ + cos (fi-a) (2.25) 

Let us outline the steps required to find the velocity s\ and s 2 of m± and m% 
respectively shown in Fig. 2-10. Basically these are AsjAt and as 2 /a£. By sketch- 
ing a small general displacement of the pendulum and indicating Asi and AS2 as 
corresponding general displacements of mi and m 2 respectively, one can from the 
geometry of the drawing (and considerable tedious work) express each in terms of 
ri,Ari,0,A9,r 2 ,Ar2 f <j>,A<t>. Final results, after dividing through by (Af) 2 and passing 
to the limits, are 

s 2 ■=■ r\+ r\B 2 

s\ = r\ + r\¥ + 2(nr 2 + cos (<j> ~ 0) (2.26) 

+ r| + r\4> 2 + 2(rir 2 0 - r 2 nd>) sin («£ - 0) 

It should be noted that, even though the expression for s 2 appears complicated, 
basically it is merely an element of length As 2 divided by a corresponding element 
of time At. Also note that, as expressed above, s 2 is a function of every coordinate 
as well as their time derivatives, that is, s 2 = s 2 (n, 0, r 2 , <£, r u 0, r 2 , 4>). • 
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(2) Velocity through the use of transformation equations. 

Given an expression for s in one system of coordinates, we can express it in 
another by means of transformation equations (or reduced transformation equa- 
tions) relating the two. Examples: 

Differentiating equations (2.6), Page 11, with respect to time and substituting 
in (2.28), relation (2.24-) is obtained. 

Differentiating relations (2.13), Page 14, and inserting in (2.23), relations (2.26) 
are obtained with little effort. 

It follows at once from relations (2.12), Page 13, that velocities of the individual 
masses, Fig. 2-9, are given by 

yi = s 4 + qi, 2/2 = -s 4 -2q u y 3 = -s 4 - qi, y 4 = .— «4 (2.27) 

This assumes of course that h is constant. Note that all velocities are expressed 
in terms of only s 4 and q u 

For use in a later example, consider the vertical velocities yi and if2 of mi and 
m 2 , shown in Fig. 2-8, Page 13, relative to the fixed X axis. Let us express these 
in terms of y and qu As seen from the diagram, yi = y + qi, y* — y — q* and 
miqx — m 2 q2 (center of mass relation). Hence 

ii = v + qi, = y-^Qi * i 2 - 28 ) 

(3) Velocity expressed in terms of moving coordinates. 

One point must be understood: in the Lagrangian treatment one of the first 
considerations is the velocity of each particle relative to an inertial frame, If a 
moving frame of reference is used in which some or all of the chosen coordinates 
are non-inertial (this implies that, eventually, we expect to find the motion of the 
system relative to the moving frame), the velocity required is not that relative to 
the moving frame but rather equations for velocity relative to inertial axes, but 
expressed in terms of the moving coordinates. (The reason for this will be evident 
in Chapter 3.) Examples should make clear this statement and how the desired 
results are obtained. 

Assume as a simple case that the X%, Yi,Z% axes, shown in Fig. 2-2, Page 11, 
are moving parallel to the fixed Xi, Y it Zi frame with constant acceleration (a x , a y , a z ). 
Transformation equations are x\ = v x t + ia x t 2 + x 2 , etc. The velocity components 
of p relative to fixed axes are xi,yi,Zi and relative to the moving axes, %2,y%,ii. 
But from the transformation equations, 

xi = v x + a x t + x 2 , etc. (2.29) 

which express the velocity of p relative to the stationary axes but in terms of 
velocities relative to the moving axes and time. 

If the X2, Y 2r Z 2 frame is regarded as moving in any manner (rotation as well 

as translation), equations corresponding to the above are 

• • • • • • 

x\ — Xq + I1X2 + Z22/2 + hz 2 + I1X2 + hy2 + hz 2 , etc. (2.30) 
In this case xo,yo,z 0 and all direction cosines are changing with time. Equations 
(2.30) play an important part in the development of rigid body dynamics, Chapter 9. 

As a final example consider the following. Di and D 2 shown in Fig. 2-21 below 
are rotating platforms. Di is driven by a motor at an angular velocity of 9i 
relative to the earth. D 2 , mounted on D u is driven by another motor at an angular 
velocity of 62 relative to Du Axes Xi, Y x are fixed relative to the earth. Line ab 
is fixed to the surface of Du Axes X 2f Y 2 are fixed to the surface of D 2 . A particle 
of mass m is free to move in contact with D 2 . We shall find an expression for its 
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velocity relative to the earth but expressed in terms of the moving polar coordinates 
r,a and other quantities. 

It is easy to see that 

Xi = s cos 0i + rcos/?, 2/i = 8 shift + rsin/? 
where /? = ft + 02 + a. Differentiating and substituting in v 2 = x\ + y 2 , we get 
- 8 20* + 2sftrsin(0 2 + a) + r 2 0 2 + r 2 + 2sftjBr cos(0 2 + «) (2.31) 
which is correct regardless of how the motors may cause 0i and 0 2 to change with 
time. If, as a special case, we assume that 0i = Wl = constant and ft = C = constant, 
then v becomes a function of r, a, r, a, t only. 

If desired, v can easily be expressed in terms of the rectangular coordinates 
x 2 , 2/2 by differentiating 

xi = 5 cos 0i + x 2 cos (0i + ft) - y 2 sin (ft + "ft) , , 

yi = 5 sin 0i + £ 2 sin (ft + ft) + 2/2 cos(0i + ft) 1 ; 

and substituting in v 2 = if + £f . 



2.8 Work and Kinetic Energy. 

(1) Projection of a vector on a line. 

By way of review consider the following 
form of expressing the projection / of any 
vector F on the line ob having direction co- 
sines I, m, as shown in Fig. 2-22. Clearly, 

/ = Fcos0 = F cos(a-jS) 
= F cos a cos p + F sin a sin 0 

But F cos a = fx. and cos/8 = i, etc.; hence 
/ = F x i + F^ra. Extended to three dimen- 
sions, 

/ = FJ + F y rn + F z n (2.33) 
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Fig. 2-22 
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Referring to Fig. 2-23, ds is an element ab of the line AB. t is tangent to the 
line at a. Direction cosines of r are seen to be dx/ds,dy/ds,dz/ds. Hence the 
projection / of any vector F on t is given by 




(2.3k) 



Fig. 2-23 



(2) Definition of work. 

Suppose F is a force acting on a body at point a and that this point of applica- 
tion moves along some general path from a to b. Now, (even though the shift in 
position may not be entirely due to F; other forces may be acting), the element of 
work dW done by F is given by dW = Fds cos 0, a scalar quantity. But by (2.34) 
this may be written as 

dW = F x dx + Fydy + F z dz (2.35) 
Hence the work done over any finite path from A to J? is given by 



W 



= J (F x dx + Fydy + F z dz) (2.36) 

This general statement is correct even though F may change in both magnitude 
and direction along the path (may be a function of x,y f z). 

(3) Definition of kinetic energy. 

Now suppose F is the net force causing a particle of mass m to accelerate as 
the particle moves along any path AB. The work done on the particle is given by 
(2.36); and if X,Y,Z are inertia! axes, F x — mx t etc. Thus writing xdx — xdx, 
(2.36) takes the form 

W - f*m(xdx + ydy + zdz) - J(x 2 + ^ 2 + i 3 ) B = ^(v%-v$ 

which is an expression for the work required to change the velocity of the particle 
from v A to v B . It is a scalar quantity depending only on m and the magnitudes 
of v A ,v B . 

If the initial velocity v A = 0, then W — \mv\ , which* leads us to the following 
definition of kinetic energy. 

The kinetic energy of a particle is the work required to increase its velocity 
from rest to some value v, relative to an inertial frame of reference. 
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As shown above, this is \mv z \ and since it is a scalar quantity's the kinetic 
energy T of a system of p particles is 

T = J J miv\ (2 .37) 

where, of course, the velocities Vi may be expressed in any inertial coordinates and 
their time derivatives or the equivalents of these quantities expressed in non- 
inertial coordinates. 

The kinetic energy of a rigid body rotating with angular velocity 0 about a 
fixed axis follows at once from (2.37). The velocity of any typical particle is r6, 
where r is the perpendicular distance from the axis to the particle. Hence, con- 
sidering particles of mass dm and replacing the sum with an integral, (2.37) may 
be written as 



T 



where the "moment of inertia" /, is defined by the integral. We shall assume that 
the student is familiar with the use of the above relation in simple problems and 
postpone a general treatment of moments of inertia and kinetic energy of a rigid 
body until Chapters 7 and 8. 

2.9 Examples Illustrating Kinetic Energy. 

(1) Kinetic energy of a particle. 

T =' -^(x 2 + y 2 + z 2 ), see equation (2.23) 

T = j-(r 2 + r 2 ¥ + r 2 sm 2 ej> 2 ), see equation (2.24) (2.39) 

777 

T = ~ [q\ .+ q\ + cos (£- <*)], see equation (2.25) 

Making use of equations (2.11), Page 12, and the first equation above (with 2-0), 
T can for example be expressed in the A, q coordinates and their time derivatives. 

(2) Kinetic energy of the double pendulum, Fig. 2-10, Page 14. In rectangular 
coordinates, y = ^ + + + {240 ) 

If the masses are suspended from springs or rubber bands, the system has four 
degrees of freedom and (240) contains no superfluous coordinates. However, 
suppose ri is an inextensible string, i.e. x\ 4- y\ — r\ = constant, (an equation of 
constraint). By means of this we can eliminate say yi from (240), giving 



mil x \ r \ \ , m-i 



In the coordinates n, r%, 0, <j> (assuming all variable, see equations (2.26)), 

T = ^(? 1 + rle 2 ) + ^[rl + rie 2 + ? 2 + ri^^ _ _ _ 

+ 2(rin + nrzOf) cos (<j>-6) + 2(rir 2 0 - r 2 r^) sin (<j> - $)] 

(3) Kinetic energy of the system, Fig. 2-9, Page 13, neglecting masses of pulleys 
and assuming vertical motion only: 

This is correct but, since the system has only two degrees of freedom, the expression 
contains two superfluous coordinates. However, we see that yi + ys = Ci and 
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(2/3 — 2/4) + (2/3 — 2/2) — C2 (equations of constraint) by means of which two veloci- 
ties, say 2/3 and 2/4, can be eliminated giving 

T = £(mi + m 3 + 4m 4 )£f + i(m + m)yl + 2m 4 ^^ ■ (248). 

Applying relations (2.27), T can immediately be expressed in terms of s 4 and 
qu if so desired. 

As noted above, superfluous coordinates may be eliminated from T by means 
of the equations of constraint. This is an important matter in future developments. 

(4) Kinetic energy expressed in non-inertial coordinates. 

Basically, kinetic energy is always reckoned relative to an inertial frame since 
the velocities v% in equation (2.87) must be measured relative to inertial axes. 
However, as previously explained, expressions for Vi in inertial coordinates can, 
by means of proper transformation equations, be written in terms of non-inertial 
coordinates. 

(a) Consider the system in Fig. 2-8, Page 13. For vertical motion only, T = 
y\ + y\ since 2/1 and 2/2 are each inertial. Notice that T is not equal 
to + |m2^ f since 2/3 is non-inertial. However, T can be expressed in 

terms of 2/1 and 2/3 as follows. Since y$ ~ y\- 2/2, y$ = yi - yi and thus 

T = \m\y\ + \m2(y\-yzf 

Or again, eliminating 2/1 and 2/2 from our original expression, T in terms 
of y and qi (y is inertial, qi is non-inertial) becomes 

T , - • , - /mi + m 2 \ -2,1/ mim 2 \ 

In terms of y and »„ T = ( — g— J ^ + g {^^)vl • 

(5) Consider the first example discussed under Section 2.7(3), Page 21. Applying 
equations (2.29) we see that, if p represents a particle, its kinetic energy is 

T = + a*£ + i 2 ) 2 + (v y + a y t + y 2 ) 2 4- (v z + a*£ + z 2 f\ (245) 

where tf*, a*, etc., are constants; Note that this expression contains time 
explicitly. 

(c) If the origin 0, Fig. 2-1, Page 10, has an initial velocity (v x ,v y ) and constant 
acceleration (a x ,Oy) while the axes rotate with constant angular velocity o>, 
from equations (2.14) we have 

%i — v x + a x t + £2 cos vt — x 2 a sino>£ — y% sina>£ — y 2 <* cosa>£ 

Putting this, together with the corresponding expression for y u into T = 
\rti(x\ + y\) we have T expressed as a function of #2, 2/2, #2, 2/2, £. 

(d) Referring to Fig. 2-21, Page 22, and equation (2.81) it is seen that the kinetic 
energy of the particle free to slide in contact with the second rotating table 
is given by 

T = im[s 2 el + 2s0irsin(0 2 + «) + r 2 /? 2 + f 2 + 2s0ipr cos(fl s + a)] (246) 

It should be noted that (246) is true regardless of how 61 and 62 may be 
assumed to vary with time. For the case of constant angular velocities, we 
merely replace Oi and 62 by the constants Wl and <*> 2 . But if it is assumed, for 
example, that Di and D% are made to oscillate such that Ox — A sina£, 62 = 
B&inbt, then hi and 62 must be replaced by AacosaJ and Bb cos bt respec- 
tively. In this case T will contain t explicitly. 
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2,10 "Center of Mass" Theorem for Kinetic Energy. 

Consider a system of p particles moving relative to an inertial X, Y ,Z frame. Imagine 
an X',Y',Z' frame whose origin is located at and moves with the center of mass of the 
particles while X', Y\ Z f remain always parallel to X, Y , Z respectively. Transformation 
equations relating the coordinates of a particle in one system to those of the second are 
x — x + x', y = y + y' t z - z + z' where x, y, z are coordinates of the origin of the moving 
frame. Hence 1 1 

T = a J «i(if + »? + *?) = lzM@ + k) 2 + $ + k) 2 + (z + k) 2 } 

4 i=l ' ^ 1=1 

Expanding, writing M = 2mi and noting from the definition of center of mass lLm x Xi — 0 
that ImiXi — 0, etc., the above reduces to 

T = y(£ 2 + £ 2 + l 2 ) + lt,mi[(xty + (^) 2 + (^) 2 ] 

Four important statements should be made regarding (£.^7): 
(a) It demonstrates that the kinetic energy of a system of particles is equal to that of 
a single "particle" of mass M ~ 2mj (total mass of system) located at and moving 
with the center of mass, plus the kinetic energy *of each particle figured relative to 
the X' f Y', Z' frame as if these axes were inertial. 

(6) The above statement is true whether the particles are free or constrained in any 
manner. Indeed it even applies to a rigid body. In this case, motion relative to the 
moving frame can only take the form of a rotation. 

(cy If we think of the particles of the system divided into two or more groups, it is clear 

that the theorem may be applied to each group individually. 
(d) Although (24^) is written in rectangular coordinates, one can of course express this 

form of T in any other convenient coordinates by means of proper transformation 

equations. 

2-11 A General Expression for the Kinetic Energy of p Particles. 

We shall now derive a very general expression for the kinetic energy of a system of p 
particles having n degrees of freedom and Sp — n degrees of constraint. It will be assumed 
that some or all constraints may be moving and that any or all of the generalized co- 
ordinates are non-inertial. This expression will be found very useful in the chapters 
which follow. 

(1) As an introductory step let us consider the kinetic energy of a single particle having 
three degrees of freedom (no constraints). Assuming that any or all of the generalized 
coordinates q\,q 2 ,qz are moving, transformation equations may be indicated as 
x = x{q u q 2 , qz, t)\ y = y(q u q 2 , <? 3 , t) ; z - z(q lf q 2 , Qs, t) 

« x . ^ - dX • dX . dX - , dX 

By differentiation, x = ^<Zi + ^q 2 4- ~q, + ^, etc. 

For convenience we write 

x = a x q\ + (12^2 + dzhz + a 

Likewise, y — &i<?i + &2<? 2 + &3<?3 4-/3, z — c x q\ + c 2 q 2 + e$hz + y 
where, for example, 63 = dy/dq3, etc. 

v a o ■ • • 

Now squaring these expressions and eliminating x 2 , y 2 , z 2 from T = ^m(x 2 + y 2 + z 2 ), 
we finally get 

T = im[(a; + 6J + c!)ff? + (a* + + M«S + &S + 4& 

+ 2(a x a 2 + 6162 + CtC2)qiq 2 + 2(aia 3 + 6163 + CxCz)qih 
+ 2(a 2 a 3 + 6 2 &3 + CzC 3 )q 2 qz + 2(a{a + bxfi + Ciy)<?i 

+ 2(a 2 « + b 2 $ + C 2 y)<?2 + 2(a 3 a + 63 jB + C 3 y)§3 + a 2 + p 2 + y 2 ] 
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Note that T contains four types of terms: those containing q%, q r q s and q r alone 
as well as those which contain no coordinate velocities. However, each term 
throughout is dimensionally \Mv 2 \. 

The following example will give more meaning to the above expression. Referring 
to Fig. 2-5, Page 12, and assuming that the origin of the QuQ% axes have a constant 
linear acceleration a (no rotation), it is seen that 

x — xq + v x t + %a x t 2 + qicosa + g 2 cos0 (9 a<>\ 

V = Vo + v y t + $a y t 2 + 21 sin a + g 2 sin0 * ' 

Differentiating and eliminating x 2 and y 2 from %m(x 2 + y 2 ), we have 

T - %m{q\ + q 2 + 2<?i<J 2 cos (£-<*) + 2[(v x + a x t) cos a + (v y + a y t) sin«]0i 

+ 2[(vx + a x t) cos/3 + (tv+a y *) sin/?]^ + 2(v x a x + v tf a„)t (2.50) 
+ (a x 2 + a*)t 2 + i£ + v 2 } 

Inspection will show that (2.50) has just the form of (248). In fact, of course, all 
terms in (2.50) may be obtained from (248) by evaluating the a's, 6's, c's, etc., from 
equations (249). 

Relation (2.50) presents a good opportunity to emphasize a basic point. In spite 
of its complexity, the right side of this relation is merely -^"(tt) » where As is a 
displacement of p, relative to the inertial X, Y frame. 

a* 

(2) Now considering the more general case mentioned at the beginning of this section, 
transformation equations may be written as 

xt - Xi(q u q 2f . . . 9 q n ,t), etc. (2.51) 

where i runs from 1 to p and where it is assumed that superfluous coordinates have 
been eliminated by equations of constraint. Differentiating these relations, we have 

Xi = 2 a*Qk + «ii 2/i - 2) + Pu Zi ~ 2) Cifc ^ + r* (2.52) 
it=i fe=i *=i 

where, for example, a* = dxjdq k , « t = etc. Note that a* ^ a fci , etc. 

By a straightforward process of squaring it may be shown that 

- n n m # n 

~ 2 2 aikauq k qi + 2a* 2) a *£k + a* (2.5#) 
fc=i 1=1 fc=i 

Similar relations are obtained for ^ and z\. Eliminating x 2 , y 2 , z 2 from 

t = ii «.(*;+»!+ if) 

and collecting terms, i_1 



t = 22 



fc=l 1=1 



1 p 

O 2) m i(^ik^il + &ifc&il + CifcCa) 
^ i=l 



(2.54) 



+ 2) [I) + frbik + y.Cft)! ?fc + I j£ + 0* + yj) 

fc = l Li=l J ^ i=l 

For brevity, the above may be written as 

T = ^Auitkhi + 2)S k $ k + C (2.55) 

k.l fc = l 

where the meanings of A ki , B k and C are obvious. Note that if t does not enter equa- 
tions (2.51) (no moving constraints or reference frames), a. = ft { = y { = 0. Hence 

(2.55) reduces to * . ♦ 

T = -2 Aw9k9i (2.55) 
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It should be understood that (2.51). (2.55) and (2.56) are not mere academic rela- 
tions which must forever remain in symbolic form. As shown by the example above, 
relations (2.51) (transformation equations with superfluous coordinates removed) can 
usually be written in explicit form for any particular problem. Hence expressions for 
a ik , bye, etc., follow at once by partial differentiation. These quantities are, in general, 
algebraic relations involving the coordinates and possibly time. Thus we obtain ex- 
pressions for Aki f Bk and C and finally T. It should be noted that Am, B k and C are 
not, in general, constants but functions of g u q%, . . ,,q n and t. They are not functions 
of the q's. Note that A ki = A ik . 

An expression for the kinetic energy of a rigid body, more useful than (2.55), 
is derived in Chapter 8. See equation (8.10), Page 148. 

2.12 Acceleration Defined and Illustrated. 

Lagrangian equations, without the necessity of giving any special consideration to the 
matter, automatically take complete account of all accelerations. (See Section 8.9, Page 48, 
and Section 4.8, Page 69.) 

Nevertheless, due to the importance of this quantity in the basic principles and develop- 
ments of dynamics, a brief review of its definition and the procedures for setting up 
general expressions will be given here. 

(1) General considerations. 

Imagine a point (or a particle) moving in space along the path AB f as shown 
in Fig, 2-24 below. At Pi its velocity is vu After an interval of time At it has 
arrived at P2 where the velocity is now i?2. In general, v% has neither the same 
direction nor magnitude as vi. Thus the change, At?, represents a change not only 
in magnitude but direction as well. With this in mind, the acceleration of the 
moving point at pi is defined by 




Fig. 2-24 - 



It is clear that a is a vector quantity which has the direction of Avi for At-*0. 
This definition brings out the important fact that the acceleration vector does not 
in general point in the direction of motion. (Note that the velocity vector v = ds/dt, 
defined in Section 2.7, Page 19, is always in the "direction of the path".) 

Acceleration as defined by (2.57) is without reference to any particular co- 
ordinate system. But since the rectangular components of Av are Ax, Ay, Az, its 
magnitude is given by (Av) 2 = (Ax) 2 + (Ay) 2 + (Az) 2 . Dividing by (At) 2 and passing 
to the limit the magnitude of a is given by 

a? = x 2 Hh y* +> (2.58) 

Clearly its direction is determined by the direction cosines x/a, y/a, z/a. 
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(2) Acceleration expressed in generalized coordinates. 

The magnitude of a as given by (2.58) as well as its direction cosines can be ex- 
pressed in any other coordinates by means of transformation equations. Examples: 

(a) Applying relations (2.6), Page 11, x, y 9 z iand hence finally (2.58) can be written 
in terms of spherical coordinates. 

(6) Using the last two equations of (2.13), Page 14, and (2.58), the acceleration 
of m%, Fig. 2-10, can be expressed in terms of ri,r 2 ,6,<f> and their time 
derivatives. 

(c) By means of (2.82) and (2.58) one can easily obtain a relation for the accelera- 
tion of the particle, shown in Fig. 2-21, Page 22, relative to the stationary 
axes X\ Y\ but expressed in terms of the moving coordinates x 2 , y 2 , their time 
derivatives and the time. (Time enters explicitly when 0\ and 62 are assumed 
to change in some known manner with time.) 



(3) Components of total acceleration along any line. 

The component a' of acceleration along any line having direction cosines I, m,n 
is given by (see equation 2.88) 



which can, of course, be expressed in other coordinates. 

(a) Consider the expressions for (a r , a d ,a^), components of a along coordinate lines 
in the spherical system; that is, in the directions of line elements indicated by 
Ar, rAd, r&in6&4> of Fig. 2-20, Page 20. We shall look at a* in detail. 
Cosines of the angles which r sin 0 A<j> makes with the X, Y, Z axes are — sin <£, 
cos<£, 0 respectively. Hence a* = — x sin^» + ycos<$>. Eliminating x, y by 
means of (2.6), we finally get after considerable tedious work the following 
expression (and similarly those for a r and a e ), 



(b) Referring to Fig. 2-21, Page 22, let us determine the component of the total 
acceleration of m (relative to the fixed axes X\, Yi) along the radius r. Here 
(ir ~ lx\ + myi where l,m are direction cosines of r relative to the stationary 
axes; that is, I = cos/?, m = sin/? (see the last example given under Section 
2.7(3)). Applying 

xi - s cos 0i + r cos p, yi = s sin 61 + r sin /? 

we obtain 

a r = r - r(6i + 6 2 + a) 2 + sOi sin (0 2 + «) - s0\ cos (O2 + a) (2.61) 

When the manner in which the tables are made to rotate is specified, Or con- 
tains t explicitly. 

As shown in Section 3.9, Chapter 3, these and other expressions for ac- 
celeration can easily and quickly be determined from Lagrange's equations. 

2.13 "Virtual Displacements" and "Virtual Work." 

Virtual displacements and virtual work play a very important part, as a means to an 
end, in the basic developments of analytical dynamics. But after serving a useful purpose 
they fade from the picture. 



a' — Ix +my + nz 



(2.59) 



a 0 = r*4 sin 9 + 2r<}> sin B + 2r<j>9 cos 9 

a r = r - r0 2 - r<j> 2 sm 2 6 

a e = r $ + 2f 0 - r<j> 2 sin 9 cos 0 



(2.60) 
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(1) Real and Virtual Displacements; Virtual Work. 

For simplicity consider a particle of mass m constrained to move in contact with 
a rough surface which is itself in motion. Acted upon by a force F (F = vector sum 
of an applied force, a f rictional force, and a force of constraint*), m moves along some 
definite path (determined by Newton's laws) in space and at the same time traces a 
line on >the surface. During any given interval of time dt, m undergoes a specific 
displacement ds (dx f dy, dz) measured say relative to stationary axes. Here ds is 
referred to as an "actual" or "real" displacement. 

Consider now any arbitrary infinitesimal displacement Ss ($x, By, 82) not neces- 
sarily along the above mentioned path. In this case 8s is referred to as a virtual 
displacement. For convenience in what follows, we mention three classes of such 
displacements: (a) 8s in any direction in space, completely disregarding the surface 
(this may require a slight distortion of the constraint); (b) 8s in any direction on the 
moving surface and (c) in any direction on the surface now regarded as stationary. 

For a virtual displacement of any type the "virtual work" done by F is given by 

$W = F8s cos (F, 8s) = F x &x + F y 8y + F z 8z 

and considering a system of p particles acted on by forces F U F 2 , . . .,F P and given 
displacements 8si, 8s 2 , . . ., 8s p , the total virtual work is 

SW = J (F Xi $Xi + Fy^yi + F Zi hZi) (2.62) 

i— 1 

(2) Manner in which expressions for 8W become useful. 

The surprising importance of (2.62) stems eventually from the following con^ 
siderations. 

(a) Making use of Xi = Xi(quq 2f . . .,Qz P ,t), etc., (in which there is the maximum 

of Sp coordinates), ixi ~ v^8<7i + ^-Bq 2 + ••■ +-=^-8 (hp +~8£, etc., for 

dqi dq2 dq$ p dt 

Syi and BZi. For these displacements, which are not necessarily in conformity 

with constraints, $W clearly contains work done by forces of constraint. 

(b) Employing relations (2.21), (see Section 2.6, Page 19), 

dXi m , dXi ft , , dXi . . dXi „ . 

* x * - ^T 8 ^ + 17T B ^ + • ■ • + ^r$Qn + — 8t, etc. 
3gi d^ 2 dq n dt 

Such displacements do not violate constraints, but during the elapsed time 8£ 
moving frames and moving constraints have changed position slightly. Hence, 
as examples will show, hW again contains work done by forces of constraint. 

(c) However, again determining displacements from (2.21) but holding time fixed, 
(that is, including in Bx if 8y if hZi changes in qi, q 2 , . . . , q n only and not the terms 

-~r$t, which represent shifts in the positions of moving frames 

dt dt dt 

and constraints), 

8s, = gl 8 g 1 + -gi 8 g 2 + ... + ^8q n , etc. (2.63) 
dqi dq 2 dq n 



♦Tensions in inextensible strings, belts or chain drives; compressions or tensions in connecting rods 
or supports; reactive forces exerted by smooth wires, rods or guides of any type along which masses may 
slide; reactive forces between smooth gear teeth, or forces exerted by smooth surfaces with which parts 
of the system are constrained to move in contact will here be referred to as "forces of constraint". It 
should be clearly understood that frictional forces are not included in this class. Frictional forces usually 
depend on forces of constraint and in general they do work (dissipated as heat). 
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These displacements are in conformity with constraints, and the work done 
by the forces of constraint adds up to zero. In effect, forces of constraint have 
been eliminated from (2,62). 

While the truth of this statement is easily demonstrated with simple examples 
(Section 2.14), a general proof is usually not attempted. It may be regarded as a 
basic postulate. 

Substituting (2.63) into (2.62) and collecting terms, 



x *dqi y *dqi z *dqi 



$qi + 



£i\ l dq n l dq n l Bq n 



$q n 



(2.64) 



Moreover, since the g's are independent, it is permissible to set all Sg's equal 
to zero except one, say 8q r . Hence (2.64) becomes 



(2.65) 



This likewise contains no forces of constraint even though Ssi, Ss 2 , . . . , 8s p are 
now restricted to values such that q r only is varied. As illustrated below, in finding 
an explicit expression for 8W Qr , forces of constraint (which originally were assumed 
to be a part of F Xif F yi ,F Zi ) may be completely ignored. 

This method of eliminating forces of constraint is one of the great achievements 
of the Lagrangian method. 

The above considerations are of vital importance in D'Alembert's principle. 
The manner in which they become an important part of an actual down-to-earth 
method of setting up equations of motion for almost any dynamical system, will 
be made clear in Chapters 3 and 4. 



2.14 Examples Illustrating Statements (a), (b), (c) Above. 

(i) Consider the simple arrangement shown in 
Fig. 2-25. The bead of mass m can slide along 
the smooth rod OA which is made to rotate 
about O in the XY plane with constant angu- 
lar velocity w. A force f x due to the spring, the 
force of constraint / 2 (reactive force of the rod) 
and applied force / 3 are acting on m. Let us 
consider three cases: 

1. Imagine m given a perfectly arbitrary dis- 
placement 5s as if it were free. (This could 
involve distorting the rod a bit.) Thus, 
since in general f lt f 2 ,f 3 would each have a 
component along Ss, each force will do work 
in accord with statement (a). 

2. Considering m confined to the rod we write 
x ~ r cos &t, y = r sin at. Hence for an 
arbitrary displacement in which the bead 
remains on the rod and time varies (account 
is taken of the rod f s motion), 

Sx — Sr cos tot — no $t sin at, 



t allowed 
to vary 




Fig. 2-25 



— Srsinui 4- ru Bt cos ut 



Here 5s — ac, Fig. 2-25. The constraint is not violated but since each force has a component 
along ac, each does work in accord with (6). 



3. Suppose we neglect the rotation of the rod (in effect t is held fixed). $s has components 
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5a; = 8r coswi, By = 8r sin<ot. This displacement is along the rod: 8s = 8r = a&. Clearly f 1 and 
/ 3 do work but / 2 (assumed normal to the rod) does no work, in accord with (c). 

(ii) Consider the system shown in Fig. 2-9, Page 13. Here r v t 2 , etc., refer to tensions in the- in extensible 
cords. We shall assume that each pulley has mass and thus t 4 9* t 3 , t 2 ¥* r 4 , t 2 + t 4 ¥= t 3 . Now for a 
general virtual displacement of each mass vertically (assuming strings always under tension), (2.62) 
becomes 

8W = (m x g - r 1 )8a 1 + (m z g + t s + t 4 - t 3 )5s 3 

+ (m 2fl r -t 2 )5s 3 + (w^-tJSs, + (r 8 - 80, + (t a ~ t 2 )R 2 88 z (2.66) 

where $i and $ 2 are angular displacements of the upper and lower pulleys respectively and ma is 
regarded as the entire mass of the lower pulley. 

Regarding the above displacements as arbitrary (not in conformity with constraints), it is clear 
that work done by the forces of constraints (tensions) will not in general be zero. 

Taking account of constraints by the relations 

88s — — Ssi, 5i/4 = 2 5Si — 52/2, Ri 88i = — Ssi, R2 S$2 — 8y* — 8*1, 8y 4 = — 5s 4 , 5s 2 — -8y z 

equation (2.66) becomes, after eliminating 5s 3 , 8s*, 861, 86t, 

8W — (m,g — Tj — m z g — t 4 — t 2 + t 3 + 2t 4 - 2m 4 g — t 3 + t, — t 4 + r^SSj 

+ (t 2 - «l 2 flf - r 4 + m 4 flf + t 4 - T t )8.y, (2.07) 

or 5 IF — (wiiflf — m s g — 2m4fir)8si + (m^ — m 2 g)8y2 (£.65) 

Equations (£.57) or (2.68) correspond to (2.64)- It is clear that Ssi and 82/2 are in conformity with 
constraints and that the work done by the tensions adds up to zero. Moreover, it is seen that, for a 
variation of either si or y 2 alone, the work of the tensions is zero, which is in accord with the state- 
ment following equation (2.65). 

It is important to note that we could, for example, just as well have regarded y% and q\ as the 
independent coordinates of the system. In this case it is again easily shown that, for a variation of 
either 2/3 or q x alone, the work done by the tensions is zero. 

(iii) Suppose the support AB, shown in Fig. 2-9, is made to move vertically in some known manner with 
time; for example, h = ho 4- C sin at. Then from relations (2.12), yi = C sih«£ 4- 84 + qi 4- Ci, 
2/2 = C sin <o£ — 84 — 2qi + C2, etc., where Ci and C 2 are constants. Now the reader can easily show 
that for a variation of either s 4 or q u holding t fixed, the work done by the tensions adds up to zero; 
this is also in accord with the last part of statement (c). 



Summary and Remarks 

1. Coordinate Systems and Transformation Equations (Section 2.2) 

One of the first steps in the treatment of any problem is that of selecting ap- 
propriate coordinates. Transformation equations play an important part in expressing 
kinetic energy, acceleration and many other quantities in terms of the chosen coordi- 
nates. Many theoretical developments depend on the use of transformation equations. 

2- Generalized Coordinates and Degrees of Freedom (Section 2.3) 

"Generalized coordinate" is a convenient term for any coordinate whatever. The 
use of qi, #2, . . ■ , <?n to designate generalized coordinates is almost universal and has 
decided advantages. 

Before actual work can begin on a problem the number of "degrees of freedom" 
of the system must be known. This is determined by inspection. 
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3. Degrees of Constraint, Equations of Constraint, Superfluous Coordinates 
(Sections 2.4,2.5,2.6) 

An understanding of the physics and geometry of constraints and how each "degree 
of constraint" can be expressed by a corresponding "equation of constraint" is im- 
perative. 

Through the use of these equations, "superfluous coordinates" can be eliminated 
from transformation equations, kinetic energy, potential energy and other quantities. 

4. Velocity in Generalized Coordinates (Section 2.7) 

The velocity of a particle can be expressed in terms of any convenient generalized 
coordinates and their time derivatives. Frequently t enters. Without a knowledge 
of how this is done, further steps can not be taken. Hence the importance of Section 2.7. 

5. Work and Kinetic Energy (Sections 2.8, 2.9, 2.10, 2.11) 

An understanding of the correct definitions of work and kinetic energy is imperative. 

It is extremely important to realize that kinetic energy must be reckoned relative 
to inertia! space. We always begin by writing T in inertial coordinates. This can 
then, if so desired, be written in terms of any other coordinates (inertial, non-inertial, 
or mixed) by means of proper transformation equations. 

6. Acceleration (Section 2.12) 

The treatment here given is for the purpose of making clear the basic definition 
of acceleration and demonstrating how its component along any line can be expressed 
in generalized coordinates. However, in spite of the basic part which acceleration 
plays in all equations of motion, the above technique is not of vital concern since, as 
shown in Section 3.10, Page 50, components of acceleration are automatically taken 
care of by the Lagrangian equations. 

7. Virtual Displacements and Virtual Work (Sections 2.13, 2.14) 

The general methods employed in this book (which, for analytical dynamics, 
have tremendous advantages over conventional vector methods) depend on the concepts 
and use of virtual displacements and virtual work. Many important developments 
which follow make use of the treatment given above. 

Final word: As will be evident in Chapters 3 and 4, items 1 to 7 above (excepting 6) 
constitute the necessary background material for an understanding of Lagrange's equa- 
tions and indeed are just the preliminary steps which must be followed in applying these 
equations. 



Problems 

Answers to the following problems are given on Page 350. 

2.1. Show that the following are transformation equations relating the usual plane polar coordinates , 
r, 8 to the q if q% coordinates shown in Fig. 2-5, Page 12: 

r cos e — gi cos a + q* cos p 
r sin $ — qi sin a + q% sin /? 

%X Write out equations relating the n 7 a coordinates, Fig. 2-6, Page 12, to the A,q coordinates (A is 
the shaded area and q — sin e). 
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2.3. The family of parabolic lines, shown in Fig. 2-26, is given by y — bx 2 where b is constant for any 
one line. For specific values of x and 6, corresponding values of y can be found. Hence in the 
XY plane, x and 6 may be regarded as coordinates. 

• * ■ 

(a) Show that in these coordinates, T — ^"[x 2 + (bx z 4- 2bxx) 9 ], 

(6) Show that T may be expressed in b,e coordinates, where $ is the usual angle in polar coordinates 
(r,e), by eliminating r and r from T — ^mir 2 + r 2 * 2 ) with the relation r ~ (sin e)/(b cos 2 $). 




X 



Fig. 2-26 



2A. (a) Write out equations relating coordinates 2/1,2/2 to y,qu Fig. 2-8, Page 13. 
(6) Repeat for 2/1,2/2 and y, y 3 . 
Are qi and 2/3 inertial? 

2.5. The support on which D u Fig. 2-21, Page 22, is mounted is moved along the Xi axis with constant 
acceleration a*. Write transformation equations relating x u yi and x 2f y 2 . See relations (2-32). 

2.6. Referring to Fig. 2-13, Page 16, show that the rectangular coordinates x,y,z of m are related to 
the 6, cf>, a coordinates by 

x = (flsintf — r cos a cos e) cos <p + r sin a sin 0 

2/ = (R sine — r cos a cos e) sin 0 — r sin a cos 0 

z — R cos 0 + r cos a sin 0 

where = Oa. 

2.7. A railroad car is moving around a circular track of radius R with constant tangential acceleration 
a. Write out transformation equations relating a rectangular system of coordinates attached to 
the earth (origin at center of circle, Zi axis vertical) to a rectangular system attached to the car 
with Z 2 vertical and Y 2 tangent to the circle, pointing in the direction of motion. Xz is along a 
continuation of R. Write the Newtonian equations of motion of a particle relative to X 2 , Y 2f Z%. 

2.8. Relating x if yi, Z\ of Problem 2.7 to spherical coordinates r, e, 0 attached to the car with origin at 
the origin of X 2f Y 2f Z 2y show that 

x\ — (R + r sin $ cos <f>) cos (i — r sin 9 sin <f> sin /3 
2/i = (R + r sin 0 cos 0) sin p + r sin 0 sin 0 cos /2 
21 =. r cos 0 

2.9. The origin of a set of rectangular axes is attached to the center of the earth, but the directions 
of the axes are fixed in space. Another rectangular set is fixed to the surface of the earth as shown 
in Fig. 14-2, Page 286. Write out transformation equations relating the two coordinate systems. 
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2.10. (a) A rigid wire of any known shape is fastened to disk D 2i Fig. 2-21. A bead is allowed to slide 

along the wire. Assuming e 2 - u 2 «, e x — how many degrees of freedom has the system? 
(6) A flat board is fastened to a rigid body by means of a broad door hinge. This arrangement is 
' suspended in any manner by springs. How many degrees of freedom has the system? 

2.11. (a) Two rigid bodies, fastened together at one point by means of a ball joint, are free to move in 

space. How many degrees of freedom has the system? 

(b) If one of the above masses is now fastened to a rigid support by another ball joint, how many 
degrees of freedom has the system? 

2.12. (a) A "simple pendulum" consists of a rigid body suspended from an inextensible string. Motion 

is not confined to a plane. Determine the number of degrees of freedom. 

(b) Regarding mi and m 2 , shown in Fig. 2-10, Page 14, as rigid bodies instead of "particles", how 
many degrees of freedom has the system? ri and r 2 are constant and motion is not confined 
to a plane. 

2-13. A uniform slender rod of mass M and length / slides with its ends in contact with the X and Y axes. 
State the number of degrees of freedom, write equations of constraint and give an expression for 
kinetic energy, having eliminated all superfluous coordinates. 

2.14. Locating point p, shown in Fig. 2-1, Page 10, with plane polar coordinates (r, a) where r = Op 
and a is the angle r makes with X>, show that 

xi = xo + r cos (a + $), yi = yo + r sin (a + $) 

Assuming that the X 2 , Yi frame is in motion, show that the velocity, v y of p relative to the 
Xi, Y\ frame but expressed in moving coordinates is given by 

^ = H + y\ + r 2 + r 2 (a + if + It [y 0 sin {a + (?) + io cos (a + e)} 
+ 2r(a + *6)[yo cos {a + ») — £0 sin (a + 0)] 

2.15. Referring to Problem 2.14, show that acceleration components of p, relative to the Xi, Yi frame, 
in the directions of Ar and rAa, are respectively 

*° •* • • 

a T - xo cos (a + e) 4- yo sin (a + $) + r — r{a 4- £) 2 

a a — 1/0 cos (a + 0) — £oBin(a + 0) + 2r(a + $) + r{a + V) 



Two particles mi and w 2 fastened to the ends 
of a light rigid rod of length I are allowed to 
move in a plane. Determine the number of 
degrees of freedom. Write out equations of 
constraint. Write an expression for the total 
kinetic energy of the masses in terms of 
r,e,<p, where r is the distance from the origin 
to mi, e is the angle between the X axis 
and r, and $ t^e angle between the X axis 
and the rod, eliminating all but the necessary 
coordinates. See equations (2.26), 

Write T for the above using rectangular 
coordinates of the center of mass and <f>. 
See equation (247). 

The uniform slender rods, Fig. 2-27, having 
masses Mi,M 2 , Af$ and moments of inertia 
hjhjh about normal axes through the cen- 
ters of mass, are hinged as shown. Centers 
of mass are indicated at points Pi,P 2 ,p3. 
Motion is confined to the XY plane. Write 
out T in terms of the coordinates indicated. 
Write out equations by means of which super- 
fluous coordinates may be eliminated from T. 
How many superfluous coordinates are there? 
Do springs Si and S 2 affect the degrees of 
freedom of the system? 




X 



Fig. 2-27 
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2.18. Particles of mass mi and m 3 , shown in Fig. 2-28 below, are fastened to the ends of a light rod 
having a length I. A i>ead of mass m 2 is free to slide along the rod between mi and m 3 . Point p 
is the center of mass of mi and ma, not including m 2 . / is the moment of inertia of the mi,m 3 
rod arrangement about an axis perpendicular to the rod and passing through p. All motion is 
considered in a plane. 

(a) Write equations giving the position of m 2 in terms of x, y, s, $. 

(b) Write out the kinetic energy of the system in coordinates x r y, $, s. 

2.19. Assuming that mi and vu, shown in Fig. 2-9, Page 13, are monkeys climbing up the ropes, determine 
the degrees of freedom of the system. Write out an expression for T, neglecting masses of 
monkeys' arms. h,h are moments of inertia of D U D* respectively. 




Fig. 2-28 Fig. 2-29 

2.20. A rigid parabolic wire having equation z — ar 2 is fastened to the vertical shaft of Fig. 2-29 above. 
A bead of mass m is free to slide along the wire, (a) Assuming the vertical shaft, which together 
with the wire has a moment of inertia /, is free to rotate as indicated, write out an expression 
for T for the system. (6) Now assuming the shaft is. driven by a motor at a constant angular 
velocity e = «, write out T. 

2.21. Set up an expression for the kinetic energy of the system shown in Fig. 2-15, Page 16, in terms 
of the s distances. Which of these coordinates are non-inertial? 

2.22. Write an expression for the kinetic energy of the three masses, shown in Fig. 2-30 below, using the 
three coordinates y\ f 2/2, yz and assuming vertical motion only. Would the expression for T be 
altered if the springs were removed? yi is the distance from the X axis to the center of mass of 
the system. 




Fig. 2-30 



Fig. 2-31 



CHAP. 2] 



BACKGROUND MATERIAL, II 



37 



2.23. Masses m x and m 2 are suspended by inextensible strings from the ends of the bar B, Fig. 2-31 above. 
The bar is free to rotate about a horizontal axis as shown. Its moment of inertia about this axis 
is /. Assuming all motion is confined to the plane of the paper, determine the degrees of freedom 
of the system and write an expression for T. 

2.24. The entire framework in which m lt shown in Fig. 2-14, Page 16, slides is made to move vertically 
upward with a constant acceleration a. Assuming that m% swings in a plane with r constant, 
show that 

T = ^(m 2 r^ 2 + (mi + m-i)y* — 1m%rhy sin 8 + 2m 2 r0(v o + at) sin 6 
— 2(wii + m 2 )^(vo+ at) + (wi, + m 2 )(vo + at) 2 ] 

where v Q is the vertical velocity of the framework at t - 0. Compare the form of this expression 
for T with that of equation {248). Are coordinates y and 8 inertial? 

2.25* A pendulum bob is suspended by a coil spring from the ceiling of a railway car which is moving 
with constant angular velocity around a circular track of radius R. The bob is allowed to move in a 
vertical plane which makes an angle <* with R. Show that the kinetic energy of the bob is given by 

T = £m(i* + y* 4- J 2 ) 

where x ~ R cos ut + r sin 8 cos (ut + a), y = R sin ut + r sin 8 sin (uf + a)> z = C — rcos*. 

The origin of the rectangular system is taken at the center of the circle with Z vertical, r is 
the length of the pendulum, to be regarded as variable, and 8 is the angle made by r with a vertical 
line through the point of support. 

2.26. The disk D, shown in Fig. 2-32 below, is free to rotate with angular velocity 0 about the horizontal 
axis op. <p is measured from the line ab which remains parallel to the XY plane. The entire 
system is free to rotate about the vertical axis. A particle of mass m is fastened to the disk as 
indicated. Show that its kinetic energy is given by 

T = Jw(jR 8 i? a 4- r 2 * 2 - 2RrH sin* + W 2 cos**) 

Show by integration that the kinetic energy of the thin uniform disk is 

T = {(MRt + LW + i/ 2 0 2 

where M is the total mass of the disk, U its moment of inertia about a diametrical line, and h that 
about the horizontal axis on which it is supported. 




Fig. 2-32 
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2.27. The following problem is for the purpose of demonstrating that, even in the case of simple systems, 
expressions for T and equations of constraint may become somewhat involved. As the uniform 
disk (mass M, radius R), shown in Fig. 2-33 below, rolls with angular velocity h 2 along the X axis, 
the slender rod (mass m, length 2t) remains in contact with it without slipping. At the same time 
the lower end of the rod slides in contact with the X axis. 

For the limited range over which the above conditions can hold, write out an expression for T 
in terms of 0i, $ 2y x\> y u x 2 and their time derivatives. How many superfluous coordinates are in- 
volved? Show that the equations of constraint are 

(1) R + flcosfli = [L — R(ei + $2- 0 6i)] sin0i 

(2) x 2 = Re 2 + 0X2 (3) 2/i ~ ' I sin 6i 

(4) xi + [L — I — R($! + 0 2 — otfi)] cos 0i + R sin 6i - x 2 

where otfi and oX 2 are values of 6i and xi when point p is in contact at 6. 

Can T be expressed in terms of any one of the above coordinates? Try x 2 ,i 2 . Write T in terms 

of 01, 0i. 



Y 




Fig. 2-33 

2.28. Referring to Fig. 2-11, Page 15, assume the smooth rod is rotating in a horizontal plane, driven 
by a motor. Of course, the bead will eventually fly off the end of the rod with considerable kinetic 
energy. 

The reactive force between rod and bead is normal to the rod. Is it correct to conclude that, 
therefore, the reactive force does no work on m? Explain how the rod imparts energy to m. 

2.29. Assume the upper pulley in Fig. 2-9, Page 13, is supported by a coil spring. The system now, of 
course, has three degrees of freedom. Imagining a general displacement of the entire system, 
write out an expression for 8W regarding (for the moment) each rotation and vertical displacement 
as independent of every other. Now choosing y u q 2 ,y4 as the independent coordinates of the system, 
show (following the steps outlined in Section 14) that in each of the expressions fiWV, 8Wq. 8Wy A , 

1 2. 4 

the work done by the tensions in the ropes adds up to zero provided displacements are in conformity 
with constraints. 

2.30. Masses mi and m 2 , shown in Fig. 2-10, Page 14, are given arbitrary displacements. Applying 
(2.62) show that for r x and r 2 constants, 

8W = [(t 2 sin <f> — t x sin 9)r x cos e + (r t cos e — t 2 cos <p — m t g) r, sin $ 
— sin ^ cos 0 + (t 2 cos0 — m 2 g)r 1 sme]&$ 

+ [(t 2 cos0 — m 2 g)r 2 sin <p — r i r 2 sin <f> cos <p]§<p 

= —(mi + m-z) gri sin 0 80 — m 2 gri. sin <f> 8<f> 

and hence that the tensions n and t% in the supporting strings (forces of constraint) do no work 
for a variation of either e or <p alone. 
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Motion for a Single Particle 





3.1 Preliminary Considerations. 

Any one of several formulations of the fundamental laws of dynamics may be taken 
as the basis for the derivation of the Lagrangian equations. In this text we begin with 
Newton's laws of motion, establish D'Alembert's equation, and from this finally derive 
Lagrange's relations. This approach is followed because it leads directly from familiar 
territory into unknown fields along a path in which it is easy to understand the physical 
and mathematical significance of each step. 

As a further means of eliminating distracting details, we shall here limit ourselves 
to the derivation and consideration of Lagrange's equations for a single particle. The 
more general treatment, applicable to a system of many particles, is given in Chapter 4. 



3.2 Derivation of Lagrange's equations for a single particle. No moving coordinates 
or moving constraints. 

For the sake of clarity let us be rather specific by assuming that the motion of the 
particle under consideration is confined to a smooth surface such as a plane or a sphere. 
Hence it has two degrees of freedom, and there must be one equation of constraint. No 
frictional force is acting. 

Let F, with components F x ,F y ,F z , represent the vector sum of all forces (externally 
applied, those due to springs, gravity, the force of constraint, etc.) which may be acting 
on the particle. Then, assuming constant mass m and that x, y, z are inertial coordinates, 
we write the "free particle" Newtonian equations of motion: 

F x = mx, F y = my, F z - mz (S.l) 

These equations are correct, even though the motion is constrained, because F x ,F y ,F z are 
assumed to include whatever force of constraint may be acting. 

At this point consider the work BW done by F when it is imagined that the particle 
undergoes (perhaps under the action of another force not included in F) a completely 
arbitrary infinitesimal displacement 8s with components Bx, By, Bz. (This is referred to 
as "virtual work" in accord with Section 2.13, Chapter 2.) Thus, 

BW = F Bs cos (F, Bs) = F x $x + F y 8y + F*Sz (3.2) 

Note that, since F includes the force of constraint, (8.2) is correct even though 8s may not 
be in conformity with the constraint. (That is, Bs could be in a direction such that the 
surface with which m is in contact is slightly "distorted".) It should also be remembered 
that the right side of (8.2), as shown in Section 2.8, Page 22, takes full account of the 
fact that F and 8s may not be in the same direction. 
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Now multiplying equations (3.1) through by Bx, By, Bz respectively and adding*, we get 

m(x8x + 2/82/4- zBz) = F x 8x + F y 8y + F z 8z (3.3) 

the right side of which is just the work BW done by F, and the left side may be interpreted 
as a corresponding slight change in the kinetic energy of m. (See again Section 2.8, 
Page 22.) We shall refer to this relation as "D'Alembert's equation". 

Upon introducing generalized coordinates into (3.3) and carrying through a few mathe- 
matical manipulations, Lagrange's equations (3.15) and (3.16) are obtained. Since we 
assume the motion confined to a surface, two generalized coordinates 91, q 2 are required. 
Hence making use of proper transformation equations and one equation of constraint, 
it is possible to express the x, y,z coordinates of m as functions of qi and q 2 , indicated 
as follows (see Section 2.6, Page 19), 

x = x(q u q 2 ), y = y(qi t q 2 ) t z = 2(91,92) (84) 



Specific example to show the meaning of (34): 

Suppose the confining surface is a sphere of constant radius r — C. In spherical co- 
ordinates, specific relations corresponding to (34) are then 

x - Csin0cos<£, y = Csin0sin<£, z = Ccos0 (3.5) 

Time does not enter (34) because we are here assuming stationary X, Y, Z axes and a 
stationary constraint. 

The virtual displacements Bx, By, Bz, will, for reasons stated below, be determined 
from (34). That is, 

Bx = ^~B Ql + ^892. By = ^-891 + g-892, Bz - ^891 + ^892 (8.8) 
dqi dq 2 091 dq 2 dqi dq 2 v ' 

Substituting (3.6) into D'Alembert's equation, (3.3), and collecting terms, 

At this point the student should become fully aware of certain basic facts. 

(a) Since (34) are the equations of the confining surface, (3.6) represent displacements 
in conformity with the constraint. Hence BW of (3.7) is for a displacement Bs in 
conformity with the constraint (along the surface). Considering again the sphere 
as a special case, Bx,By,Bz as determined from (3.5) are Bx — C cos 0 cos <j> BO — 
Csin0 sin</> 8<j>, etc., which clearly represent a displacement on the sphere. 

(b) Coordinates q% and q 2 (0 and </> in 3.5) are independently variable; that is, 891 and 892 
may each be given arbitrary small values without violating the constraint. 



*Note regarding equation (3.S). Multiplying relations (3.1) through by a,b,c respectively and adding, 
weget m(xa + yb + zc) = F x a + F y b + F*c 

which is a . true relation regardless of the quantities a,b,c (They may represent constants of any value, 
displacements, velocities, or even functions of variables.) Hence, insofar as {3.8) is concerned, Sac, By, Bz 
are completely arbitrary quantities. However, for our purpose, we shall regard them as components of 5s, 
the infinitesimal virtual displacement of m. Moreover, in what follows, we shall regard them as in con- 
formity with the constraint. (When so considered (3£) is often referred to as "D'Alembert's Principle".) 
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(c) As a result of (a) and (b) and the assumption that the constraint is smooth, the work 
done by the force of constraint when either coordinate alone or both together are 
varied, is zero. (See Section 2.13, Page 29.) For this reason the force of constraint 
need no longer be regarded as a part of F Xr F yr F z . In other words, the force of con- 
. straint has been eliminated from the picture. This is a very important fact. 

Now since qi and q% are independently variable, let us fix our attention on SW Ql , the 
work done when only q x is allowed to vary (802 = 0). (3.7) then reduces to 

' m dx , dy , ••dz\ ts f„ dx dy ' dz V fa 0 . 

= m [*az + m + *Wi) tqi = [ F *w> + F »w l + F *w i ) 8qi {3 - 8) 

At this point we shall make use of the following relations, proofs of which are given 
below*. The reader need not, at the moment, be concerned with the proofs, 

c. dx d ( . dx\ . d ( dx \ /Q n . 

x w, = di[ x w.) - *di[*r,) <"> 

«»■») 

Inserting (3 JO) and (3.11) into (3.9), we have 

* \ • 

(3.12) 




i 

and a little consideration shows that this may be written as 

..ax _ d ( B(xV2) \ d(xV2) 

Substituting (3.13) and exactly similar relations involving y and z into (3.8), it follows that 

d_f J_ m(x 2 + y 2 + z 2 ) \ _d_ m(x 2 + y z + z 2 ) 



SW a . = 



dt^dqi 2 J dqi 2 



(*J4) 



But ^m(x 2 4- £ 2 + 2 2 ) is the kinetic energy T of the particle. Hence we finally write 

±(dT\ c?r F dx dy dz 



dt 



♦To prove relations (5.5), and (#.././) we proceed as follows. 



d ( • dx \ dx , * d f dx 

-77 { x - — ) = x^~ + x — ' — 
dt\ dqxj 



dqi dt\dq l 

which is (3.9). To obtain (3.10), it is seen that the time derivative of the first equation in (3.4) is 

£ — ^-q x + ~qz. Now differentiating this partially with respect to q u we see that zr~ = 4~- To prove 

dqi dq2 {)qi "y 1 

(3.11) first note that since x = x(quQ*)t the partial derivative dx/dqi is in general a function of both 
qi and q 2 , that is, dx/dqi = i>(qi,qi). Differentiating this with respect to time, we get 

d / dx 
dt \dqi 

But from the above expression for x it follows that 

dx d f dx\ • dx \ • 

Comparing the last two equations, it is seen that (3.11) is true. 



= JL( &L\q x + 

dqi\dqij dq 2 \dqij^ 
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Starting with (3.7) and considering the work SWq 2 associated with a variation in q% 
alone, it follows in exactly the same manner that 



(3.18) 



Equations (3.15) and (3.16) are the Lagrangian equations which we set out to derive. 
As a matter of convenience, w T rite 

where q r is any one of the coordinates appearing in T and F r is referred to as a "generalized 
force". Thus the Lagrangian equations take the compact form 

► ±(ar\ _ . F 
dt\ d q r ) dq r ~ * + 

As will be seen in the next chapter Lagrange's equations have exactly the same form for 
a system of many particles. 

For the case just considered (one particle having two degrees of freedom), there are 
two Lagrangian equations. If we should assume three degrees of freedom (no constraints 
on the particle), relations (34) would each contain qi,q2>qz and finally three Lagrangian 
equations would be obtained. In general, there are as many Lagrangian equations of 
motion as there are degrees of f reedom. 

However, (and this is important both from the point of view of basic ideas as well as 
certain applications) even though, in reality, the particle may have only two degrees of 
freedom, three Lagrangian equations can still be written. Disregarding the constraint, 
we write x = x(qi f q 2 ,qs) f etc. Now pretending that <7i,<72, <?3 are each independently vari- 
able and following exactly the procedure outlined above, a Lagrangian equation correspond- 
ing to each of the three coordinates is obtained. There is, however, this important 
consideration. The displacement 8s, corresponding to S<?i, 8<?2, 8<? 3 , is clearly not in con- 
formity with the constraint. (In the special example we have carried along 

8x - 8r sin # cos + rS#cos#cos<£ - r8<£ sin 0 sin <£, etc. 

which is not along the surface of the sphere since 8r is not assumed to be zero.) Hence 
BW includes work done by the force of constraint (reaction between bead and surface), 
and components of this force must be included in F Xf F y ,F z . The force of constraint is 
not eliminated, With this in mind, the three equations are perfectly correct. 

For obvious reasons, therefore, all superfluous coordinates are usually eliminated from 
transformation equations and T. However, the above procedure of deliberately introducing 
superfluous coordinates may be made the basis of a powerful method for finding forces 
of constraint. See Chapter 12. 



3.3 Synopsis of Important Details Regarding Lagrange's Equations, 
(a) Differential equations of motion. 

The differential equations of motion for any specific problem are, of course, 
obtained by performing the operations indicated in (3.18). But for a system of 
n degrees of freedom, only n coordinates (and their time derivatives) should appear 
in T. Superfluous coordinates must be eliminated as per Section 2.8, Page 19. 
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(b) The meaning of generalized forces. 

The importance of a clear understanding of the simple physical meaning of 
generalized forces [relation {3.17)] can hardly be overemphasized either from the 
point of view of basic ideas or applications. 

The expression BW = F x Bx + F y By + F z Bz is a perfectly general equation 
for the element of work done by a force (components F x , F y , F z ) for a completely 
general displacement Bs (components Bx t By,Bz)> But let us consider BW when Bs 
is in conformity with the constraint and such that only qi varies (8(?2 = 0). Such 
a displacement is assured if Bx, By, Bz are obtained from (34), holding q 2 constant; 

8x = —tq u Sy = ^8 9l , 8z = ^8* 

(dx 3%/ 

oz \ Ql Ql 

F z — j S^i which is clearly just F q \Bqu Hence a generalized force F Qr is a 

quantity of such nature that the product f Qr Bq r is the work done by driving 
forces (not including "inertial" forces or forces of constraint) when q r alone is 
changed to the extent of + Bq r . 

A generalized force is not always a force in the usual sense of the word. For 
example, if q r is an angle 6, then F 9 must be a torque in order that F e B6 be work. 
If q r is the area A, Fig. 2-6, Page 12, Fa BA = BW and clearly F A must have the 
dimensions of force divided by length. 

(c) Technique of Obtaining Expressions for Generalized Forces. 
Either of three methods may be followed. 

Substituting known expressions for F x ,F y ,F z together with expressions for 

d% By dz 

~dq r ' Hq' ~dq ( obtained b ^ differentiating 34) into (3.17) gives F v F xf ,F yt F z are 
usually not constant. They may be functions of coordinates, time, velocity, etc. 
In any case, expressions for these forces must be known from the nature of the 
problem in hand. This method is straightforward but may be long and tedious. 

A second method, and one which in many cases is easier and more appealing 
from the point of view of what takes place physically, is as follows. Imagine one 
of the coordinates, q r , increased to the extent of + Bq r , all other coordinates which 
appear in T held fixed. Now determine by any convenient manner the work BW Qr 
done by any and all driving forces (disregard forces of constraint). The following 
relation is then solved for F q \ 

BW Qr - F qr Bq r (3.19) 

In the determination of $W Qr , work is taken positive or negative depending on 
whether the force or forces involved tend to increase or decrease q r . 

If the particle has two or three degrees of freedom it is sometimes more con- 
venient to assume displacements 8^1,8^2,8^3 simultaneously and write out the 
corresponding total work, BW wtah It will take the form 

»Wum - [----]89i+[----]8g»+[----]89« (*-*°) 
where the brackets in each case are in the corresponding F q . 
Examples which follow will make clear this technique. 

(d) Regarding inertial forces in Lagrange's equations. 

The expression "inertial force", as here used, refers to (mass) x (acceleration). 
Terms such as mx, mrO 2 , 2mo>x, etc., are examples. 
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A glance at the left side of (3.3) and succeeding equations through (3.18) 

will show that inertial forces appear exclusively in -yi f -r- — ^ — . Likewise it 

at\8q r J oQr 

is clear that only applied forces appear in F v In other words, in writing out the 
Lagrangian equations of motion for any system, it should be remembered that the 
left side of (3.18) automatically takes full account of all inertial forces while only 
driving forces are to be considered in finding expressions for F Qr . (Centrifugal 
force, Goriolis force, etc., are never included in F v ) 

3.4 Integrating the Differential Equations of Motion. 

It is an unfortunate fact, but one which the applied scientist must face, that in a great 
majority of cases differential equations of motion are so involved that no methods of 
integration are available. In certain cases justifiable approximations and simplifying 
assumptions can be made which put the equations in integrable form. 

Fortunately, however, computers are coming to the rescue. Through their use, graphical 
or numerical solutions to otherwise' "hopeless" equations can now be obtained. Through- 
out this text, where possible and advantageous to do so, integrations are carried out in 
part or in full. But we are primarily concerned with setting up correct equations of motion. 

3.5 Illustrative Examples. 

The pedagogic value of a few examples may far exceed pages of discussion. It is the 
ultimate means of "explaining the explanations". 

Example 3.1: 

Consider the motion of a projectile relative to rectangular axes attached to the earth. Regarding 
these axes as inertial and treating the projectile as a particle of mass m, we write 

rp m.. 2 , 2 . 2 . dT . d ( bT\ dT . 

T = + V + * ) from which — = mx t -=-[—)= mx, — = 0 

A d£ at \dx/ OX 

Hence mx = F x . Likewise my — F Vt mz = F x . Neglecting air resistance, the only force is the pull of 
gravity in the negative direction of Z. Hence SW Z = — mgSz and F z = — mg. Clearly, F x . = F y = 0. 

Thus finally mx = 0, my = 0, mz = — mg. This simple example does not demonstrate the power of 
the Lagrangian method. It does show, however, that for a single particle treated in rectangular coordinates, 
the Lagrangian equations reduce to the Newtonian form. 

Example 3.2: Motion of a bead on a rigid parabolic wire. 

A bead of mass m is free to slide along a smooth parabolic wire the shape of which is given by y = bx 2 . 
Since motion is confined to a line, the bead has only one degree of freedom. There are two equations of 
constraint, y — bx 2 and z = C. The velocity z and either y or i can be eliminated from T — ^m(x 2 + y z + 1 2 ). 
Eliminating y, T — ^mx 2 {l + 46V). Applying Lagrange's equation, 

j£ = m»(l + 4bV), 3f(|f) = «*(1 + 46V) + &mx* 2 xb\ —= Am&xb* 
Hence finally 

mx(l + 46V) + 4mx 2 xb 2 = F x 

Applying (3.19) we now find an expression for F x which, as will be seen, is not merely the x component 
of a force. Let us assume that the Y axis is vertical and the only force acting (we need not consider the 
force of constraint) is the pull of gravity. If the bead is given a displacement + Sx it, of necessity, must 
move up the wire a corresponding distance + Sy and the work thus done by gravity is 8W — — mg 8y. 
But from the equation of constraint, By — 2bx Sx. Hence SW = -~2mgbx$x — F x Sx, F x — —2mgbx, 
and the completed equation of motion is 

mx(l + 4b 2 x 2 ) + 4mi 2 xb z — —2mgbx 

As an extension of this, imagine that we pull with constant force / on a string which is attached to 
the bead. Let us assume that the string is in the plane of the parabola and that its direction, determined 
by direction cosines <*, (3, is maintained constant. Thus for a small displacement, 

SW — — mg 8y + af Sx + pf Sy see equation (2.35) 
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[2) 



= constant. 



= 0 

Eliminating 8 from (1), there 



But again, 8y ~ 2bx 8x. Hence 

$W = (- 2mgbx + a f + 2bxpf)8x and F* = 2bx({3f - m?) + «/ 
The left hand side of the equation of motion is unchanged. 

Note that all of the above results can just as well be expressed in terms of y and £ instead of x and x, 
by first eliminating i from T, etc. 

Example 3.3: Motion of a particle on a smooth hori- 
zontal table under the action of a spring. 

A string attached to the particle passes through 
a hole in a smooth horizontal table and is fastened 
to a light spring as shown in Fig. 3-1. The point to 
which the lower end of the spring is rigidly attached 
is so placed that when m is at the hole the spring 
is unstretched. 

The system has two degrees of freedom and, 

using polar coordinates, T = ^m(r* + r 2 0 2 ). The 
only force acting on the mass is that of the spring. 
Hence for an arbitrary displacement of the particle, 
hW = — kr 8r where k is the usual Hooke's law 
constant of the spring. No force is acting perpen- 
dicular to r. Therefore Lagrange's equations give 

(1) mr — mre 2 ~ —kr, 

From (2) we see that mr 2 8 = p 6 — angular momentum 
results an equation involving r and r only, which may be integrated by standard methods. 

A treatment of this problem in rectangular coordinates demonstrates how, at times, equations of 
motion may be considerably simplified by the proper choice of coordinates. Writing 

T =■• %m(x* 4- $*) and 8W = - kr Br = - k(x 8x + y By) 

it follows that mx = — kx, my — — ky. Hence the motion is compounded of two simple harmonic motions 
at right angles, each having the same period. Thus the path is, in general, that of an ellipse with the 
origin at its center. 

Example 3.4: The pendulum bob attached to a rubber 
band, Fig. 3-2, 

For motion in a plane the bob, regarded as a 
particle, has two degrees of freedom. Using r and 8 as 
coordinates, T = ^w(f 2 + r 2 $*) from which it follows 

that mr — mr&* = F r and mr*'$ + 2mrro = F e . Let 
us here illustrate two methods of obtaining generalized 
forces. Imagine the bob given an arbitrary displace- 
ment 8s in which e and r each undergo positive changes. 
The work done by gravity and the rubber band is 
given by 

SWtotai = —mghh — k(r — r 0 )5r 
where r 0 and k refer to the unstretched length of the band and its Hooke's law constant respectively. Each 
term on the right is written with a minus sign because work must be done against gravity and against 
the band in order to make positive displacements of r and 9. But, as can be seen from the figure, 
Sh = r 8e sin & — 8r cos 8 and therefore 

8Wt»\*\ = — mgr 88 sin 8 ™ [k(r — ro) — mg cos 8]8r 
Hence the work corresponding to a change in r alone is 8W r ~ — [k(r — ro) — mg cos &]8r — F r Sr 
from which F r = ~ k(r — ro) + mg cos 8 

Likewise F e — — mgr sin 8. 

Now let us find F r and F B by a direct application of F„_ = F x -~~ + F ' ' 
of gravity and the tension in the band, we see that the x and y components of force on the bob are 

F x — — k(r — r 0 ) sin 8, F y — mg — k(r — ro) cos e 
From the relations x = r sin $ and y — r cos 8, dxfdr = sin 8 and dy/dr = cos 9. Hence 

p T — F x ^ + F y ~ = — k(r — ro) sin 2 8 + [mg — k(r — ro) cos 9] cos 8 

or or 

= — k(r — ro) + mg cos 8 
which is the same as previously found for Fr. In the same way Fe easily follows. 




Fig. 3-2 



- F z ~ — . Taking account 
dq r v dq r dq r 
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3.6 Lagrange's Equations for a Single Particle, Assuming a Moving Frame of 
Reference and/or Moving Constraints. 

Thus far we have avoided a discussion of systems involving moving frames of refer- 
ence and/or moving constraints. However, since numerous problems of this type occur 
in practice, it is important that the derivation and application of Lagrange's equations 
to such systems be given careful consideration. 

Let us again assume that we are dealing with a single particle which is free to move 
on a smooth surface. Furthermore we shall assume that the surface and/or the frame of 
reference from which the generalized coordinates qi and q% are measured are moving in 
a known manner. Following the exact procedure of Section 3.2, we again write 

m (x 8x + yhy -f zhz) = F x Sx 4- F y hy + F z 8z 

in which Sx, §y, Bz represent a completely arbitrary displacement and F Xf F y ,F z are the 
components of the total force acting on the particle, including the force of constraint. 
(The XYZ frame is assumed to be inertial.) 

Transformation equations relating x,y y z to q^q^t will now be indicated as 

x = /i (<?i, q 2 , t) f y = f 2 (q u Q*> t), 2 = /s {Qu <?2, t) {8.21) 

Only two generalized coordinates appear in these equations, and time enters explicitly 
owing to the assumed motions. From this point on, equations (3.21) will take account of 
the constraint and the assumed motions. 

Since hx, By, hz are each arbitrary we may, if we wish, determine them from equations 
(3.21) allowing t as well as <?i and q% to vary. Hence 

dx m Bx - dx RJ 

Bx = _ affl + _ a?f + -_ Mf etc. 

Substituting in the first equation of this section and collecting terms, we have 
/ ..dx , ..By . /..dx dy . 

Since &qi,8q2,Bt are each arbitrary one may set 8^2 = 0 and 8t 0. Hence (3.22) becomes 

/..dx .. By dz\ m /„ Bx „ By „ AsV 

\ dqi * dqi dqi J V dqi y dqi dqi I 

Finally, applying relations (3.9), (3.10) and (8.11) as in Section 3.2 (which are valid even 
though (3.21) contain the time explicitly), a Lagrangian equation having exactly the form 
of (3.15) is obtained. In like manner, setting $qi,U = 0, (3.16) follows. Hence moving 
frames of reference and/ 'or moving constraints make no change in the form of the La- 
grangian equations-, (3.18) continues to be the general form. 



3.7 Regarding Kinetic Energy, Generalized Forces and Other Matters when the 
Frame of Reference and/or Constraints are Moving. 

(a) Basically kinetic energy, as emphasized in previous discussions, must be referred to 
an inertial frame (see Sections 2.8 and 2.9, Chapter 2). However, following the pro- 
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cedure described and illustrated in the above reference, T can be expressed in moving 
coordinates when such are to be used. Also, of course, superfluous coordinates must 
be eliminated. 

(6) The following statement regarding generalized forces is very important. 

Note that, in the relation ( F x ^- + F y §- + F z ~ ) 8q r = F q Bq r = BW q . the 

V oq r oQr dq r J r 

derivatives of x,y>z are with respect to q r only, holding t and all other coordinates 
constant. Hence it is clear that hWq r is the work done by the force acting when, under 
the conditions just mentioned, q r is given a displacement -f Bq r . In other words, 
generalized forces are determined by imagining the frame of reference and constraints 
at rest and then proceeding exactly as explained in Section 3.3(6), (c) and illustrated in 
Section 3.5. If it happens that some or all of the applied forces are functions of 
time, which frequently is the case, the above procedure is still followed. Since any 
displacement, as determined by equations (8.21) with t constant, is in conformity with 
constraints, the work done by the force of constraint is zero. Hence, as usual, this 
force is to be disregarded. 

(c) It will be seen that, by regarding Sqi = 0, 8^2 = 0 and U ¥= 0, we obtain from (3.22) 
the relation / mdx %%by „ Bz \ f Bx ^ dz \ 

m [ x Tt + yft + *M) st = { F *Tt + F ^ +F *Tt) u 

As the reader can easily show, the right side of (3.23) is just the work done on the 
particle by the total force (including the force of constraint) when the frame of 
reference and/or the constraints shift position slightly in time St. However, since 
(3.23) is redundant insofar as setting up equations of motion is concerned, it will not 
be given further consideration at this point. 




The following simple example should help clarify a number of basic ideas. A smooth rigid rod, 
shown in Fig. 3-3 above, is made to rotate with constant angular velocity in a plane, about the origin of 
the X, Y axes. A bead of mass m is free to slide along the rod under the action of a force F> which 
includes the force of constraint. Let us set up the equation of motion of the bead by a direct application 
of D'Alembert's equation (3.3) which, for this case, is merely 

m( x §x + y Sy) = Fx 8x 4- F y 8y (1) 
The bead has only one degree of freedom. Choosing r as the coordinate, we write 

x — r cos at, y = r sin cot (2) 
Hence 8x = fir cos tot — ruSfsinwf, 8y — 5rsinu£ + ru §t cos &t (3) 

in which both r and t are allowed to vary. Likewise, expressions for x and y are found at once from (2). 
Eliminating §x,8y,x,y from (i), we get 

m(r — ro3 2 )&r + Zmrr w s 8t = (Fx cos at + F y sm at)Sr + (F s cos at — F x sin at)ra St (4) 



1 
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But since Sr and St are arbitrary, it is clear that 

m(r — ru 2 )5r — (F x cos «£ + F y sin ut)8r (5) 
(2mrru 2 )8t = {F y cos ut - F x sin ut)ru U (6) 

Now inspection of the figure will show that the right side of (5) is just the work done by the total force 
for a displacement 8r along the rod (not for the displacement 5s). Moreover, since the displacement is in 

conformity with the constraint, the work done by the reactive force of the rod on the bead is zero. 

j 

Equation (5) is the equation of motion and is just what is obtained by a proper application of 
Lagrange's equation. (The student should do this.) 

Equation (6) corresponds to (3.23). Inspection of Fig. 3-3 shows that the right side of (6) is the work 
done by F (including the force of constraint) for the displacement rw 8t. 

Example 3.6: 

Referring to Fig. 3-4, the rotating table D has 
an angular velocity a determined by the motor Ml 
Attached to the table is a driving mechanism M 2 
which causes the smooth rod pa to rotate about a 
horizontal axis at p in some given, manner. The 
rod pa and the vertical lines pb and oc are all in the 
same plane. A bead of mass m is free to slide along 
the rod under the action of gravity. 

Assuming that a and $ are known functions of 
time, the system has one degree of freedom. Taking 
r as the coordinate, let us set up the equation of 
motion and find F r . 

It easily follows that 

T = £m[f 2 + r 2 * 2 + a*(s + r sin ef] (1) 

This is correct regardless of how a and e may be changing with time. But suppose it is assumed that 
a — «! = constant and that the rod is forced by mechanism M* to oscillate about the vertical line pb 
according to $ = $o sin« 2 f. Then 

T = £m{f» + r**J«! cos* «,t + w 2 [s + r sin (e 0 sin w 2 <)] 2 } (2) 

which now contains only r, r, and t. Applying Lagrange's equation, it follows that 

mr — m{r0 2 w 2 cos 2 w 2 £ + w 2 [s + r sin (0 O sinw 2 i)] sin (rf„ sin« 2 i)} = F r (3) 

In order to find an expression for F rt the motions of the table and rod are completely disregarded; 
that is, while making a displacement + 6r, t is held fixed (e and a are held constant). Hence 

8Wr = — mg cos $8r — — mg cos (e 0 sin « 2 £) Sr or F r = — mg cos (e 0 sin « 2 £) 

It should be noted that if the rod has no obligatory motion and is thus free to rotate about the axis 
at p, the system has now two degrees of freedom. Furthermore, neglecting the mass of the rod, (1) is 
still the correct expression for 7\ Equations of motion corresponding to r and $ may be written down 
at once and it is seen that 

F r = — mg cos 6, F e = mgr sin e 




Fig. 3-4 



3.9 Determination of Acceleration by Means of Lagrange's Equations. 

As previously shown (Section 2.12, Page 28), the component a f of the acceleration 
vector a along any line having direction cosines l t m,n is given by 

a' - xl + ym + zn (1) 

If a' is to be found in the direction of the tangent to a space curve at some point p, then 

i dy dz 

l = lte> m = di> n = Ts <*> 
where ds is an element of length of the line at p given by 

ds 2 = dx 2 + dy 2 + dz 2 (3) 
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Hence from equations of the space curve l,m,n may be found. 

Suppose now that we are to determine a general expression for the component of 
acceleration along a tangent to the coordinate line of q x in which the generalized co- 
ordinates qi, q 2 , qz are related to rectangular coordinates by 

x = x(q h q 2 , 03, t), y = y(g u Qz, Qs, t), z = z(q u q%, qz, t) (i) 

The coordinate line of qi is determined by holding q 2f qz, t each constant in (-4) and plotting 
values of x, y,z for varying values of qu In like manner coordinate lines of q 2 and qs 

Bx 

are determined. Hence differentiating (4) holding q 2 ,qz,t constant, we get dx — — dqi, 



etc. Thus (3) becomes 



dqi 



ds 2 = 




dql 



(5) 



where ds is now an element of length measured along the qi line. 

From W- 1 Bx 



It = 



dx 

dqi[(dxfdqi) 2 + (dy/dqi) 2 + (Bz/Bqi) 2 ] 



1/2 



hi dqi 



In like manner the 



where the meaning of hi is clear and where we have written dx/dqi as Bx/Bqi since q 2 ,q%,t 

are still regarded as constants. Also Wi = rlr» ™* = tt 7~" 

hi dqi Hi dqi 

direction cosines of a tangent to the q 2 coordinate line are 

1 dx 1 By 1 Bz 



k = 



h2 Bq 2 ' 



m 2 - 



h 2 dq 2 ' 



712 ~ h 2 Bq<< 



Now denoting of by a Qv equation (1) becomes 

1 



, - Bx . ..'By , Bz 



(7) 



(8) 



But by the steps followed in arriving at the left side of (3.15), we obviously can write (8) as 



±(bT\ _ BT_ 



where T = %(x 2 + y 2 + z 2 ), expressed in generalized coordinates. Or in general, 



a ( dT ' \ _ m. 

_dt\dq r J dq T 



(9) 



(SM) 



This is a simple and easy way of arriving at general expressions for components of 
acceleration along coordinate lines. See the following example. 

Example 3.7: 

Considering spherical coordinates, let us determine the well-known expression for a B , the component 
of acceleration along a tangent to a 9 coordinate line, by an application of (3M). 

For these coordinates (see equation (2.39)), T = ^(r 2 + rV + r 2 sin 2 e ^ 2 ) from which 



- W = f3# " + 2rre ~ r * 



sin e cos $ 



he 



Hence a 9 — r $ 4- 2ri — r# 2 sin cos Likewise, a r and can be obtained at once. 

If the motion of a point (or particle) is constrained to a moving surface, equations (i), 
after removing a superfluous coordinate, become 

x = #(2i,42,£), 2/ = y{Quto,t) t z " z(q h q Zf t) (10) 

which are indeed the equations of the surface at any instant. 
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Now if we think of holding q 2 and t constant, equations (10) represent a qi line on 
the surface. Moreover,- it is clear that dx/ds, for example, gives an expression for one of 
the direction cosines of the tangent to this line at any point. Therefore, if T' is written 
in terms of qi, q%, qi, q 2y t, equation (3.24) gives components of the acceleration vector along 
tangents to q u q 2 lines on the surface at any given instant 

Again it is important to remember that, basically, accelerations found in this manner 
are relative to the X, Y, Z frame. 



3.10 Another Look at Lagrange's Equations. 

For the sake of further clarifying the physical meaning of Lagrange's equations, 
consider the following. 

Writing T = \m(r* + r 2 0 2 + ry sin 2 0), it follows from Section 3.9 that 

(see Example 3.7) 



where, if / is the force acting on m, fe is the component of / in the direction of increasing 6. 
(Note that f& is an actual force and not a torque. Moreover, a© is a linear acceleration.) 
Hence it is clear that the Lagrangian equation gives merely ma B — fe expressed in spherical 
coordinates. Also, equations corresponding to r and <f> may be written as ma r = f r > with = 
and likewise for whatever coordinates that may be used. 

If there is a constraint on the particle, transformation equations take the form of 
equations (10), Section 3.9. Following the reasoning given at the end of Example 3.7, 
it follows that the Lagrangian equations corresponding to q x and q 2 may be written as 

m&Qi = fq v ma>Q 2 = /« 2 . 

Hence, for a one-particle system, the physical interpretation of the Lagrangian equa- 
tions is very simple. Moreover, we see that in each equation the components of accelera- 
tion are automatically taken account of. 

This is true for any coordinates and any constraints. Consider, for example, a particle 
on a rotating platform mounted on an accelerated elevator. Suppose we want the accelera- 
tion components of the particle expressed in certain coordinates, the frame of which is 
attached to the platform where account is taken of the motions of the earth, the elevator 
and rotation of the platform. Even in this rather complicated case it is easy to write T 
for the particle, and (3.2U) gives the desired results at once. The student should compare 
this with formal vector methods. See Problem 3.34. 



1 


'-1 




3T 




dt\ 







Also, the reader may easily show that 



1_ 

he 



dx 



dz 



36 
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3.11 Suggested Experiments: 

As previously mentioned, a few experiments which have been found especially worthy 
of the students' time and efforts are listed at the ends of several chapters. These experi- 
ments will contribute greatly to an appreciation of and a down-to-earth feeling for dynamics 
which pencil and paper alone can never give. 
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Experiment 3.1: 

Determine the period of the pendulum shown in Fig. 3-6 (see Problem 3.7, Page 52). Support the 
point p by a long light cord fastened directly overhead to a high ceiling. As the pendulum swings, p will 
move along the arc of a large circle, but for small motion this may be regarded as a horizontal straight 
line. For carefully determined values of k and m, experimental and computed values of the period check 
closely. 

The experiment may be repeated by adjusting the long string so that p is several centimeters above 
the horizontal line ab, the springs now forming an inverted V. Of course, the force exerted by the springs 
must now be approximated, assuming small motion (use Taylor's expansion). 



Summary and Remarks 

1. Derivation of Lagrange's Equations: Single particle, no moving coordinates or 
constraints (Section 3.2). 

(a) D'Alembert's equation is developed from Newton's second law and the concept of 
virtual work. (It has been seen that virtual work is a simple yet powerful device 
which is used as a means to an end.) 

(b) D'Alembert's equation expressed in generalized coordinates leads directly (with 
the aid of certain simple mathematical operations) to Lagrange's equations. 

2. Important Details Regarding these Equations (Section 3.3b, c). 

(a) Kinetic energy, T, must be expressed in terms of the chosen generalized coordinates 
and their time derivatives. All superfluous coordinates should be eliminated from T. 

(b) A clear understanding of the physical meaning of generalized forces not only 
facilitates the use of Lagrange's equations but contributes much to an appreciation 
of what is taking place. 

3. Derivation of Lagrange's Equations: Moving coordinates and/or moving constraints 
(Section 3.6). 

(a) Derivation is again based on D'Alembert's equation and the arbitrary character of 
the virtual displacements $Xi, Syi, 8zu Equations have same form as before. 

(b) T is now a function of the q r '&, <z/s and t. 

(c) Fq r is found as before, holding time fixed. The physical meaning of this (Section 
3.7) must be understood for reasons mentioned in 2(6) above. 

4. Acceleration Determined by Lagrange's Equations (Section 3.9). 

As shown in Section 3.9, the component of acceleration of a point or particle along 
a tangent to a g-line at any point may be obtained at once from equation (3.2£). 

5. Physical Interpretation of Lagrange's Equations (Section 3.10). 

For a single-particle system the Lagrangian equations of motion may be reduced 
to ma r - fr where a r is the component of linear acceleration of m along the tangent to 
the Off-line.* and f r is the component of the total force on m (disregarding force of con- 
straint) acting along the same tangent. Hence the above equations, regardless of what 
coordinates may be used, reduce to the simplicity of Newton's second law equations. 
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Problems 

3.1. Assuming that motion is confined to the QiQ 2 plane, Fig. 2-5, Page 12, and that gravity acts in 
the negative direction of the vertical Y axis, set up the equations of motion of a projectile in the 

42 coordinates. Ans. m[qi 4- g*cos (0 — a)] ~ — mg sin a , m[q» + Jftcos (/? — a)] — — mg sin /? 

3.2. A bead of mass m is constrained to move along a smooth rigid wire having the shape of the 
hyperbola xy = C = constant. Show that the kinetic energy may be expressed as 

T = +|) 

Write out the equation of motion and show that if the Y axis is vertical the generalized, force 
corresponding to x is ^ _ mgC/x* 

3.3. Note that any point in the XY plane may be located by specifying C and y in the relation xy = C. 
Hence regarding C as a variable, it may be used as a coordinate. Show that for motion in a plane 
the kinetic energy of a particle may be written as 

and that, considering gravity acting parallel to and in the negative direction of the Y axis, 

F x = + mgC/x 2 , F c = — mg/x 

3.4. Instead of the familiar polar r, 6 coordinates (plane motion), let us consider r and sin e as coordi- 
nates. Writing x — r cos $, y — r sin e and denoting sin $ by q, we have x = rs/l — q 2 , y = rg. 
Show that the kinetic energy of a particle in r, <? coordinates is given by 

T = + t^?) 

3.5. ■ A bead is constrained to move along the smooth conical spiral shown in Fig. 3-5 below. Assuming 

that p = az and <f>~—bz> where a and 6 are constants, show that the equation of motion is 

IV + 1 + + a 2 6 2 z^ = -fir 

3.6. Set up the equations (11) and (Jjg)-of Example 1.2, Page 4, by the Lagrangian method. 

3.7. The pendulum bob of mass in, shown in Fig. 3-6 below, is suspended by an inextensible string 
from the point p. This point is free to move along a straight horizontal line under the action of 
the springs, each having a constant k. Assume that the mass is displaced only slightly from the 
equilibrium position and released. Neglecting the mass of the springs, show that the pendulum 
oscillates with a period of 
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3.8. A solid uniform disk of mass M and radius R has attached to its face a small mass m at a distance 
r from its center. The disk is free to roll without sliding along a horizontal straight line. Show that 

T = ^(MR* + / + mR 2 - 2mrR cos e -f wr 1 ) 

where / is the moment of inertia of the disk about an axis perpendicular to its face through its 
center and e is the angular displacement of the disk from its equilibrium position. Show that if 
the disk is displaced only slightly from its equilibrium position and released it will oscillate with 

a period , 

p _ 2r l l+MR* + m(JB-r)» 
V mgr 

3.9. The particle of mass m f shown in Fig. 3-7 below, is free to move to any position under the action 
of the two identical springs. When m is in equilibrium at the origin of the coordinate axes, the 
length S of either spring is greater than the unstretched length h. Show that F$ — 0. Show that, 
for very small displacements from equilibrium, 

Fx = - 2&(1 - k/S)x, F y = - 2fc(l - US)y t F x = -2kz 
Set up equations of motion and integrate. 




Fig. 3-7 Fig. 3-8 

3 JO. Mass m, shown in Fig. 3-8 above, is attracted to a stationary mass M by the gravitational force 
F = —GmM/r z . At an initial distance r 0 , m is given an initial velocity v 0 in the XY plane* Set up 
equations of motion in r, e coordinates. Show that the angular momentum p e = mr*e = constant. 
With the aid of this, integrate the r equation and show that the path is a conic. 

3.11. The rectangular components of force on a charge Q moving through a. magnetic and electric field 
are given by relations (5.14), Page 91. 

(a) An electron gun fires a narrow pencil of electrons, each with the same velocity (io, 2/o, %q at 
origin of axes at t — 0) into a uniform magnetic field (no electric field) at some initial angle $ 
with the lines of flux. Set up equations of motion, integrate and show that the path described 
by the beam is a cylindrical helix. (Assume B in Z direction.) 

(6) Set up equations of motion assuming a uniform electric field parallel to the magnetic field. 
What is now the path? 

3.12. A bead of mass m is free to move on a smooth circular wire which is rotating with constant 
angular velocity w about a vertical axis perpendicular to the face of the loop and passing through 
its periphery. Another bead is moving under the action of gravity along an identical loop which 
is stationary and in a vertical plane. Prove that both beads have exactly the same motion. What 
quantity in the equation of motion for the first bead corresponds to g in the second equation of 
motion? 

3.13. In Example 3.2, Page 44, consider the location of m with polar coordinates r, &. Taking $ as the 

independent coordinate show that tan $ tan 2 e 

x = — , y - - r - 

Hence T can be written in terms of e and $. Show that the generalized force is 

- gf . 2F y teg * 
0 b cos 2 e b cos 2 e 

where F x and F y are the force components acting on m. It is clear that e is not a desirable co- 
ordinate for determining the motion of m. Repeat the above procedure for Problem 3.2, Page 52. 
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3.14. In Fig. 3-9 below the bead of mass m is free to slide along the smooth rod under the action of 
gravity and the spring. The vertical shaft is made to rotate at constant angular velocity a. Show 
that the equation of motion is 

mr — mra 2 sin 2 $ = k(l — h) — kr — mg cos e 
and that the mass oscillates with 



period P 



m 



k — ma 2 sin 2 6 

where / = r + s and lo is the unstretched length of the spring 



i . . v ... _ Ml — lo) — mg cos 6 

about the position r — — S — , . _ 

k — ma z sin 2 e 




B 




I 



r ~ 

e — A sin ut 



I — constant 



(a) 



Fig. 3-9 



_L 



Fig. MO 




15. 



.16. 



.17. 



.18. 



Assume that block B f shown in Fig. 3-10 above, to which the spring is attached is forced to oscillate 
vertically according to the relation s — A sin to t. Let (a) represent the position of the system 
with no motion applied to B and m in equilibrium under the action of gravity and the spring. 
Let (6) represent any general position of the system. Show that in effect the motion of B applies 
a force of kA sin ut to m. Also show that the motion of m is given by 

. Ah 

q = C sin(\k/mt 4- 5) + «r sin tat 



m(k/m — w 2 ) 

A massive uniform disk of radius R rolls down an inclined plane without slipping. X and Y axes 
are attached to the face of the disk with origin at its center. A particle of mass m is free to move 
in the plane of the disk under the action of gravity and springs, the specific arrangement of which 
need not be given. From elementary considerations it is known that, neglecting the small mass of 
the particle, the center of the disk moves with linear acceleration a ~ sin a, where a is the 
angle of the incline. Show that the kinetic energy of the particle in polar coordinates r, 9 
($ measured from the X axis attached to the disk) is given by (measure (3 between X and a fixed 
line normal to the inclined plane) 

T ~ ±m[a 2 t 2 + r 2 + r a (/5 -J) 1 + 2atr sin (p - e) + 2atr(0 - e) cos (/? - §)] 

where /? = (alR)t. Compare T here with the general form (2.55), Page 27. 



The string supporting the pendulum bob, Fig. 3.11, passes 
through a small hole in the board B which is forced to oscillate 
vertically along the Y axis such that s ~ A sin at. Show that 

T ~ -im[2AV cos 2 «« + (I - A sin at) 2 8 s 
— 2A V cos 2 at cos e 

— 2(1 — A sin at) AaO cos at sin e] 

where I = r + s ~ constant. 

Write out the equation of motion. Show that 
F Q — mgr sin $ — — mg(l — A sin at) sin 9 

Referring to Example 3.6 and Fig. 3-4, Page 48, assume that 
a = a = constant, that the mass of the rod pa is negligible, 
and that the driving arrangement M% is replaced with springs 
which tend to keep pa in a vertical position by a torque of 
— C$. Set up equations of motion corresponding to r and $ t 
Note that the expression for T [equation (1), Example 3.6] still 
holds. 




Fig. 3-11 
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3.19. Show that if the spiral, Problem 3.5, Fig. 3-5, is rotating about its own axis with constant angular 
velocity «, T = | TO [Ji (a » + 1 ) + aV(« -&!)'] 

Also show that if the spiral has a rotation given by w£ 4- ^at 2 , 

T = ^m\a 2 z 2 + oV(« + at - &z) 2 + z 2 ] 
Note that in each case the generalized force corresponding to z is —mg. 



3.20. Let us suppose that the disk, shown in Fig. 3-12, 
can be given any desired rotational motion by a 
motor (not shown) attached to its axis. The 
string to which m is attached is wrapped around 
and fastened to the disk. The angular position 
of the disk is given by «, measured from the 
fixed X axis to a line drawn on the face of the 
disk. Angular position of the string (assumed 
always to be tangent to the pulley) is given by e. 
to is the initial length of the string as indicated. 
Show that for mass m, 

T = %m[R*a* + (n + Re - R a )*e*] 



mg(to + Re — Ra) sin e 





w 








Y 


r 
/ ! 

6 





Fig. 3-12 



and that the equation of motion is 

m(n + Re — Ra)e — 2mRe a + mRe 2 ~ — mg sin e 
where a is assumed to be some known function of time. 



3.21. In Fig. 3-13 below the rigid parabolic wire rotates in some known manner about the Z 2 axis while 
the platform to which X ti Y 2 , Zi are attached moves with constant acceleration a parallel to the 
Yi axis. The bead of mass m is free to slide along the smooth wire under the force of gravity. 
(a) Show that 

T = Jm[r» + r*£* + aH* 4- 2rat sin <f> + 2r$at cos * + 46Vr 8 ] 

Assuming # = w = constant, set up the equation of motion corresponding to r and show that 

Ft — — 2mgbr 



3.22. As the wire in the above problem rotates it generates a parabolic cup. Suppose that m is confined 
to move in contact with the inside surface of a stationary cup having this shape. The expression 
for its kinetic energy is just as written in Problem 3.21, except that <f> must now be regarded as 
an independent coordinate. Write out equations of motion for this case. Show that F r is the same 
as above and F^ = 0. 




Fig. 3-13 Fig. 3-14 

3.23. By means of the crank handle the support of the pendulum, shown in Fig. 3-14 above, can be given 
any desired rotation. Show that T for the pendulum is 

T = ^m[s 2 a 2 4- r 2 e 2 + r 2 (a — #) 8 sin s 0 — Zsrah cos e sm # 4- 2sra(a — 4>) sine cos^] 

where r, e, <f> are spherical coordinates measured relative to the X, Y,Z axes attached to and 
rotating with the horizontal bar ab. In this problem r is taken constant. 

Assuming r variable (rubber band) repeat above. Write T as the sum of three terms cor- 
responding to those in equation (2.55), Page 27. 
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3.24. Assuming $ t = o) l = constant, e 2 = <o 2 = constant, show that the kinetic energy of the particle in 
Fig. 2-21, Page 22, with motion confined to the X«Y 2 plane, is given by 

T - ^m{r 2 + r 9 'a 2 + [2s Wl sin (w 2 t + a)]r + pr^H- « 2 ) + 2* Wl r cos (co 2 t + a )]i 
+ [r*(w, + to 2 ) 2 + 2sw 1 (w 1 + <o 2 )r COS (co 2 £ + a) + 8 a wJ]} 

Note that this has just the form of relation (2.55) where quantities corresponding to A,B,C are 
evident. 

3J25. A rotating platform P 2 , shown in Fig. 3-15 below, is mounted on a second rotating platform Pi 
which is in turn mounted on an elevator. Pi is driven by a motor at a constant speed Wl . In like 
manner P 2 rotates with constant speed w 2 relative to Pi. The simple pendulum of length I attached 
to P2 is allowed to swing in a plane containing the vertical axis of rotation of Pn and its point of 
suspension. The elevator has a constant upward acceleration a. Find the equation of motion of 
the pendulum. 

m[l 2 *$ + I cos 6 (s 1 — I sin B)(o3 l + to 2 ) 2 + s 2 u>\l cos 6 cos w 2 t + at sin e] = — m£r£ sin 5 

Note that the left of this is merely (ml)a ei where a B is the linear acceleration of m relative to an 
inertial frame, in the direction of increasing 6. [See equation (£.24).] 




3.26. An X, Y, Z frame of reference is attached to the inside of an automobile. The Y axis points directly 
forward, the Z axis vertically upward, and the X axis to the right side. The position of a particle 
is to be located in spherical coordinates r, $, <f> measured relative to this frame. 

Assuming that the car is moving along a level circular road of radius R with constant 
tangential acceleration a, write out T and set up equations of motion for the free particle, gravity 
alone acting. 

3J27. The vertical shaft with an arm of length r rigidly attached as shown in Fig. 3-16 above is made 
to rotate with constant angular velocity «. Write an expression for T and the equations of motion 
of the particle relative to the rotating X 2 , Y 2 yZt system. For a hint and the answers, refer to 
equations (14.15), Page 287. 

3.28. Considering cylindrical coordinates r, <p y z, the relation z = br 2 represents a parabolic "cup" for 
b constant. The % and y coordinates of any particular point on the cup may be written as 
x — r cos <p and y ~ r sin Now, just as an aid in becoming accustomed to all sorts of coordinates, 
suppose b is regarded as a variable. Then 6,r, 0 may be regarded as coordinates locating any 
point in space. Hence the above three relations are the transformation equations relating the 
rectangular and the b, r } <f> coordinates. 

Show that in these coordinates the kinetic energy of a particle is given by 

T = £m[r*(l + 46V) + rV + bV + 4br*br] 

For gravity acting in the negative direction of Z, show that 

F r = -2mgbr, F b = -mgr 2 , = 0 
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3.29. Determine an expression for the acceleration of m, shown in Fig. 3-9, Page 54, in the direction of 
increasing r. Assume that the vertical axis is given constant angular acceleration J?= c. See 
Problem 3.14. 

Show that under these same conditions 

a r ~ r — rcH 2 sin 2 0, a 9 — — rc?t 2 sin 6 cos 0, — 2ret sin 6 + rc sin $ 

are a r> a d> a$ relative to an inertial frame. 

What are the components of the reactive force in the directions of increasing B and 0? Note 
that, to get the above results, we in reality introduce 6 and <f> as superfluous coordinates. See 
remarks at end of Section 3.2. 

3.30- Referring to Fig. 2-5, Page 12, it is clear that for motion in the XY plane the general acceleration 

vector of point p has a component along the Qi axis given by a qi — %l + ym where l,m are 

direction cosines of this axis. Show that this expression reduces to a ?1 = qi + #2 cos (/? — a) and 
that the latter may be obtained directly from equation (3.24). 

3.31. Referring to Problem 3.22 and applying the methods of Section 3.9, find the component of the 
acceleration along a tangent to a line (on the cup) for which r = constant. Compare results with 
the ^ equation of motion obtained in Problem 3.22. Repeat for a line for which <p = constant and 
compare with the r equation of motion. 

3.32. Referring to Fig. 2-21, Page 22, equations (2.S2) and (S&4), determine general expressions for the 
%2,y2 components of acceleration of m. Are the accelerations thus obtained in reality relative to 
the X u Yi frame? What forces F X2t F y2 would be required to hold m fixed relative to X 2 , F 2 ? 

3.33. Referring to Fig. 3-16, write out expressions for the components of the general acceleration vector 
of m along the X 2 , Yz, Zz axes, but relative to the inertial axes X u Yi, Zu See Problem 3.27. 

3.34. A rotating platform is mounted on the ground with axis of rotation vertical. A rectangular frame 
of reference is attached to the platform, and the position of a particle relative to this frame is 
determined by spherical coordinates. Find expressions in the spherical coordinates for the accelera- 
tion components n r ,a e ,a^ relative to an inertial frame, taking account of the earth's rotation as 
well as that of the platform. See Section 14.7(6), Page 290. 



CHAPTER 



4 



Lagrange's Equations of Motion 
for a System of Particles 



4.1 Introductory Remarks. 

For pedagogic reasons, the treatment of Lagrange's equations given in Chapter 3 is 
restricted to systems involving a single particle only. We shall now derive these equations 
(they finally take the same form as equation (3.18)) for a very general type of dynamical 
system consisting of many particles having any finite number of degrees of freedom and 
in which there may be moving constraints, moving frames of reference or both. Following 
this, the remainder of the chapter is concerned with the techniques of applying Lagrange's 
equations to many and varied types of systems and to the important matter of under- 
standing the physical significance of the mathematical relations employed. 



4.2 Derivation of Lagrange's Equations for a System of Particles. 

We shall first set up the general form of D'Alembert's equation. Consider a system 
of p particles having masses mi, m 2 , .,m p acted upon by forces Fi,Fz, . . . f F p respec- 
tively. Let it be understood that Fx, for example, represents the vector sum of all forces 
of whatever nature (including forces of constraint) acting on mi, etc. Thus, assuming 
constant mass and an inertial frame of reference, the "free particle" equations for the 
individual particles are 

Fx x - mi'xu F Vl = miyu F H = ntxix 

- • (4 *\ 

F Xp = ?n P x p , F Vp = nhyp, F Zp = mpZ p 

where Fx v F Vv F Zx are the rectangular components of Fx, etc. It is important to note that, 
since Fx,Fz 9 etc., are assumed to include forces of constraint, relations (4.1) are true even 
though the particles may be constrained in any manner. 

Now imagining that each particle of the system undergoes a linear virtual displace- 
ment, components of which are 8*,, 8 Vv B Zv etc., let us carry through the following simple 
mathematical operations. Multiplying F Xl ~ mx\ through by 8^, F Vl — wixyx by Byi, etc., 
for all relations in (4.1) and adding the entire group, we obtain 

j£ mifaSXi + j/iSyi + ZiBZi) = Y, (F x .8xt + Fy.hyi + F z .BZi) U.2) 

which, when properly interpreted, leads to far reaching results. (See equation (3.3).) We 
shall refer to (4.2) as D'Alembert's equation. 

At this point several important statements, similar to those following equation (3,7), 
must be made regarding (£.2). 

(a) In so far as the validity of (4.2) is concerned, Bx t , Byi, hZi need not represent displace- 
ments nor do they have to be infinitesimal quantities. Indeed they could be replaced 
by completely arbitrary quantities a*, bu d. 
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(b) However, assuming that they do represent infinitesimal displacements of the particles, 
it is clear that the right side of (4.2) is just a general expression for the total work 
BW done by the forces Fi,F 2t ... in the displacements 8xi,ByuBz u ... of each and 
every particle. That is, 

BW = £ {F Xi lXi + Fy.Byi + F Zi hZi) (4.3) 

(c) The above is true even though the imagined (virtual) displacements are not in con- 
formity with the constraints; that is, we may regard the constraints slightly "dis- 
torted". In this case BW, of course, includes work done by the forces of constraint. 

(d) But now considering displacements which are in conformity with constraints, the work 
done by forces of constraint adds up to zero. (See Sections 2.13 and 2.14, Chapter 2.) 
In other words, forces of constraint are in effect eliminated from (4.2) and (4*8). 

(e) Under conditions stated in (d), relation (4.2) is referred to as D'Alembert's principle 
or equation. 

Though on first acquaintance rather unimpressive, D'Alembert's equation is perhaps 
the most all-inclusive principle in the entire field of classical mechanics. It includes statics 
as a special case of dynamics. The equations of motion of any system having a finite 
number of degrees of freedom, can be obtained directly from (4.2) in any coordinates upon 
applying proper transformation equations and equations of constraint. Lagrange's equa- 
tions are merely a more convenient form of (4.2). All other formulations such as Hamilton's 
equations, Hamilton's principle, Gauss' principle of least constraint, etc., can be obtained 
from D'Alembert's equations. 

To continue with the derivation, suppose now that the system has n degrees of free- 
dom, where n^3p, and that the 8p'— n equations of constraint are of such a form that all 
superfluous coordinates can be eliminated from the transformation equations, 

Xi = 8<(0i,0S, . . .,qn,t) 

Vi = V< (01.02, . . .,Qn,t) ' (4.4) 

Z\ = Zi(Ql, 02, . . .,0n, t) 

With regard to these equations, we must keep in mind the following facts. 

(a) Relations (4.4), as indicated above, are transformation equations from which super- 
fluous coordinates have been eliminated and previously referred to as "reduced" 
equations. Only holonomic systems are considered here. See Section 9.12, Page 193. 

(b) Due to constraints the number of generalized coordinates occurring in (44) is Sp — n 
less than the number of rectangular coordinates. 

(c) The appearance of t indicates moving constraints, a moving frame of reference or both. 

(d) These equations take full account of constraints in the sense that displacements 
Bxi, 8y if Bzi obtained by applying the relations 

dXi . dXi . . dXi . , / , > v 

SXi = J7T B ^ + ^r 5 ^ + + etc. (4.5) 

dqi 002 dq n 

(with t held constant) to (4.4), are in conformity with constraints. 

(e) Hence, if Bxi, By it Bzi in (4.2) are thus determined, we can be assured that the work 
done by the forces of constraint adds up to zero. Therefore forces of constraint may 
be disregarded. See Section 2.14, Page 31. 
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Substituting relations (4.5) into (4.2) we get, after collecting terms, 

- s(^t + < + ^t) 8 - + - + s(^ +p -t +f '^) 8 '- <w> 

But since <7i,<72, . . .,<7n are each independently variable (physically, this means that the 
particles of the system are free to shift positions in such a way that, without violating 
constraints, any one of the <?'s may take on any value irrespective of what values the 
others may have) we can regard each S<? as arbitrary. Hence let us suppose that all are 
zero except, for example, Bqu Equation (4*6) then reduces to 

Here, employing relations corresponding to (3.9), (3.10), (8.11) and following the same 
procedure outlined in Chapter 3, (4.7) may be written as 

d 



* w * = Ydi 



d'qu=i 2 



dqi^i 2 



(4.8) 



dqi Vi dqi n dq^ 
Exactly similar equations follow in the same way involving q 2 , qz, ■ ■ ■ , q*. That is, 

where r - 1, 2, . . . , n and generalized forces F Qr are 



► 



n, = | + f, ,| + <"<» 



Note that (-4.£) has just the same form as (3.18), Page 42. 



43 Expressing T in Proper Form. 

Although T = + + where the frame of reference is inertial and 

there are 3p rectangular coordinates, may be regarded as a basic expression for kinetic 
energy, its final form to which the Lagrangian equations are applied should be expressed 
in terms of ?i, 42,. . . . , <7n generalized coordinates, their time derivatives and possibly t. 
The steps required for this are explained and illustrated in Section 2.7, Page 19. As 
shown there and in examples which follow, it is frequently advantageous first to write T 
in any number of any convenient coordinates. . Then, by means of transformation equa- 
tions and equations of constraint, it may be put in final form containing no superfluous 
coordinates. 



4.4 Physical Meaning of Generalized Forces. 

Again, as in Chapter 3, a generalized force F qr corresponding to coordinate q r is a 
quantity (not always a force in the simple sense of the word) such that F Qr Bq r is the work 
done by all applied forces when q r alone (time and all other coordinates held fixed) is in- 
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creased to the extent of + 8g r . However, in this more general case, it is important to 
realize that, for a system of p particles having various constraints, an increase in q r alone 
may require a shift in the positions of several or even all the particles. Therefore 8Wq r 
must include the work done by the applied forces acting on all particles, which as a result 
of + 8<?r must shift position. 

As proof of the above statements, note that (4.3) is a general expression for the work 
when every particle is given an arbitrary infinitesimal displacement. But assuming that 
q r only varies, (£.5) reduces to 

8 z, = g>, = 8 * = |> 

and hence (4.3) becomes 

which by (4.10) is just F Qr Bq r . (See Example 4.1, Page 62.) 

Inertial forces (see Section 3.3(d), Page £3) are taken complete account of by the left 
,side of (£.9). For reasons discussed and illustrated in the last part of Chapter 2, forces of 
constraint (for "smooth" constraints) cancel out in (-4.10). Hence in the discussion of 
techniques and examples which follow, these forces are disregarded. 



4.5 Finding Expressions for Generalized Forces. 

Expressions for Fq r may be found by either of the following techniques. They are 
applicable to .any and all types of applied forces and are basically the same as those given 
in Section 3.3(c), Page 43. (Inertial forces are never included.) 

(a) Relation (4.10) may be applied directly. F x .,F yi ,F Zl , the rectangular components of 
the force F< acting on m u must be determined from known forces on the system. 
Explicit expressions for dxjdq r , dyi/dq r , BzjBq T may be obtained from (44). Frequently 
this method is tedious. 

(6) Assuming that all moving- constraints and/or moving frames of reference are stationary 
and that all coordinates except q r are constant, imagine q r increased to the extent + &q r . 

Now by inspection of the particular problem in hand, write out an expression for 
the work, SW Qr , done by all applied forces on the particles which must shift in position 
as a result of + $q T . This can usually be done directly without the use of rectangular 
components of force. Then from the relation 

*W Qr = F Qr 8q r (4,11) 

Fq r follows at once. 

In applying this method it is frequently advantageous first to write $W Qr in terms 
of any number of any coordinates and later express it in terms of q u q 2 , . . . , q n . 

(c) Following the procedure outlined above in (b), it is possible and in many cases dis- 
tinctly advantageous to write an expression for the total work $W 'total when all co- 
ordinates are varied simultaneously. As can be seen from (4.6) and from examples 
to follow, this can be written in the form 

SWtotai = [••••]i»flfi + [•••■Ji8gi +" ••• + [••••].8g» (4.12) 

where the brackets may be constants but are usually functions of coordinates, velocity, 
time, etc. It is clear that the bracket [. . . ,] r -is just F Qr . Hence all generalized forces 
may be read directly from (4.12). 
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An additional note: For a system having, say, four degrees of freedom, let F Ql ,F q2 ,F qv F H 
indicate the generalized forces corresponding to <?i,<?2, #3, #4. Now suppose we start the 
problem over, replacing qz and q± by different coordinates q' 3 and q\. Generalized forces 
are now Fq l9 F q2 ,F q f s ,F q £ but F Ql and Fq 2 of the second instance are in general not equal to 
Fq v F q2 of the first, even though they do correspond to the same coordinates. (See 
Example 4.1.) 

(It should be stated here that: When forces are conservative, it is usually more con- 
venient to determine Fq r from a potential energy function; see Chapter 5. For many 
dissipative forces the "power function" method offers advantages; see Chapter 6. However, 
regardless of the type of applied forces, either (a), (6) or (c) is applicable.) 



4.6 Examples Illustrating the Application of Lagrange's Equations to Systems 
Involving Several Particles. 

Example 4.1. A system of three particles. 

Consider the arrangement shown in Fig. 4-1. Assuming 
vertical motion only, the system has two degrees of freedom. 
Of the various coordinates which could be used, we shall choose 
2/i and y%. Disregarding masses of the pulleys, 



T = \m x y\ + \m % s\ + \mzs\ 

But as is easily seen, s 2 = y x — # 2 and «s = y\ + 2/2. Hence 

T = £mi# + ^mt(yi~y 2 ) s + £m s (2/1 + 2/*)* 

which now involves 2/1 and £2 only. (Note that y% is a non-inertial 
coordinate.) 

The equation of motion corresponding to y\ is obtained as 
follows: 



B 




rfcy 



dT 

— = miyi + midi — fa) + mz(yi + yi) 
oyi 



and 



■^t (^-7- J = (mi 4- m 2 + m 8 ) yi + (m 3 - m 2 ) y%, — = 0 
Hence (m : -j- m 2 + m 3 ) 2/1 + (m 3 — m«) 2/2 = F« 



2/» 



1 

t 

81 

I 



S3 



Fig. 4-1 



To obtain an expression for F y we shall apply equation Hence we determine the work done by 

driving forces (gravity), neglecting forces of constraint (tensions in the cords), when y± is increased to 
the extent of 4- Byi (m : moved down a bit) with 2/2 kept constant. This is &W y — + mig 8yi — (m 2 + ms)g S3/1. 
The second term in this expression comes from the fact that, since ys remains constant, m% and m 3 must 
be lifted up the same distance that mi moves down. Therefore F v = (mi — m 2 — mz)g and the complete 
equation of motion corresponding to yi is 



(mt + m 2 + m 3 ) y\ + (m 3 — m 2 ) 2/2 — (wi — m 2 — m 3 )£r 



To obtain the # 2 equation of motion, it is seen that 



(m 2 + m 3 ) y 2 -f (ma — m 2 ) 2/1 and 



dy 2 



= 0 



An expression for Fy. is obtained by letting 2/s increase to the extent of + 62/2, with 2/1 constant. Clearly 
the work done by gravity is hW Vti = (m2~m 3 )g Sy t = F Vn 8y s . Hence, finally, the y% equation of motion 
has the form 

(ma 4- ma) 2/ 2 4- (m 8 — ma) — (m 2 - m 3 )£r (#) 

Relations (I) and (£) can be solved simultaneously for 2/1 and y 2 , and the resulting equations integrated 
at once. 
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As a simple example of (£.12), note that 

SJFtotai =' (mi — m 2 5s 2 — m 3 Ss 3 )g (S) 
But Ss 2 = Syi — Sy% and Ss 3 — Syi + Sy 2 . Hence, eliminating Ss z and 8s 3 , 

S tot«i = (mi — m 2 — m 3 )fir S2/1 + (m 2 - m 3 )i? 52/ 2 
from which F^ and Fy 2 may be read off directly. 

As an extension of this example, let us use yi and s 2 as coordinates. Since s 2 4- s 3 — 2?/i = constant, 
s 3 = 2yi — s 2 . Hence 



from which 



: ^miyf + %m 2 s\ 4- ^m 3 (2^i — s 2 ) 2 

(mi + 4m 3 )5/i — 2m 3 js 2 — F^ 
(m 2 + m 3 ) 82 — 2m 3 = F s 



(-4) 
(5) 



To find Fy , hold s 2 fixed (m 2 not allowed to shift position) and imagine yi increased to yi + Syi (mi is 

moved down a bit). But, as seen by inspection, this requires an upward shift of m 3 to the extent of 2 Syi. 
Hence 

— 2m 3 g Syi or F« = (m, — 2m 3 )g 



8W Vi - +mig 



(Note that expressions for F^ in (1) and (4) are not the same.) In a similar manner it follows that 
Fs 0 = (m 3 — m%)g. 

Applying we can again use (3). Eliminating Ss 3 by Ss 3 = 2 Syi — Ss 2 , 

STFtotai = (mi - 2m 3 )g Syi 4- (m 3 -m 2 )£rSs 2 

giving again the same expressions for Fy and F s . 

It should be noted that, when varying one of the n coordi- 
nates, holding the others fixed, other coordinates not used in 
treating the problem may, of course, vary. For example, 'F y 
(see first part of above example) was found by holding y z fixed 
and varying y u In so doing, each of Si, s 2 , s 3 varied. 



Example 4.2. Further emphasis on generalized forces. 

In Fig. 4-2, neglect masses of pulleys and assume vertical 
motion only with gravity and external forces /i, . . . , A acting. 
For example, note that, for a displacement + Sqi (all other co- 
ordinates held fixed), mi moves down a distance Sqi and w 5 must 
move up a distance 4 Sgi. Following this reasoning, 

= 0»iif + A) ~ 4(m 5 # + A) 
Fq 2 — m 2 g + / 2 - (m 3 g-\-f 3 ) 



Fa. = 



■(m 2 + m 3 )g - f 2 — f 3 + 2(m&g + / 5 ) 



Fq 4 = m 5 g + / s - (m 4 # + A) 

Now using q-i, g 2) s, g 4 as coordinates, show that 

F Qj = mig -K/i - (m 2 # + m 3 g + /, + / 3 ) - 2(m 5 flr + A) 

F s = ■ (m a + m 3 )$r + A + A ™ 2(m 5 # + A) 

Fq 2 and Fq 4 are the same as above. Note the difference in Fq 
in the two cases. 

In general the expression for Fq r depends oh what other 
coordinates are employed. 
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Example 4.3. Motion of a dumbbell in a vertical plane. 

The particles having masses mi and m 2 , shown in 
Fig. 4-3, are rigidly fastened to a light rod and are free 
to move in the vertical XY plane under the action of 
gravity. Assuming no rotation about the rod as an axis 
and applying the center-of-mass theorem, we write 

T = ™I±~l(S. + ft + |s» 

where {x, y) locate the center of mass, / is the moment of 
inertia of the dumbbell about an axis through its center 
of mass and perpendicular to the rod, and 9 is the angle 
indicated. Since the system has three degrees of freedom 
and x, y, 9 are convenient coordinates, T is already in 
appropriate form. 

Applying Lagrange's equations, it follows at once that 
(mi + m 2 ) x = F Xy (mi + m 2 ) y — F v , le = F e 




Fig. 4-3 



Holding y and 6 fixed and increasing x to %+ 8x t it is clear that the work done by gravity 8 W X ~ 0. 

Hence F x = 0. Likewise F y ~ — (mi + m*)g and F e = 0. Therefore the equations of motion in final 

form are .. .. 

x = 0, y — —g t 6 = 0 

This means that the center of mass has the simple motion of a projectile (neglecting air resistance) and 
the dumbbell rotates with constant angular velocity $. 



Example 4.3A. Extension of Example 

Let us set up the equations of motion of the dumbbell using coordinates X\,y\ t $. T may be written as 
T — ^mi(x\ + y\) -h ^m 2 (x\ 4- y\). But it is seen that 82 = Xt + I cos e t 2/2 = 1/1 + / sin 9. Differentiating 
these relations and eliminating £2, y 2 from the above, we get 

T = ^±^-(x\ + y\) + - sin 9 + cos e) ' 

Applying Lagrange's equations, the following results are obtained: 

(mi + m 2 ) Xi — m 2 le sin 9 ~ m 2 l e z cos 9 — F x 
(mi + m 2 ) y\ + m 2 l9 cos 9 — m 2 l 0 2 sin 9 = F y 
ma (I 2 9 — I x\ sin 6 + I yi cos 9) = F d 

It easily follows that Fx = 0, F^ = — (wi + m 2 )fir and F 0 = — m*gl cos 6. 

It is important to note that when coordinates are changed the form of the equations of motion may 
change greatly. Also, even when some of the original coordinates are retained (9 in this case), the 
corresponding generalized forces change as shown in Example 4.2. 



Example 4.4. Pendulum with a sliding support 

The pendulum of Fig. 4.4 is attached to a block of mass mi 
which is free to slide without friction along the horizontal X axis. 
Assuming r constant and all motion confined to the XY plane, 
the system has two degrees of freedom. We shall use coordinates 
x\ and 9. Starting with coordinates xi f x 2t y 2 it is seen that 

T = \mii\ + imi(x\ + y\) 

But x 2 = asi + rsintf and y% = rcostf. Eliminating £ 2 and y 2 
from T, we finally get 

T = 



Xi 



A 



d.f. 




Xi 



Fig. 4-4 



^mix\~\- ^m 2 (i\ 4- 2rxi0cos9 + r 2 9 2 ) 

from which Si + m 2 r 9 cos 6 — m 2 r9 2 sine = F^ and m 2 r Si cos 9 + w^r 2 5 — F Q . In the 

usual way we find F x — 0 and F 6 = —m 2 gr sin tf, and thus the equations of motions are complete. 
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If it is assumed that the motion is such that 8 is always quite small, we can replace cos $ in T by unity, 
sin e in F e by 0, and neglect the term in e 2 . The equations of motion then become 

(mi + rn 2 ) Xi + m%r J* = 0 
ni2rxi + mjr 2 ? = —m 2 gre 

The first equation integrates directly. Eliminating Xi from the second equation by the first, we obtain 
an easily integrated form. Final results are 



Xi + 



nil re 



= Cit + c 2 



6 - A sin(«£ + S) 



where Ci, C2, A, 5 are arbitrary constants to be determined by specific initial conditions and 

w ~ V ~ m *?tnT^ ff ' ^ et US assume tnat at * = 0) Xl = ~ *°> e ~ e ° and 5 — <5o. Substituting these 

conditions into the integrated equations, we obtain four equations from which it follows that 



Ci = £0 + 



m 2 r • _ . m 2 r „ . 

mi + m> mi + m 2 



tan 5 = 



which illustrates the general method of determining constants of integration from given initial conditions. 



Example 4.5. The masses of Fig. 4-5 move vertically under the 
action of gravity and the springs. 

Applying the theorem of Section 2.10, Page 26, it is seen that 



ni2 • 2 



n- 4- m3 « 2 



But from the definition of center-of-mass, mi q\ — m*q% + mags. 
Differentiating this and eliminating q x from we have 



m M mi / m 2 . , m 3 - 

r = —a/ 2 + — ( — ?2 + —93 1 + 



mi 



mi 



ma • 2 . ms • s 



where M = mi + m 2 + ms. Since the system has three degrees of 
freedom and y, q 2 , qs are suitable coordinates, it is seen that the 
second form of T contains no superfluous coordinates. 

Applying Lagrange's equations, the following equations of 
motion are easily obtained: 



m 2 
mi 



(m, + «,)«, + 



m 2 m3 



mi 



53 



d. f. 




m 2 m 3 * b , m 3 (mi + ma) 



mi 



g 2 + 



mi 



qs = JV, Afi/ = 



Fig. 4-5 



The following is a clear demonstration of the nature of generalized forces and the technique of finding 
expressions for same. Inspection will show that for a general displacement of the entire system (see 
equation (4.12)), ... - 

BWtoui = — Mgi + — h)(Sqi 4- 5g 2 ) Mg s ^ tf* ~ k)(8qs — Sqa) — Mg 8y 
where ki, k 2 are the spring constants and It, l 2 are the unstretched lengths of the upper and lower springs 
respectively. But again using the center of mass relation, hq x — ^ &q 2 + ~r 5< ? 3 - Eliminating <?i and 8q it 



mi 



mi 



SW 



total 



+ [z^(-±-, t + - ,.) .- - 

This has the form of (4.12) and it is clear that the coefficients of 5?s, 5?s, 5# are the generalized forces 
Fq Qt Fq , F y respectively. Hence the equations of motion are complete. See Problem 4.5, Page 74. 
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As an extension of the example, let us determine the generalized forces by a direct application of 
(4*10) which, for this system, takes the form 

F % ~ + F ^~Ba~ + F hJTr 

where q T may represent y, q 2 or q 3 . F y ^ is the total vertical force on m u etc. Inspection of the figure 

m 2 . m 3 , 
shows that (since q, ~ — q 9 H — o.) 



F Vl = 


—m x g 






m 3 
mi 


F > 2 = 




+ 


\mi 




F„ 3 = 


~m 3 g 


+ 


^2(^3 ~ q2 ~~ 





0 

/i^ — Mtfs — qi — h) 



A! . Wl 2 ?W 3 

Also Vi = v + — 42 + — ^3, V* = V - qt, y* = y ~ q: 



Hence Fq , for example, is given by 



But ~~ = — , = —1, — 0. Thus the above relation easily reduces to the previously found 

d<J 2 Wll 0^2 3^2 

expression for Fq In like manner, F q and F y follow at once. 

2 3 

The equation of motion corresponding to y shows that the center of mass falls with constant accelera- 
tion g. The remaining two easily integrated equations may be put in the form 

otii q% + hwq% + 01293 + &12 #3 = -A 
a 2 i qi 4- 621 #2 + ct22 q% + ^22 qz — B 

where the a's, 6's and A,B are constants. We shall not consider these equations further at this point since 
methods for integrating this type are treated in detail in Chapter 10. 

Example 4.6. The double pendulum of Fig. 2-10, Page lb* 

Let us assume that the strings supporting the masses are inextensible and that motion is confined to 
a plane, Expression (242), Page 24, reduces to 

T = 2|i r ;i* + ^K* 2 + rti* + 2r,r,*7 cos 
BT 

Thus — — m x r\e + m%r\e + m 2 rir 2 0 cos (0 — e) 

Be 

d f &T\ • • • 

di\~ r ) ~ ( w i + w 2)r? J" + m 2 rir 2 0 cos (0 — 0) — 77127*1^0(0 — 5) sin (96 — 0) 

Hence — — mzr^Stp sin (0 — 6) 

08 

(mi + m 2 )ri J* + m 2 rir 2 0 cos (0 — 0) — m%rir*$ % sin (0 — 0) = F 6 
Similarly, the equation corresponding to 0 is 

mirlJT + m 2 rir 2 i'cos (0 — 6) + msViriff 1 sin (0 — 0) = F^ 

To find F 6 , imagine that 0 is increased to the extent of -f S# with 0 held fixed. This means that both 
masses must be lifted up slightly. Thus 

SW d — — (mi + n\i)gr x sin 5 88 and F 0 = — (wii + m 2 )gri sin 0 

With « fixed, mi does not move and — — m%gr 2 sin 0 50, from which F§ ~ — migri sin 0. Therefore 

the equations of motion are complete. For small motion (e and 0 always small) these equations of motion 
reduce to the same form as those of Example 4.5 and can, therefore, be integrated. See Chapter 10. 
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Example 4.7. A system moving with constant linear acceleration. (Fig. 4-1.) 

The support of the pulley system, shown in Fig. 4-1, Page 62, is moving upward with constant 

acceleration a. In this case, 

' * • • • 

T = tyn^l — yiY + %m 2 sl + ^m z s\ 

a a • a a a • 

where I = at, y 2 + s 2 — yi — at, s 3 = 2y2 + s 2 . Thus 

T = }j?ni(at — i/0 2 4- -Jm2(ai H-^i — y 2 ) 2 4- ^m 3 (a£ 4- £ri 4- £ 2 ) 2 

from which the equations of motion are 

(mi 4- m 2 4- ma) 2/1 4- (Wa — m 2 ) 2/2 4- (m 2 4 m% — mi)a — F y ^ 

(m 3 — m 2 ) yi 4- (m 2 + m 3 ) 2/2 + (wis — m 2 )a = F« 

Since in the determination of generalized forces time is held fixed, Fy — (mi — m 2 ~ m^fif, i^y 9 = (m2 — 

exactly as in Example 4.1. Indeed, for this simple case of constant linear acceleration, the equations of 
motion are just the same except that, in effect, g is increased to g + a. 

As an extension of this the student can easily write out equations of motion assuming that h varies 
in any known manner with time. (See Problem 4.16, Page 77.) 

Example 4.8. A system moving with rotation and linear acceleration. 

Consider the system shown in Fig. 4-6. A smooth tube containing masses mi and m 2 connected with 
springs is mounted on a rotating table at an angle a. A vertical plane passing through the center of the 
tube also passes through the axis of rotation of the table. The table is mounted on an elevator which 
moves up with an acceleration a. We shall obtain the equations of motion of mi and m 2 in terms of the 
coordinates qi and qz. 



Zaxis 




Fig. 4-6 

In cylindrical coordinates fixed relative to the earth and assumed inertial, 

T = %m x (r\ + r\e\ 4- z\) 4- fafe 4- r\e z 4- si) 

Taking the origin of these coordinates at the center of rotation of the disk, it is seen that 

ri = s 4- qi cos a, d\ = at, Zi = qi sin a 4- ±at 2 
r 2 = s + <?2 cos a, 62 = wi, z 2 — q% sin a 4- -|at 2 

By means of these relations T is easily expressed as 

T = %mi[q\ 4- 2qiat sin a + (s + qi cos«)V 4- aH 2 } 

4 \q\ + 2g 2 atsina 4- (s 4- g 2 cos a) V 4- a 2 i 2 ] 

The only coordinates now occurring in T are qi and g 2> and it should be noted that time appears explicitly. 
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, An application of Lagrange's equations gives 

mi ( q t + a sin a) — miw 2 (s 4- qi cos a) cos a = Fq^ 

m 2 ( q* + a sin a) — m2« 2 (s -f 92 cos a) cos a = F q ^ 

Disregarding the motion of the system, the work done by gravity and the springs when qi alone is 
increased slightly is 

SWq = — ntig sin a Sqi — ki(qi — h) Sqi + /e 2 (# 2 — 91 — k) S^i 

where Zi and Z 2 represent the unstretched lengths of the first and second springs respectively. Thus 

F q ^ — —m 1 gsmct — (fci + k 2 )qi + fe 2 g 2 + kih — k 2 h 

Similarly, 

Fq 2 — — m 2 #sina — (& 2 + fe 2 )g 2 + fc 2 gi 4- /e 2 J 2 + &s(Zi + U) 

This completes the equations of motion. Inspection will show that the acceleration of the elevator has the 
effect of increasing g to the extent of a. 

Example 4.9. Equations of motion where parts of a system are forced to move in a knovrn manner. 
A type of problem sometimes encountered in practice may be illustrated by the following. 

Assuming that a mechanism attached to the ground, Fig. 4-1, exerts a variable force on m 2 such that s 2 
varies in a known manner with time, we shall determine the equation of motion for the remainder of the 
system. Neglect masses of pulleys. 

Due to this forced motion (that is, since s 2 is a known function of time) the system now has, assuming 
vertical motions only, one degree of freedom. Either yi or yi is a suitable coordinate and, assuming the 
cords are always tight, Si 4- # 2 4- s 2 = & and Si + 2/1 = Thus yi = yi — s 2 . Hence we write 

T = \™+V\ + im*sl 4 £m 3 (2£i-S 2 ) 2 

To be more specific, suppose the force applied to m 2 is such that s 2 = so 4 A. sin at, where s fl is a 
constant; then 

T = \m\y\ 4 ^msAVcos 2 *)* + %m&(2yi — Aw cos wt) 2 
and the equation of motion is 

■ (mi + 4ms) 2/1 4 2m 3 A« 2 sinw£ = F y ^ 

(Note that the second term in T, which is a function of t alone, need not be retained.) Applying 
8W Vi = Fy t Sy x , holding t constant, we find F Vl = (m 1 — 2m 3 )g. This completes the equation of motion. 
It is seen that F v here is not the same as in Example 4.1. 

As a further example consider the system shown in Fig. 2-15, Page 16, which has four degrees of 
freedom. But suppose that an external vertical force acting on the shaft of the upper pulley causes Si to 
vary in a known manner and another acting on w 2 gives it a known motion. The system now has only two 
•degrees of freedom and, assuming the cords always tight, T can be written in terms of, say, s 2 , s 3 , t. (See 
Problem 4.19, Page 78.) 



4.7 Forces on and Motion of Charged Particles in an Electromagnetic Field. 

The treatment of the motion of charged particles and masses through electric and 
magnetic fields is an important branch of dynamics. However, except for the special case 
of inertial coordinate systems and relatively low velocities (which we shall assume below), 
the problem must be treated by relativistic methods. This topic could constitute a sizeable 
chapter in itself. 

On the above assumptions the rectangular components of force on a particle carrying a 
charge Q and moving with velocity (x,y,z) through a space in which there exists an electric 
field E f components (E x , E y ,E z ), and magnetic field B{B x ,B yj B z ) are given by 

F x = QE X + Q (yB z - zB y ), F v ^ QE y + Q (zB x - xB z ), F z = QE Z + Q (xB y - yB x ) (i.18) 

where E and B may be functions of coordinates and time. 
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Using these expressions for F Xy F Vt F z in (4.10), Page 60, the procedure for setting up 
equations of motion is just the same as in previous examples. 

Example 4.10. Equations of Motion of a charged dumbbell in an electric and magnetic field. 

The small spheres, Fig. 4-3, Page 64, carry uniformly distributed charges — Qi and +Q2 respectively. 
Assume a magnetic field in the direction of the Z axis and an electric field E in the direction of X, each 
being uniform throughout the XY plane. Let us consider motion in the XY plane only. 

As the dumbbell moves, mi experiences a force 

F Xj = -QiE-QxByx, F fj = Q\Bxx 
and similarly for m 2 . Hence for a general virtual displacement, 

fiPFtot-i = ~(QiE + QiByx) Sxi + QiBii 82/1 + (Q2E + Q 2 By 2 ) 8x2 - Q 2 Bx 2 8y2 

Choosing x, y, e as generalized coordinates (see Example 4.3), it follows from the relations xi = 
% — hcose, yi — y — hsine, etc., that £1 = x 4- h e sin e, 8x1 — Sx + U sin e 80, etc. Hence the 
above can finally be written as 

total = [(Q*-Qi)E + B(Q2-Qi)y + B(Qd* + Qdi)i co&e] &x 

+ [B(Qi - Qi)x 4- B(QxU + Q*U)i sin 0] 8y 

- (Qdi + Q2h)[E sin $ + B(i cos 0 4 J sin Sff 

from which expressions for the generalized forces are read off directly. (This has the form of (4.Z2),) 
T and hence the left side of the equations of motion are exactly as in Example 4.3. (See Problem 4.20.) 



4.8 Regarding the Physical Meaning of Lagrange's Equations. 

The remarks of Section 3.10, Page 50, having to do with a single particle, will now 
be extended to a system of p particles. 

Suppose that t and all coordinates except q r in equations (£4) are held constant. These 
equations then f in effect, become 

xi = Xi(q r ), yt - yi{q T ), Zi = Zi(q r ) {AM) 

Since x^y^Zi are the rectangular coordinates of the individual particle m if there is a set 
of these equations for each of the p particles. That is, represents p sets of equations. 

Now allowing q r to vary and plotting the Xi,y it Zi coordinates, (£.14), of any one particle 
mi, a curve (in general a three-dimensional space curve) is obtained which represents a 
possible path of ttu in conformity with constraints. We shall refer to this as a gv-line f or m x . 
Clearly the location and shape of this curve depends on the constant values assigned to t 
and the remaining coordinates as well as the nature of the constraints. In this sense there 
can be an unlimited number of qv-lines for any one particle. But at any given instant and 
for given values of the other coordinates a specific gv-line can be plotted relative to X, Y,Z 
axes. In the same way qv-lines can be plotted for each of the particles. 

The above ideas are not difficult to follow since they concern familiar three-dimensional 
lines and surfaces. As a simple example consider the double pendulum of Fig. 2-10, Page 14. 
Equations (2.18) correspond to (44), Page 59. For various constant values of <j>, 0-lines 
for mi as well as m 2 can be traced on the XY plane. Likewise <£-Iines can be drawn for m 2 . 
(There are no </>-!ines for mi.) See also Example 4.11. 

The above meaning of qv-lines serves a useful purpose in what follows. 
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Writing Ss ir as the linear displacement of mt along a gv-line, it is seen that its com- 
ponents hx if 8y it 8Zi are just the virtual displacements considered in equations (4*2), (4,3), 
etc. Direction cosines hr,mir,ni r of the tangent to a gv-line at any point are given by 

where the element of path length 8s ir = (8a;? + 82/?+ S^f) 1/2 . (Note that Bs ir is exactly 
the displacement (linear) which we imagine given to Wi for purposes of determining BWq r 

dXi 

in equation (4.11).) But from (-4.-4), with t and all a's except q r held fixed, S#i = -^r$Qr, 
etc. Thus gr 

1/2 

= + Is?) +■ (£:) = (4.ie) 




Finally, = j£ a£> m » = Wr ' ^ = K Wr (W7) 

Since the component v' of any vector v along a line having direction cosines l,m t n is 
given by v f - lv x + mvy + nv z , it follows that f ir , the component of the applied force Ft 
acting on mi projected on the tangent to its gv-line, is 

Likewise, the component a ir of the acceleration vector a* of particle mi along the same 
tangent is / x 

Now multiplying and dividing each side of (^.7), (with Bqi replaced by iq r ), by hw and 
using the relation 8s ir = h ir Sq rt it is seen that the Lagrangian equations may be written as 

1=1 i=l 

Keeping in mind the simple meaning of a ir ,fir, and Bs ir , the correspondingly simple 
physical and geometrical interpretation of Lagrange's equations is made clear by (4.20). 

Furthermore notice that, as can be seen from (4.19), an expression for a*, the linear 
acceleration of m% along its gv-line, may be obtained at once from 



1 






dT- 


}lir 


dt 




dq r 



(4M) 



where Tt = iwi(if + + 5?) is expressed in generalized coordinates by means of equa- 
tions (44)- 

Example 4.11. 

Consider the system shown in Fig. 4-7 below. Particles of mass m x and W2 are suspended from the 
ends of a string which passes through small smooth rings at a and 6. mi is free to move in contact with 
the cone C. is constrained (by means of two plane, parallel and smooth surfaces, not shown) to move 
in contact with the vertical plane P. The cone is stationary, but P is made to oscillate about the vertical 
axis B according to a — A sin ut, where a is measured from the X axis. 

Since r± 4- r 2 = c — constant and e x — constant, the system has three degrees of freedom. In keeping 
with the general notation let us write qt = ri, q% = 0, q$ = e 2 . In these coordinates equations (44), as 
can easily be seen from the figure, have the form: for mi, 

Xi = o/i cos #2 sin yi = qi sin q% sin $1, %\ — h — qt cos $i (1) 
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sin 




Fig. 4-7 

and for m 2 , 

%2 = [I + (c — q t ) sin q*] cos {A sin ut), 

3/2 = [I + (c — gi) sin g 8 ] sin (A sin at), ' {2) 

zz = h — (c — q t ) cos 9a 

Note that in this particular example not all of the coordinates appear in every equation of (1) and (£). 

Allowing qi to vary and plotting relations (1) and likewise (2) for various constant values of q 2 , qa, t, 
gi-lines of mi (straight lines on the cone) and gi-lines of m 2 (radial lines on P) are obtained. In like manner 
</2-lines of mi and g 3 -lines of m 2 are obtained. Since q 3 does not appear in (1), there are no </ 3 -lines for m u 
It is also clear that there are no </ 2 -lines for m 2 . Note that an is the component of linear acceleration of mi 
along one of its Oi-lines on the cone, an is the acceleration of m 2 along its qi line on P. Also a 2S , for 
example, is the acceleration of m 2 along a ^3-line on the P plane. Expressions for these accelerations may 
be found by applying (%M) to 

T = |m, tf; + g>{> sin 2 *i) + + (c - qxfq\ + (I + (c- fli) sin tfAV cos 2 at] 



4.9 Suggested Experiment. 

A determination of the frequencies of motion of the "two-particle" system shown in Fig. 4-8 below. 

The required equipment is simple and the results obtained are interesting and instructive. Nothing is 
very critical about the values of masses and spring constants required. Those shown in the diagram are 
only suggestive. 
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= 3 x 10* dynes/cm 



M ~ 15 kg- 



Assuming* vertical motion only and using as coordinates <?i and t/2, the 
vertical displacements of m x and m% from their positions of equilibrium, set up 
the equations of motion. These second order equations with constant 
coefficients can easily be integrated by standard methods. Solutions will show 
that, when the system is started moving in an arbitrary manner, the motion 
of each mass is compounded of two simple harmonic oscillations having distinct 
frequencies fx and i%. (Each mass oscillates with the same two frequencies 
but with different amplitudes.) 

To obtain an experimental check on the computed frequencies, we may 
proceed as follows. Applying an oscillatory motion to mi (or wis) with the 
hand, one can after a little practice excite either fi or / 2 alone. Immediate 
success is assured if we keep in mind the fact that, when the applied frequency 
is approximately equal to either fi or / 2 , very little effort is required to 
establish large oscillations. On removing the hand the system continues to 
oscillate with one of its natural modes. The time of fifty oscillations de- 
termined with a reliable stop-watch gives a good experimental value of the 
frequency. For reasonable accuracy in the measurements of mi, m*, fei, JC2, 
experimental and computed values of fx and fz will agree closely. 

A qualitative check on the relative amplitudes of motion of Mi and m 2 , for either ft or f* excited, can 
easily be made by direct observation. 

Considerable insight into the behavior of oscillating systems may be obtained from an inspection of 
the motions of m t and m 2 when the system has been set in motion in some arbitrary manner so that both 
frequencies are excited simultaneously. 



hi = 10 5 dynes/cm 

I m = 500 grams 
Fig. 4-8 



Summary and Remarks 

1. Derivation of Lagrange's Equations, General Form (Section 4.2) 

The equations are here derived for a system of p particles having n degrees of 
freedom and 3p - n degrees of constraint. Coordinates and constraints may be moving 
or stationary. 

The derivation, again based on D'Alembert's equation and the assumption that forces 
of constraint do no work for displacements in conformity with constraints, follows the 
same pattern as in Chapter 3. 

2. Proper Form for Kinetic Energy (Section 4.3) 

T is now the sum of the kinetic energy of p particles. It is expressed in terms of 
9i,42> . ■ -,Qn, Quktf • ■ -tQn and t, having eliminated 3p — n superfluous coordinates. 

3. Physical Meaning of Generalized Forces (Section 4.4) 

The physical meaning of the now extended definition of F Qr is, as pointed out in 
Section 4.4, still quite simple. A clear understanding of this is important because it 
greatly facilitates the application of Lagrange's equations. 

4. Finding Expressions for Fq r (Section 4.5) 

Three techniques are described. AH are essentially the same, but in certain circum- 
stances one may be more convenient than another. 
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5, Physical Interpretation of Lagrange's Equations (Section 4,8) 

Since each of the quantities Ss ir , fir and a iT has a very elementary meaning, it follows 

that df [~r) ~ = Fq t (which in terms of the above quantities may be written as 
2 m&ir SSir = j£ /ir SSir) has a simple physical interpretation. 



Problems 

4.1. Referring to Fig. 4-1, Page 62, assume that the upper pulley is suspended from a coil spring of 
constant k, in place of the bar B. Neglecting masses of the pulleys, show that 

T = lmi(Z-2/i) 2 + %m*(i+yi-y % ) % + \mz(l + yi + y2Y 

Write out equations of motion and show that 

F y = (m l — m2-m a )g i F y = (m 2 - m 3 )fif, Fx - A;(C - I - h 0 ) - (mi + m-i + m 3 )£r 
i _ 

where h + I = C = constant and ho is the value of h when the spring is unstretched. 

4.2. Show that for the mass, pulley system of Fig. 4-9, 

T = l«i(y + »i) a + $m*(y-yi) 2 + \Mfr + £(J/i? 2 )i/5 

Write out equations of motion corresponding to y and yi in the 
usual way and then show that 

where A = mi + ra 2 + M, 5 — mi + m 2 + //J? 2 , C = mi — «t 2 
and 3/q is the value of y when the spring is unstretched. Inte- 
grate these equations and describe briefly the motion. 

4.3. As an extension of Example 4.4, Page 64, write out equations 
of motion when: 

(a) Wi is compelled by some external force to move according 
to the relation x l — B l sinu x t. 

(b) A horizontal periodic force, F = B 2 sin <o 2 t, is applied 
to mi. 

(c) A coil spring, in a horizontal position, connects Wi to the 
point p. 

44. Referring to Fig. 4-5, Page 65, show that when coordinates 2/, #1,82 are used, qiM = Si(m 2 + m 3 ) + SaWs, 
q 2 M = Simi — S2W3, and thus since 

T = \My* + ^nt«? + + |«, (j2i f, - 2i 

it can easily be expressed in terms of #,£1,82- Show that generalized forces corresponding y, 81,82 
are F y — —Mg, F Sl = — M*i — Zi), Fs^ = —£2(82 — h) where M = mi + m 2 4- wis and li, U are the 
unstretched lengths of the springs respectively. 

In applying to a determination of F Sl , for example, show with the aid of a diagram what 

virtual displacements must be given each mass. 

Here generalized forces are quite simple, but see Problem 4.5. 
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4.5. Show that when coordinates y, yi and y 2 are used to represent the configuration of the system in 
Fig. 4-5, the corresponding generalized forces are 



= -Mg + k 2 



M_ 



( m2 m * 
\ w 3 



Fy = -ki(y 1 -y 2 -h) 



k 2 



m } 
m 3 



, mi M ,1 

2/2 + —2/i V ~ h \ 

m 3 m 3 



2/2 + 



—v - u 

771 3 



+ki(y 1 — y 2 — li) 



m 3 



/m2-\-m$\ . mi M . 



4.6. In Fig. 4-10 below, the XY plane is horizontal. A fixed shaft S extends along the Z axis. Smooth 
bearings support rods A and B, one just above the other, on the shaft. A clock spring with torsional 
constant k connects A to B as shown. Moments of inertia of the rods are h and h as indicated. The 
rods are free to rotate about the shaft under the action of the spring. Using 8 X and a as coordinates, 
show that 



a — — Ka, 



L + L 



(h + U)B X - I 2 a = P &i 



constant 



Integrate these equations and describe briefly the motion. 

Show that if e t and e 2 are regarded as coordinates of the system, the generalized forces 

F Q = F e — —k(8i -f $2). Assume spring undistorted when A and B are collinear. 
i ~ 



Clock Spring 





2/o 



Fig. 4-10 



Fig. 4-11 



4.7. (a) The block of mass m, shown in Fig. 4-11 above, is free to slide along the inclined plane on the 

cart under the action of gravity and the spring. The body of the cart has mass Ml Each 
wheel has mass M, radius r and moment of inertia / about its axle. A constant force / is 
exerted on the cart. Neglecting bearing friction, show that 

/ hm i a** i _, \ , m . m . m k fyo — y \ 

[Mi + 4M i- -r + m )x + r — - y — /, , y + - x = —mg + — — ~ — - — q 0 

\ r- j tan $ y ' sin* 0 tan 8 * sin B \ sin e H j 

where go is the value of q when the spring is unstretched. 

(b) Set up the equations of motion in the x,q coordinates. Show that F x = ./. and F q = 

+ m# sin $ — k(q — q 0 ). 

4.8. If a light driving mechanism (a piston operated by compressed air for example) forces the block, 
Fig. 4-11, to oscillate along the inclined plane so that displacements relative to the plane are given 
by A sin at, show that 

T = £(Mi + 4M + 4//r 2 + w)x 2 + \m(-2xAo> cos w£ cos 0 + AV cos 2 ut) 

and that, assuming / not acting, the motion of the cart is determined by 

(Mi + 4M 4- 4//r 2 + m)x — mAa cos & cos (at = constant 
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4.9. Particles having masses mi and m 2 are connected with a cord in which a spring is located, as shown 
in Fig. 4-12 below. The cord passes over a light pulley and the particles are free to slide in the 
smooth horizontal tubes. The tubes together with the shaft have a moment of inertia / about the 
vertical axis. 

(a) Using 6,r u r 2 as coordinates and assuming no torque applied to the vertical shaft, show that 

(/ + m x r{ 4- m 2 rl)e — P e — constant 
mm — mini 2 = — &(ri + r 2 — c) 
m 2 r 2 — m 2 r 2 0 z = ~k(ri + r 2 — c) 

(6) Assuming that the shaft is driven by a motor at constant speed 9 — q>, write out the equations 
of motion for mi and m 2 . 




Fig. 4-12 Fig. 4-13 



4.10. The light rigid rod supporting the "particle" of mass m h shown in Fig. 4-13 above, is pivoted at p 
so that it is free to rotate in a vertical plane under the action of gravity. The bead of mass m% 
is free to slide along the smooth rod under the action of gravity and the spring. Show that the 
equations of motion are 

(m\r\ 4- mzr\) *e + 2m 2 r 2 f 2 £ + (ram + m%r?)g sin e — 0 

m%r% — m 2 r 2 £ z — m 2 g cos $ + k(r 2 — U) — 0 

where lo is the unstretched length of the spring. 

4.11. A motor is connected to three pulleys in the manner shown in Fig. 4-14 below. The first pulley, 
including the armature of the motor, has a moment of inertia h, and the remaining two L and h 
as indicated. , The springs (equivalent to elastic shafts coupling the pulleys) have torsional con- 
stants ki and k%, 

(a) Neglecting bearing friction, set up equations of motion assuming the* motor exerts a torque 
r(t) which is a known function of time. 

(b) Set up equations of motion assuming that regardless of the motions of the second and third disk 
the motor has constant speed. 




Fig. 4-14 
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4.12. Disk Di, shown in Fig. 4-15 below, is fastened to the vertical shaft of a motor which exerts on it a 
torque r v On the face of D% is mounted another motor the vertical shaft of which forms the axis 
of disk B 2 . This motor exerts a torque t^. Show that, 

T - + + 6 t r 4- %M*i*e\ 

where Ii includes the combined moment of inertia of Di f armature of first motor and stator of 
second, h includes D% and armature of second motor. M% is the mass of D% plus that of second 
armature. 



Show that if we were using e t and a as coordinates, then 
above relations are true even though t, and t 2 may vary with time. 



Note that 




e4i 



j Armature | 

i Mt t It , ; " j 



Mi 




Fig. 4-15 



Fig. 4-16 



4.13. The electric motor, shown in Fig, 4-16 above, is free to slide to any position on a smooth horizontal 
plane. The center of mass of the frame and armature are each on the axis of rotation of the shaft. 
The frame, armature plus shaft and arm ab have masses M u Mt,M* respectively. The frame and 
armature have moments of inertia h and h respectively about the axis of the shaft. The arm has 
a moment of inertia 7 3 about a vertical axis through its center of mass at p. Show that 

T = i(M, + M 2 + M*)(x 2 + y*) + %hi\ + + h + M*i*)S\ + M.rJ.&cos*. - isintf.) 

where # are the rectangular coordinates of the center of the motor (Z, K taken in the plane on 
which the motor slides) and B v e 2 are the angular displacements of the frame and armature 
respectively relative to the X axis. 

Show that, neglecting friction, F x = 0, F y = 0, F 9 = — r, F 9 = r where r, the torque of 

the motor, may be regarded as a known function of time. 

4.14. In the system of gear wheels shown in Fig. 4-17 below, the shafts Si, are supported in fixed 
bearings b u . . .,6 4 . Gears A,D,E,F are keyed to their respective shafts. An extension of shaft & 8 
forms a crank as shown. Gear C is free to rotate on the crank handle. B is a "pie pan" (shown cut 
away) with gear teeth g on its outer rim and similar teeth g' on the inner rim. B is free to rotate 
on Si. It is seen that if, for example D is held fixed and A turned, C and the crank (thus E and F) 
each revolves. 

Moments of inertia of the gears, including that of the shaft to which they are keyed, are as 
indicated in the figure. Radii of the gear wheels are n, r x , etc. Springs, having torsional constants 
ki and k 2 , are fastened to S 2 and S 4 as indicated. Measuring ff 3 relative to the crank C and all other 
angles relative to fixed vertical lines, show that 



T = 



'AY 



+ 



I f h + MR 1 , /« /r 5 \1, . , „. , ... 



Write out the equations of motion and find expressions for F e ^ and F ej assuming each spring exerts 
a torque proportional to the angular displacement of the shaft to which it is fastened. 
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Fig. 4-17 



4.15. Assume that masses mi and ra 2 , shown in Fig. 4-3, Page 64, are attracted to the origin (perhaps 
by a large spherical mass, not shown) with forces fi — cmjr 2 , f% = cm*fr\ respectively where c is 
a constant and ri, r 2 are radial distances from mi and m% to the origin. By inspection it is seen that 
for a general displacement of the dumbbell, STPtotai = ~(cwi/rj) Sri — (cmz/rf) Bn. Using co- 
ordinates x, y, e as in Example 4.3, show that 

STFtotat = — cjj~^r(# — /icosfl) + + k cos 0) Jfia; 

- c [j^r(2/ ~ h sin e) + ^(y + h sin 0) j hy 

— c |j^r(#Ji sin $ — yli cos 0) + ^ (2/J2 cos 0 — sin 0) J 50 

where 2i and U are distances measured along the rod from mi and m 2 respectively to the center of 
mass. Note that SWtotai has the form of equation (4..12). Coefficients of 8x, 8y, 8$ are the generalized 
forces F x ,F y ,F e respectively, after expressing ri and r 2 in terms of x,y, 0. 

Write SPFtotai again, using coordinates n,a, 0 where a is the angle between r x and the x axis. 
Also write out T in these coordinates. 

4.16. Referring to Fig. 4-1, Page 62, suppose that, with the supporting bar B removed, the shaft of the 
large pulley is made to oscillate vertically according to h — k 0 + A sin «£ by a force f(t) applied 
to the shaft. Set up equations of motion for the system. Does / appear in the generalized forces? 
Explain. (Assume strings are always under tension.) 

4.17. Assuming the rotating table, shown in Fig. 4-6, Page 67, is on a cart (instead of the elevator) 
which is moving horizontally with constant acceleration a, show that 

T - ±mi[a 2 t 2 + (s + q x cosa)V + q\ — 2aUa(s + qi cos a) sin ut + 2atq x cos a coswt] 

+ + (s + q 2 cos a) V + q\ — 2atu(s + q 2 cos a) sin + 2atq 2 cos a cos «£] 

where the line from which 0 is measured is taken in the direction of a. The distance moved by the 
center of the disk, from some fixed point on this line, is given by s = ^at 2 . Set up equations of 
motion and show that F Qi and F q ^ are the same as in Example 4.8, Page 67. 

418« A dumbbell is free to move in the X 2 Y$ plane of the rotating frame, shown in Fig. 3-16, Page 56. 
Known forces (fx^fyj and (/x ) act on mi and m 2 respectively. Using coordinates corresponding 

to (x,y,$) of Fig. 4-3, Page 64, set up equations of motion assuming constant angular velocity to for 
the vertical shaft. See Section 14.6, Page 286. 
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4.19. A mechanism attached to A, shown in Fig. 2-15, Page 16, exerts a vertical force fx on the axis of 
the upper pulley.- Another fastened to B exerts a force A on m 2 . Let us assume these forces are 
such that si and y each varies in a known manner with time. (For example si = s 0 + Ai sin («i + 6) 
and y = Vot + ±at 2 .) Assuming that each rope is always under tension, show that differential 
equations corresponding to s 3 and s 4 are 

(h/R\ + m 3 ) s 3 4- m 3 Vi + k x (C — y — Si — s 4 ) — m 3 0 — 0 

(Mt + Zi/i?f + 4m0 84 + (Mi + 2mi) y - k,(C -y-s,- s 4 ) + (M, -f 2mi)sr = 0 

where C is a constant and s u *s u y,y are to be written in as known functions of time determined 
by the types of motion assumed. 



4.20. The masses of the double pendulum, shown in Fig, 2-10, Page 14, carry electrical charges Qi and 
Q 2 respectively. A magnetic field is established normal to the XY plane. Consider all coordinates 
variable. 

(a) Find the generalized forces F r , Fr n , F^F^, taking account of the forces due to the motion of 

1 2 

the charges in the field. Neglect gravitational forces. See Example 4.10, Page 69. 

(6) Determine the generalized forces when n and r 2 are constant; n variable and r 2 constant; 
r% variable and n constant. 



4.21. The dumbbell, Fig. 4-18, with equal charges 
+Q and —Q uniformly distributed over the 
small spheres is free to move in space. By 
means of a large parallel plate condenser 
(plates parallel to the XY plane) connected 
to an alternating source of potential, a uni- 
form alternating electric field E z = Eo sin 
is established. Likewise large plane pole- 
pieces furnish a uniform magnetic field such 
that By — Bosinw 2 f. 

Write opt proper expressions for the rec- 
tangular components of force on each charge 
and determine generalized forces correspond- 
ing to x, y, z, 6, <p (see Example 4.10, Page 69). 




Fig. 4-18 



4.22. (a) In Fig. 4-9, Page 73, consider any particle mi (coordinates to, Vi) in the pulley and show using 
D'Alembert's equation that 

2 (xi&xi + yiSyi) = My By + 1$ 80 

i 

(b) By a direct application of D'Alembert's equation, set up the equations of motion cor- 

responding to y and yi for the system referred to in part (a). Compare results with those 
previously obtained. 

4J23. Assuming that the vertical shaft, Fig. 4-12, Page 75, is forced to rotate according to the relation 
0 = « 0 * + 2 ai2 > set U P equations of motion corresponding to fi and r 2 by a direct application of 
D'Alembert's equation. See Problem 4.9. 



4.24. Obtain the equations of motion given in Problem 4.10 by a direct application of D'Alembert's 
equation. 

4.25. Consider the dumbbell of Fig. 4-3, treated in Example 4.3, Page 64. Show that, using coordinates 
x, y, $\ for m u hu = hi M = 1 and hie — li\ and for m», h ix = h 2y = 1 and h 2 $ ~ h. 

Now applying relation Page 70, to 

Tt = |mi [x s + y* + l$ 2 + sin 9 - y cos $)] 

and a similar expression for f 2, find a if , ai§ and Os,, a*,, State the geometrical meaning of 
each. Applying (4.20), write out the equations of motion of the system corresponding to x,y,$. 
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4.26. Show that, for the double pendulum of Example 4.6, Page 68, 

= r i» Ke - r i > K* - °> K$ = 
»• • 
a ld — r t 9 f a iQ = r 1 B + r t <p cos — 9) — r 2 sin (<t> — 0) 

f ie — —m l g sin 9, f i9 = — 7n 2 gsin0, $s ld = 8s 2$ = r x 8$ 

Hence show that (4.20) corresponding to $ 

m i a ifl Ss ia + w 2 a 2e Ss 26 = / 10 fis l5 + / 20 6s 25 

is just the equation of motion corresponding to $ obtained in Example 4.6. Interpret results 
physically. 

Set up the equation of motion corresponding to ^ in the same way. 



4.27. Referring to Fig. 2-15, Page 16, show that generalized forces corresponding to s t , s 2 , s 3 ,s 4 are 
F s — (Mi + M 2 + mi + m 2 4- ma)# — & 2 (si — ©si) F s — m 3 g — ki(s% — 0 s 2 ) 



F = (Mi + mi 4- m 2 )^ - fci(s 2 - 0 s 2 ) 



F S4 = (m 2 - m^g 



4.28. Supplementary exercise in the determination of generalized forces. 

For the student who still feels a need, the following examples should contribute greatly to a 
clear understanding of generalized forces and the techniques involved in finding expressions for same. 

Various sets of coordinates, any one of which is suitable for a determination of the motion of 
the system, are listed in Figures 4-19 and 4-20. Find generalized forces corresponding to the 
coordinates of each set. Repeat this for the systems for which certain specified motions are indicated. 



0 



String pulled up with 
constant acceleration a. 




(a) 9 

(b) x 



1 



Compare generalized forces with case 
where a = 0. 




Bead of mass m on 
rigid parabolic wire. 



(known \ 
components ] 
/.,/. / 

(a) coordinate x 

(b) coordinate y 



const. 



XY frame rotates about Y and has 
vertical acceleration a. Write T and 
the equation of motion in x. 



3 





02 hi 



/V 1 



Uniform rod. Motion confined to ver- 
tical plane. Applied force has known 
components F x , F y . Length of rod = 21. 

(a) xu Vu 0; (b) xz, yz, $. 



Disks Di, D 2 mounted on bearings. 
Torsional constants of springs — k it k z . 
9\, 02 measured relative to fixed hori- 
zontal lines. Take a — $z — 9u 
(a) 0i 9 0%; (b) 0i, a 



Fig. 4-19 
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(a) y u V* 
(W Vu q 
(c) V, q 

Repeat assuming 
XY frame has 
vertical accelera- 
tion a. 



u 



(a) 0i, 62 
(6) $ u a 

Repeat assuming 
rotation about AB. 



Two uniform bars each 
free to swing in a verti- 
cal plane about horizon- 
tal rod P. 





(a) Vu Qz> (*>) Vu V*\ (c) qi, q% 

What other sets of coordinates 
can be used? Write T and equa- 
tions of motion for (6). 



Repeat above assuming that the 
entire system falls freely under 
the action of gravity. 



Fig. 4-20 



CHAPTER 



5 



Conservative Systems 



and others for which a "Potential Function" may be written 



5.1 Certain Basic Principles Illustrated. 

As a means of introducing and illustrating the basic principles on which this chapter 
is founded, consider the following examples. 

(a) A particle, attached to one end of a coil spring the other end of which is fastened at 
the origin of coordinates, can be moved about on a smooth horizontal XY plane. Let 
us compute the work done by the spring for a displacement of the particle from some 
reference point x Q ,y Q to a general point x,y. Assuming the spring obeys Hooke's law 
and exerts no force perpendicular to its length, the rectangular components of force 
on the particle are given by 

F x = -k(l-k)(x/l), F v = -k{l-U)(yll) 

where k is the spring constant, I and lo are the stretched and unstretched lengths of 
the spring respectively, and x, y the coordinates of the particle. Substituting in the 
general expression y 

W = f (F x dx + Fydy) 
and noting that i 2 = x 2 + y 2 , it easily follows that 

(x dx + y dy) 



w 



—kxdx — kydy + kU 



sjx 2 + y 2 



- x 

which may be written as 

W = _ C' y d ^u{x 2 + y 2 - 2hV&Tt)] (5^1) 

Hence W = -$k(x 2 + y 2 - 2kV^~+¥) + + V.t ~ MoV^Ty 2 ) (5,2) 

Here the following points should be noted. First, as is evident from (5,2), W is a 
function of x Q ,y 0 and x, y only (depends only on end points of path). Or, regarding 
% Q >y 0 &s a fixed reference point, W, except for an additive constant, is a function of 
x, y only. Hence the work done by the spring does not depend on the length or shape 
of the path taken by the particle from x 0 , y 0 to x, y. It is also clear that for any closed 
path W = 0. Secondly, F x and F y are of such a nature (they depend on x and y in such 

dW 

a way) that dW [see (5.1)] is an exact differential. Hence writing dW = -r~dx + 

dW dx 
-tydy a^d comparing with dW = F x dx + F y dy, it is evident that F x = dW/dx 9 

F y = dW/dy. That these relations are correct can be verified by differentiating (5.2). 

As another example of this type let us suppose that F x = 3Bx 2 y 2 , F y = 2Bx z y, 
where B is constant. Hence dW = F x dx + F y dy - d(Bx z y 2 ) or W = +Bx 3 y 2 — 
Bx%y 2 a quantity independent of path and for which F x = dW/dx, F y = dW/dy. 



81 



82 



CONSERVATIVE SYSTEMS 



[CHAP. 5 



(6) Now consider the work done by a frictional force F exerted by a rough plane on a 
particle, for a displacement from x Q ,y 0 to x,y. Assuming only gravity acting normal 
to the plane, F — ^mg ( f x ~ coefficient of friction) in a direction opposite to the element 
of displacement ds = (dx 2 + dy 2 ) 112 . Hence F x - -fxmg(dx/ds) and F v = -fxmg(dy/ds). 
Thus from dW = F x dx + F ff dy, 

W - f [1 + (di//do:) 2 ] 1/2 <te (5 J) 

The quantity under the integral is not an exact differential. Hence the path, 
V = y{x), must be specified before the integration can be performed. W depends on 
the path and (5.3) does not yield a function of x, y such that F x = dW/dx, F y = dW/dy. 

As a final example suppose F x ~axy t F y =bxy where a and b are constants. 
Then dW == ao?i/ d# + bay % which is not exact. Therefore W again depends on 
the path. 

Examples under (a) and (b) above illustrate simple "Conservative" and "Non-conserva- 
tive" forces respectively, 

5.2 Important Definitions. 

(a) Conservative Forces; Conservative System. 

If the forces are of such a nature (depend on coordinates in such a way) that 
when the system is displaced from one configuration to another the work done by 
the forces depends only on the initial and final coordinates of the particles, the 
forces are said to be conservative and the system is referred to as a conservative 
system. 

(b) Potential Energy. 

The work done by conservative forces in a transfer of the system from a general 
configuration A (where coordinates of the particles are $uVu%u #2,2/2,22, etc.) to 
a reference configuration B (coordinates now o#i, o2/i,o2i, o#2, 02/2, 0Z2, etc.) is defined 
as the potential energy V (xi,yt,Zi) which the system at A has with respect to B. 
Note that V is here defined as the work from the general to the reference con- 
figuration and not the other way around. 

Familiar examples of conservative forces are: gravitational forces between masses, 
forces due to all types of springs and elastic bodies (assuming "perfectly elastic" material), 
and forces between stationary electric charges. Non-conservative forces include those of 
friction, the drag on an object moving through a fluid, and various types which depend 
on time and velocity. 

5.3 General Expression for V and a Test for Conservative Forces. 

Consider a system of p particles on which conservative forces Fx, F 2 , . . . , F v are acting. 
From the above definition it is clear that 

J"O x t J O y i*O z i P 
2 (F Xi dxi + Fy.dyi + F^dzt) 
T..11.. v. i= 1 



I 



2 (F Xi dxi + F Vi dVi + F H dZi) (5.4) 

0 x i* 0 y i J 0 r 



The integral (5.4) is in reality a general expression for work (regardless of the nature 
of the forces). But in order that the result be independent of the path, the quantity under 
the integral must be an exact differential. That is, it must be that 

F dV F _ dV dV 
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Now if, for example, we differentiate F H partially with respect to y*, and F y ^ with respect 
to xz, we have 

dy* BytBxz 9 dx 3 dx s dy4 or £ty 4 ~ 3x 3 

BF X . dF Vr dF x . dF z 
Thus in general, = ^ = — , etc. (5.6) 

It can be shown that these relations constitute necessary and sufficient conditions that 
the quantity under integral (54) be exact. Also, of course, relations (5.6) may be used as 
a test to determine whether or not given forces are conservative. 

The greatest usefulness of the potential energy function stems from the fact (see Sec- 
tion 5.6) that, when V is expressed in generalized coordinates, generalized forces are given 
by Fq r = —dV/dq r . (Note. In order to integrate (54) expressions for F x .,Fy.,F Zi must be 
known. But since we already know them, why bother to find V and determine them again 
from F x . = —dV/dx i9 etc? This seems absurd. But there is a payoff, not the least of 
which derives from the fact that, for conservative forces, F Qr = —dV/dq r .) 



5.4 Determination of Expressions for V. 

Basically all expressions for V are obtained by evaluating integral (54). However, 
the following points are of importance. 

(a) This integral may be evaluated in any convenient coordinates (rectangular or otherwise) 
and then, when so desired, expressed in other coordinates by means of transformation 
equations. Care must be taken to give force components their proper algebraic signs. 

(&) Potential energy is a relative quantity and the value of dV/dq r is not affected by an 
additive constant. Hence such constants may be dropped. 

(c) It frequently happens that when the potential energy of a system is due to springs, 
gravity, electrical charges, etc., V can be written down at once, using any number of 
any convenient coordinates, making use of already well known simple expressions for 
the potential energy of individual springs, etc. See Section 5.5(4). The final form of 
V, containing just the proper number n of any desired coordinates, can then be obtained 
by means of transformation equations. 

(d) In applying (c) there may be a question as to the algebraic sign of certain potential 
energy terms. In this case it is well to remember that if work must be done by some 

. outside agency in order to transfer a particle from a general position x, y, z to a 
reference point xo, yo, Zo, its potential energy relative to xo 9 yo,Zo is negative; otherwise, 
positive. 



5.5 Simple Examples Illustrating the Above Statements. 

(1) The potential energy of the pendulum, Fig. 5-1, may be referred to lines ai&i,a 2 &2,a3&3, 
etc., in which case V — -\-mgh, ~-mgs t — mg(l + s) respectively. If 0 is to be used 
as coordinate, h and s may be eliminated, giving 

V — mgr(l — cos 0), mg(l — r cos $), — mgr cos 0 

which are all equal except for a constant term. (Constant additive terms may always 
be dropped.) 

Since y — r cos 6, the potential energy expressed in y is merely V = — mgy. 
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Fig. 5-1 



Fig. 5-2 



(2) The familiar expression for the potential energy of a stretched spring is 7 = %k(l — l Q ) 2 
where k is the spring constant and I and h are the stretched and unstretched lengths 
of the spring. Hence in Fig. 5-2, referring V to p u V = +%kx\. However, referred 
to the fixed point p 2 , recalling that V is the work done by the spring from the general 
point x x to p 2 , it follows that V - - [ifys- U) 2 - ^fearf]. Again, both expressions 
are the same except for a constant term in the second. 

If so desired, V may be expressed in terms of x% by the relation s = Xx + X2 + lo. 
Hence V = +$k(s — h - x 2 ) 2 or, dropping a constant term, V — —k(s — lo)$2 + ^kxl. 



(3) Consider the uniformly charged spheres A and B 9 
Fig. 5-3. Regarding A as fixed at the origin and 
assuming empty space, it follows at once by integra- 
tion that the potential energy of B with respect to 
infinity is V — +QiQ 2 /r. But referred to point p, 
V — —\Q\Qils — QxQilr] which, dropping the constant 
term, leaves the same expression. 




Fig. 5-3 



(4) A more complex system: Referring to Fig. 5-4, a sphere of mass m carrying a 
uniformly distributed charge -hQi is attached to the springs as indicated. Another 
similar charge 4-Q 2 is located on the X axis. 

Assuming that the upper sphere is free to move in the vertical XY plane (two degrees 
Y 




For demonstrating a useful technique in finding V. 

Fig. 5-4 
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of freedom) under the action of gravity, the springs and the electrical repulsion, we 
shall finally express V for the system in terms of r and 6. 

First we write V as per Section 5.4(c) using any convenient coordinates, paying 
no attention to how many may be superfluous. Later all coordinates except r and 0 can 
be eliminated. By inspection, 

V = £&i(Zi - 0 Zi) 2 + ik 2 (h - oh) 2 + Q1Q2/I3 + mgh 

where Zi, h and oh, 0Z2 are the stretched and unstretched lengths of the springs, and k\, k% 
the spring constants. (It has been assumed that the springs do not affect the electric 
fields about the charges.) Note that V contains the variables Zi, Z 2 , h, h: too many co- 
ordinates and not the ones desired. However, by means of the relation ?i = [r 2 -h — 
2rsi cos0] 1/2 and similar relations for Z 2 and Z 3 , V may be written in terms of r and 9 
only. Further details need not be given. This technique of determining V is simple 
and frequently very convenient. 



5.6 Generalized Forces as Derivatives of F. 

As explained in Chapter 4, any generalized force, whether individual forces are con- 
servative or non-conservative, may be expressed as 

Assuming the forces are conservative using equations (5.5), this may be written as 



Qr {ti \dXidq r dyidqr 



dVdyi , 0VdZi_ 
dzt dq r 



But by well known rules of differentiation the right side of this equation is just —dV/dq r . 
Hence 

r dq r v 

For example, applying (5.7) to 7= -mgr cos 0, the potential energy of the simple pen- 
dulum, we obtain F B = —dV/dO = -mgr sin 0. Or again, generalized forces correspond- 
ing to r and d, Fig. 5-4, are given by F r = -dV/dr, F 9 = -dV/06 where V is the final 
form of potential energy discussed in the latter part of Section 5.5. 

It should be clear, however, that any generalized force which can be found by (5.7) 
can also be found by the methods of Chapter i. Nevertheless, as will be evident from 
examples and other considerations to follow, considerable advantage is to be gained from 
the use of potential energy and relations (5.7). 

Also, since F Qr = ~dV/dq r the student can show at once that, for conservative forces, 

dq s - dq r {5 - 8} 
which is just a statement of (5.6) in terms of generalized forces and coordinates. 



5.7 Lagrange's Equations for Conservative Systems (only conservative forces acting) 
Using (5.7), we may write 

dt\dqj S <1* dQr dt^dq r J 
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Introducing the so-called "Lagrangian function" L, defined by L — T — V, the above 
becomes 

= 0 ■ (5.9) 

It is permissible to replace T by L in dT/dq r because, in the usual mechanical problem, 
V is not a function of q r . The usefulness of (5.9) will become evident from examples which 
follow and from the applications made of it in the remaining chapters. 



5.8 Partly Conservative and Partly Non-Conservative Systems. 

It should here be stated that, if some of the forces acting on the system are non- 
conservative, Lagrange's equations obviously may be written as 

d fdL\ dL 

where F Qr is found in the usual way, (Section 4.5, Page 61), taking account of non- 
conservative forces only. 



5.9 Examples Illustrating the Application of Lagrange's Equations to 
Conservative Systems. 

Example 5.1. A pendulum bob suspended from a rubber band. 

Assuming motion in a vertical plane only and using r and $ as coordinates, T = ^m(r 2 + r 2 e 2 ) and 
V = ^k(r — r 0 ) 2 — mgr cos $ where the first term is based on the assumption that the rubber band 
obeys Hooke's law. Hence L ~ -Jm(r 2 -f r 2 * 2 ) — £k(r — r 0 ) 2 + mgr cos e, from which it follows that 

mr — mr$ 2 + k(r — r 0 ) — mg costf = 0 and mr 2 e + ZmrrB + mgr sin 0 = 0 

These are just the equations of motion obtained in Example 3,4, Page 45. 

Example 5.2. A particle of mass m attached to a light rod pivoted at p, Fig. 5-5. 

The kinetic energy for this arrangement is merely T — ±mr 2 e 2 . For small angular motion from 
the horizontal position, an approximate expression for V may be written as 

y = + Sl e - Zj) 2 + %k 2 (l + s 2 e - y» + mgre 

where l x and l 2 are the unstretched lengths of the first and second springs respectively. Thus 

L = %mr 2 e 2 - %k x (l + s x $ - l x ) 2 - ±k 2 (l + s 2 $ - l 2 ) 2 - mgre 

from which the equation of motion is found to be 

mr 2 e + k^il + s x $ - h) + k 2 s 2 (l + s 2 $ - l 2 ) + mgr = 0 

Let us assume that the springs have been so adjusted that the rod is in static equilibrium for 0 = 0. This 
means that k^l - l x ) + k 2 s 2 (l - 1 2 ) + mgr = .0. Hence the equation of motion reduces to mr 2 0 + 
(k x s 2 + k 2 $l)e - 0. This simple equation integrates at once giving simple harmonic motion with a 

/ mr 2 Y /2 

periodof Hhsi+k^J ■ 

Example 5.3. The system, of springs and pulleys shown in Fig. 5-6, 
Assuming vertical motion only, it follows without difficulty that 

where the meaning of each symbol is clear from the figure. 
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Fig. 5-5 Fig. 5-6 

Referring gravitational potential energy to the lower horizontal line from which y x and y 2 are 
measured and writing potential energy for the springs in the usual way, 

V = m l gy l + m 2 gy 2 + "~ h) 2 + i^(s 2 ~ h) 2 

where l x and l 2 are unstretched lengths. But s x + y 2 = C x and (y 2 ~ s 2 ) 4- (y 2 — y x ) ~ C 2 where 
C\ and C 2 are constants. Eliminating s x and s 2 with these relations, we get 

V = Wiflr^i + w 2 ^ 2 + ^A; 1 (C 1 ~ 2/ 2 ~ ^t> 2 + ihi^- Vi ~ h) 2 

which contains no superfluous coordinates. This completes the task of finding L. The equations of motion 
follow at once. If y x and y 2 are measured from equilibrium positions of m 1 and m 2 respectively, equations 
of motion simplify somewhat and can easily be integrated. 

As an extension of this example, the reader may show that, using the angular displacements of the 
disks, 9 X and $ 2t as coordinates: 

L - ^[{m x + m 2 )fl 2 + /jja + ±(m x Rl + I 2 )$ \ + m x R x R 2 e x $ 2 

- m x g(C z - R l e l - R 2 e 2 ) - m 2 g(C 3 - RtfJ 

- i*i[(C, - C 3 + - - $k 2 [{C 3 - C 2 - fl^ + fl 2 * 2 ) - y* 

where it is assumed that when the system is in equilibrium, e x — 0 2 — 0. 

Example 5.4. Potential energy and generalized forces for the double pendulum, Fig. 2-10, Page 14. 
Referring potential energy to a horizontal line through p(#o>&o)> 

V = — m^ri cos * — m^^i cos * + r 2 cos 0) 
from which F 0 = —dV/de = — (m x 4- m 2 )gr x sin 0, — -dV/d<j> = -w 2 flrr 2 sin ^ 

These are the same as previously found. 

As an extension of this example the reader should show that, assuming m l and m 2 suspended from 
light coil springs of constants k x ,k 2t 

V = — m x gr x cos$ — m 2 g(r x cos 0 + r 2 cos^> 4 £&i( r i ~~ o r i) 2 + £M r 2 _ o r 2> 2 
and write out generalized forces corresponding to r u r 2i e,<p. 

Example 5.5. Potential energy of a number of masses connected "in line* 1 with springs, Fig. 5-7. 

Let us assume (a) that the masses are on a smooth horizontal plane, (6) that the motion of each 
mass is "small" and is confined to a line perpendicular to ab, (c) that when the masses are in their 
equilibrium positions along ab the springs are unstretched. The potential energy of the first spring is 

clearly 

Vi - iMVs 2 + y?-*i) 2 = iHy 2 + 28 2 - 28 2 y/l + yV4) 
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Now assuming that y 1 is less than s u we write 



2s' 



1 1 2 s 2 8 g J + 48 s e 



Retaining only the first three terms of the expansion the above reduces to V x ~ (k\l%s\)y A . In like 
manner the potential energy of the second spring is given by V 2 — (k 2 I%s\)(y x ~ y 2 ) 4 > etc. Finally the 
approximate expression for the total potential energy becomes 



V = 



~2 #1 



8s 



8s; 



(vi - V2) 4 + - » 8 ) 4 + 



Hence 



dV_ 



*1 3 
2/i 



2s 



2s 



(2/i - 2/2> 3 > etc. 



If the masses are free to move in a plane, then V will, of course, involve the x and y coordinates of 
each mass. 




d.f. = 2 




Fig. 5-7 



Fig. 5-8 



Example 5.6. 77*.e spheres of Fig, 5-8 carry uniformly distributed charges Q, Q u Q 2 > 

Qi and Q 2 are fixed while Q is free to move in a plane. Considering only electrostatic forces, we write 
(see Section 5.5(4), Page 84) V = +QQ\lr l + QQ 2 /r 2 . Introducing r and 9, this becomes 



QQi 



QQi 



(r 2 + s 2 + 2rs cos *) 1/2 (r 2 + s 2 - 2rs cos e) 1/2 

It follows from the binomial expansion that for Q x = -Q 2 and r > s, F = -(2QQjS cos e)/r 2 ; and for 
= Q 2 and r very large, V - 2QQ x fr. 



Example 5.7. The "two body" central force system. 

Imagine two homogeneous spheres, Fig. 5-9, hav- 
ing masses m lf m 2 moving through space under the 
influence of no force except their mutual gravita- 
tional attraction. 

Axes X, F, Z, with origin at the center of m v 
remain parallel to the inertia! X u Y v Z x axes. Co- 
ordinates of cm. relative to X u Y 1 ,Z l are x 7 y,z. 
A simple integration shows that, referring the po- 
tential energy of the system to r = 00 , V — —Gm 1 m 2 /r 
where G is the gravitational constant. Applying the 
"center of mass" theorem, Page 26, the reader can 
show without too much effort that 

L = ^M(i 2 + *y 2 + I 2 ) 

+ $fi(r 2 + r 2 e 2 + r 2 sin 2 &i 2 ) + Gm x m 2 /r 

where M = m t + m 2 and the "reduced mass" 
fx = m 1 m 2 /(m 1 + ra 2 ). 





Path of w 2 as seen from mi. 
Two-body Central Force Problem 
Fig. 5-9 
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Many interesting facts may be obtained from a solution of the equations of motion. For example, 
cm, moves through space along a straight line with constant velocity. The path of m 2 , as seen from m lf 
is an ellipse, parabola or hyperbola depending on whether 6 = T + V is less than, equal to, or greater 
than zero. Assuming that initial motion starts in such a way that # 0 — 0, it is seen that since 
dL/Btp — ^r 2 sin 00 — = constant, 0 remains constant for all. time. Hence for the general case 
motion is in a plane and we can write {neglecting motion of cm.) 

L = + r 2 * 2 ) + Gm x m 2 /r 

5.10 . Approximate Expression for the Potential Energy of the System of Springs, Fig. 5-10. 




Potential Energy of a Group of Springs 
Fig. 5-10 



The springs are flexibly fastened at points a, &, c, d with opposite ends flexibly con- 
nected together at p. This junction is free to move in the XY plane. We shall determine 
an approximate expression for V assuming x and y always small 

An exact expression for the potential energy of the first spring is simply Vi — 
Jfci(Za — 1[) 2 where Li is the length pa and l[ the unstretched length of the spring. But 
L\ ~ {l x ot x -~xf + {liPi-yf where h and the direction cosines a v p x are shown on the 
diagram. 

Now applying Taylor's expansion for n variables (see Page 206) and retaining first 
and second order terms (the (F) 0 o term is constant and may be dropped), it follows after 
a bit of tedious work that 

V, (appro*.)- - -Wh - l[){xa x + Vp J + \ (X 2 + V 2 ) - TfcfrPi - V<* X Y (1) 

Hence for a group of S springs arranged as in Fig. 5-10, 

F (appro ,) - t [-HU-m*«i + yfid + j(* 2 + v 2 ) - ^frP,- ya^ (2) 

In use, proper algebraic signs must be given to the direction cosines. 

If the junction p is in equilibrium at the origin (which was not assumed in the above 
derivation), the first order terms in Taylor's expansion will be zero even though some or 
all springs may still be stretched. This is because at the origin F x = ~{dV/dx)o ==■ 0, etc. 
Hence (2) reduces to 

Fcapprox.) = \ g [ki(* 2 + y 2 ) ~ X (XPi ~ V ^ 2 ] {5J1) 

For any particular problem in hand the constants l i ,cc i ,p i can be measured with good 
accuracy. (Given the spring constants, unstretched lengths and locations a, b, c> d, the task 
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of computing the equilibrium position of p and thus l v ft. is more involved than might 
be expected. This is a good job for a computer.) 

Note that since a. — x./L, ft. — yjl equation (5.1 1) can be written as 



(approx.) 



- 5 2 

^ 1=1 



ld(x 2 + y 2 ) 



ir {xm 



yxif 



(5.12) 



Denoting the ends of several coil springs by ai, 6i, a2, 62, etc., let the a ends be fastened 
at various random points to the inside walls of a rigid box and. the b ends fastened together 
at a common junction which can be moved about in the box. 

If the origin of an XYZ frame is taken at the equilibrium position of this junction, it 
is easily shown (see Problem 5.16, Page 96) that 



approx, ) — 



1 S 
^ i=i 



(a; 2 + 2/ 2 4- z 2 ) 



5Ji) 



where S is the number of springs, k t the spring constants and a.,P ir y. are direction cosines 
of the axes of the springs when the junction is at the origin. 

The above approximations are frequently useful in the field of small oscillations and 
will be referred to again in Chapter 10. 

Example 5.8. 

The mass m, Fig. 5-11, connected to springs by 
means of a string as shown, is free to move about 
on the smooth horizontal plane ab under the central 
force determined by the springs. Each spring has a 
constant k. Then V — k(l x — l Q ) 2 where l t and l Q are 
the stretched and unstretched lengths of either spring. 
Let y represent the displacement of the junction from 
its position p when the springs are unstretched as 
shown in the figure.- Then l x = [a* + (a 0 + y) 2 ] V2 . 
Thus, dropping constant terms, V = kl 2 — 2kl Q li or 

V = ky 2 + 2ks 0 y - 2kl 0 [sl 4- (a 0 + y)*]"* 

Now applying either equation {10.6), Page 207, 
to the above expression for V or {5.11) directly, we 
find that 
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since y = r — r 0 . By inspection, for r equal to or 
but for small displacements in which r > r 0 , 



Fig. 5-11 

than r 0 , the tension in the string drops to zero; 
L = %m{r 2 + r 2 e 2 ) - fc(a*/$(r - r 0 ) 2 



5.11 Systems in which Potential Energy Varies with Time. Examples- 
It frequently happens that the forces acting on a system are functions of time as well 
as coordinates. Moreover, these forces may be of such a nature that relations (5.6) hold 
true. When this is the case it is clear that an integration of (54), holding t constant, will 
give a quantity V (a potential energy which changes with time) such that Fq r = —dVfdq r . 
Hence relations (5.7) are directly applicable. Two simple examples are given below. 

Example 5.9. 

Suppose that the string to which a pendulum bob is attached passes through a small hole in the 
support. Imagine the string pulled up through the hole with constant speed v. The length r of the 
pendulum is given by r = r 0 — vt. Hence, referring potential energy to a horizontal line passing through 
the support, V =± — mg{r Q — vt) cos e from which —dV/de = — mg(r 0 — vt) sin e = F 0 . That this ex- 
pression for F e is correct can easily be checked by the methods of Chapter 4. 
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Example 5.10. 

One end of a light coil spring is made to oscillate about the origin of coordinates along the X axis 
according to the relation s = A sin at, on a smooth horizontal plane. To the other end of the spring 
is attached a particle of mass m. The particle is free to move about on the plane under the action of the 
spring. We shall assume that the axis of the spring remains straight and that no force is exerted normal 
to this axis (no bending moment exists). 

By inspection F x , the x component of the force on m, is given by 

F x = ~k(l-l 0 ) cos (l,x) = -k{[(x-Asinat)* + y*]M~l Q }- A ^ " Q 

[(x — A sin at)* -f y*\ l/ 2 

where I is the stretched and l Q the unstretched length of the spring. F y is given by a similar expression. 
Note that F x and F y are each functions of t as well as x and y. 

An application of the test (5.6) shows that dFJdy — BFjBx, Hence a potential energy function 
may be determined from (54), holding t constant. Writing V — ^k(l — l 0 ) 2 and replacing I by 
[(x-A sin w f)2 + 2/2]i/2 gives V = ^k{[(x — A sinwf) 2 + 3/ 2 ] 1/2 — l 0 } 2 . Now an application of F x - 
—dV/dx, F y = —dV/dy leads to the same expressions as those obtained above. 

Note that if it were desirable to use polar coordinates, V may easily be expressed in terms of r and 6, 
eliminating x and y by x = r cos e, y = r sin 6. Generalized forces corresponding to r and 6 then follow 
at once from F r = -dV/Br, F e = -dVld$. 

Many examples similar to (5.9) and (5.10) could be given. Imagine: the support A, 
Fig. 5-1, made to oscillate or rotate in a circle; the point p, Fig. 2-10, Page 14, made to 
oscillate vertically; the distances s, Fig. 5-8, to vary in some known manner with time; etc. 

It is important to note that, since the quantities we have written as V contain t, 
T + F^ constant (see Section 5.13). In other words, if the forces depend explicitly on t 
the energy integral cannot be written. The reason for this may be seen at once from 
physical considerations. 



5.12 Vector Potential Function for a Charge Moving in an Electromagnetic Field. 

The components of force on a "point" charge +Q moving with velocity (x,y,z) in an 
electric field (E x ,E y ,E z ) and magnetic induction (B x ,B y ,B z ), each of which may be func- 
tions of position and time, are given by 

f x = QE X 4- Q(yB z - kB y ) 

f y = QEy + Q(iB x - xBz) (5.U) 
f z = QE Z + Q(iB y - yB x ) 

For a mechanical system on which such forces are acting, an application of either 
(AM), (4.11) or (A.12), Page 61, gives corresponding generalized forces. 

However, the above forces are of such nature that neither a scalar potential V nor a 
power function P (see Chapter 6) can be written such that F Qr = -BV/Bq r or F Qr = BP/Bq r . 
But it is possible to write a "vector potential" function leading to a new form of L such 
that (5.9) takes complete account of these electromagnetic forces. We mention this possi- 
bility here for the sake of completeness, A treatment of the matter will not be given. 

See for example: Roald K, Wangsness Introduction to Theoretical Physics, John Wiley 
& Sons, Inc., 1963 f Pages 397-400. 



5.13 The "Energy Integral". 

Under certain rather special conditions it may be shown that the total energy of a 
system is constant. 
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Consider a system for which L does not contain time explicitly and on which only 
conservative forces are acting. (It should be evident to the student that the first assump- 
tion means no moving coordinates or constraints and V is not of the form discussed in 
Section 5.11.) 

Hence, since L - L(q r , q r ) f its total time derivative is 

dL BL A BL . 

at r=i Bq r r=i dq r 
Introducing (5.9) t this can be written as 

dL ^ BL*. * , d / BL\ - \ _. ■ dL d /A * dL\ 

Integrating this once, ■ 2 i'T*" — L + £ {5.15) 

r=i Bq r 

where £ is a constant of integration. Now writing T = 2) A k r£k£r [see equation (2.50), 

Page 27], kr 

a#r fc=l 

n 

since F does not contain q. Substituting this into (5.15), we have 2 2 ^A^V = ^ + <£ - 
The sum is just 2T. Hence 2T = T~ V + £ or fcr 

^ 7 1 + V = £ = constant (5.1 tf) 

This "energy integral" or "first integral" of the system plays an important part in the 
solution of many problems. 

5.14 Suggested Experiments. 

(1) Determine the period of oscillation of the system shown in Fig. 5-14, for small vertical 
motion. See Problem 5.7, Page 93. 

(2) Determine the period of oscillation of the rod of Fig. 5-13 for small motion. See 
Problem 5.6. 

(3) Determine the two periods of oscillation of the system of Fig. 5-20 for small values of 
0 and See Problem 5.14, Page 95. 

Equipment for these experiments is easily and quickly assembled. The results obtained 
are gratifying and well worth the small effort required. 



Problems 

Note. Drop constant, additive terms in V< . 

5.1. Determine which of the following forces are conservative. Find V for those that are conservative. 
(a) F x = 6, F y = ~mg (h) F x = -kx, F y = -ky (c) F x = -ky, F y = +ftas 

(d) F x = Axy, F v = Bxy (e) F x j= Ayz, F y = Axz, F ? = Axy 
(/) F r = SBr 2 sin e cos 0, F Q = Br 8 cos 0 cos 0, = —Br 3 sin e sin 0 
(0) F r = A (r), F d = f 2 (e), F$ = / 3 (<j>) W F z = -«w sin «*, F a = fety 
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5.2. Show that the work done by the forces of Problem 5.1(c) in passing around a rectangle having 
sides x z — x 1 and y^—Vx-i* Zk(x 2 — x 1 )(y 2 — Vi)» Show that the work done by forces F x — ZBx 2 y 2 > 
F y — 2Bx z y in traversing the same rectangle is zero. 

5.3. Determine V for the system described in Problem 4.5, Page 74. Show that F q ^ = —dV/dq r gives 
the same expressions for generalized forces as were obtained from 8W = Fq r &q r . 

5.4. Write V in terms of 9 lt * 2 , Fig. 4-10, Page 74 f Show that F* = ~BVIde 1 and F Qt) = -dV/de 2 
check with previously found values of the generalized forces. 

5.5. The mass m, Pig. 5-12, is free to move along a smooth horizontal rod under the action of the spring. 
When the mass is in its equilibrium position the spring is still stretched. Show that for small 
displacements from equilibrium the potential energy is closely approximated by 




Fig. 5-12 Fig. 5-13 



5.6. The uniform bar AB of mass M and length I, Fig. 5-13, is supported by a smooth bearing at A. 
The end B is attached to the spring BC as shown. For 0 — 0 the spring is still stretched. Neglecting 
the mass of the spring show that V for the system is 

V = -%Mgl cose + £fc[(»2 + 12- 2sZcos*) 1 '2 - l 0 ]2 

Assuming e small, approximate V by Taylor's expansion and determine the period of oscillation 
of the rod. 



5.7. The bar plus block, Fig. 5-14, have a mass M. The two springs are identical. 

(a) Write an exact expression for V. Does this lead to a "linear" force on Ml 

(b) s 0 — distance ab when system is in equilibrium (» = 0). Given h, s v M and the unstretched 
length l 0 (same for each spring), show that to find s 0 it is necessary to solve the following 
fourth degree equation: 

4A;2 S 4 _ AMghs* + (^2 + 4^-4^2)52 _ 4MgJe8 2 8 0 + M*gH\ = 0 

(c) Assuming the equilibrium length / of each spring is known, approximate the potential energy 
(see equation (2), Page 89) and find an expression for the period of oscillation about the 
position of equilibrium. • 

(d) Assuming s 0 known, show that I = 2kl S3 s 0 /{2k8 Q — Mg). 
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5.8. The simple pendulum is supported near a large uniform sphere of mass M, Fig. 5-15. Write V in 
terms of 0 t taking account of the gravitational attraction between M and m. Approximate this 
for small $ and I only slightly greater than R 4- r. Determine the period of oscillation for small 
motion. Neglect earth's gravitational field. 

5.9. Three spheres carrying uniformly distributed charges -f-Q, — 2Q t +Q are fixed on the X axis as 
shown in Fig. 5-16. Another sphere having mass m and charge +Q X is free to move in the XY 
plane under the action of the electrical forces. Assuming empty space, write an exact expression 
for V. Show that for r > s this may be written as 




Fig. 546 Fig. 5-17 

5.10. Determine the generalized forces F y and F y ^ t Example 5.3, Page 86, Fig. 5-6, by the method of 
Chapter 4 and compare with —dV/dy u ~~dV/dy 2 respectively. 

5.11. A uniform bar of length 2r 2 and mass M is attached to the end of a coil spring as shown in 
Fig. 5-17. Assuming motion in a plane show that 

L - \M{r\ + r\e 2 + rj^ 2 + 2 cos (<f> - a) r x r 2 e$ - 2 sin (<t> - e) r 2 r 1 ^>) 

+ %lj> 2 - r 0 ) 2 + Mg{r x cos 9 + r 2 cos 0) 

where / is the moment of inertia of the bar about an axis through cm. and perpendicular to its 
length, k is the spring constant, and r 0 the unstretched length of the spring. 

5.12. The tightly stretched string of Fig. 5-18 is loaded with equally spaced beads. Assuming they are 
displaced in the directions of j/i,j/ 2 , e ^-* on *y an< * that the displacements are so slight that the 
tension r remains constant, show that the potential energy of the system (neglecting gravity) is 
given by 

V = ^ [l/f + 2/2 + 03 + + ~ VlV2 ~ 2/2^3 *" 2/32/4 ~ 2/42/5] 

1 n 

and that for n beads we may write V — 5- 2 ~ (V r +i "~ Vt) 2 where y 0 — y n+1 = 0. 

& r~0 a 
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Show that the potential energy of a uniform, tightly stretched flexible string, having any slight 
distortion y — y(x), is given by V = |t j (dy/dx) 2 dx. 

Show that for the distortion Y = A sin wx/l, V = A z nr 2 r/4l. 



1 / » 


1 


2/3 

r 1 


t \ 


^ — a 


a - 





Fig. 5-18 



5.13. Three meshed gears G lt G 2 ,G 3 are coupled through torsional springs to disks D lt D 2l D z as shown 
in Fig. 5-19. Show that the Lagrangian function for the system is 



L = 2*? + 2 Vri? ' d? a 2 ; " 1 



2 / - \ 9 7. j2 



Y ^4 #i) — ^ rf J "2" Us <V 



«* 4* ^ M AAAAAAAAAAA ^"^" 



Meshed Gear Wheels 

Fig. 5-19 








5.14. Springs having constants /c t and fe 2 are attached 
to wt t of the double pendulum as indicated in 
Fig. 5-20, When the system is at rest m l is at p 
and the springs are still under tension. Lower 
ends of the springs are attached to points a and 6 
(known coordinates (x lf y{) and (x 2) y 2 ) respectively). 

(a) Show that for the springs (not including grav- 
ity), 



r (exact) 

where t 



(x l -x) 2 + (y l + #)2 
(x 2 + x) 2 + (2/ 2 + 2/) 2 



How may V e xact ^e written in terms of $1 

(b) Applying equation (£), Page 89, show that for 
6 small, 




Fig. 5-20 



—J + " k 2 y 2 



I' 



Mi 
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5.15. Referring to Fig. 5-21, assume ab is the equilibrium position of the rod. Let Z 2 and l 2 (with com- 
ponents l x ,ly, $ x , s y ) represent equilibrium lengths of the springs. 




Fig. 5-21 



(a) Show that an exact expression for the potential energy of the system may be written as 

+ & 2 {[(s x + x 2 )2 + (a„-y 2 )*F s -* 0 } + M8V 
where l Q and s 0 are unstretched lengths of the springs. 

(6) Show that relations relating x lf y v x 2i y 2 and x,y,9 are 

2R cos (9 0 4- e) 4 x 2 = 2R cos e Q 4- x x 2R sin (e 0 + 9) +'y 2 — 2/2 sin 0 O + 2/i 

#cos(0 o +0) 4 £ — i^cos^o + x \ R sin(9Q-\- e) + y = # sin e 0 + .y 2 

Note that by means of these equations V e xact ma y ^ e expressed in terms of y, 6. 

(c) Applying equation (2), Page 89, and making use of the above show that, for small motion 
about the equilibrium position, 

^capprox.) = *[*i + *t- a*; -*«;]*» + ii*i + *i-Ai;-*i;]#» 

4 ^[/c 1 12(l — l 0 /l)(l x cos 0 o + sin 0 O ) 4 & 2 #(1 — s 0 /s)(s x cos 0 O - s y sin 0 O ) 
4 4 A: 2 )tf 2 - (Al x l y - Bs x s y )R2 sin 9 0 cos 0 O 
- (A/* 4 Bs^R 2 sin 2 <? 0 - (AZ| 4 Bsl)» cos 2 * 0 ]* 2 

+ " [Aljy - Bs x s y }xy 

4- [(& 2 - kJR sin $ 0 4 {Al x l y 4 Bs x s y )R cos (? 0 + (A/J - tfs 2 ,)^ sin 0 o ]x$ 
— [(fc 2 — cos 9 0 + (Al x l y 4- Bs x s y )R sin $ 0 4- (A^ — Bs^)R cos 0o]£* 

where A = k^/fi and i? = k 2 s Q /8 3 , and that 

L - ^ + + fc) _ y (approx ) 

where / is the moment of inertia of the rod about a normal axis through cm. 

5.16. Give a detailed proof of relation (5. IS), Page 90. 
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5.17. Suppose the entire framework supporting the double pendulum and springs in Fig. 5-20 is made 
to move vertically upward with constant acceleration (i. Will this change the potential energy of 
the springs? To what extent may we regard the gravitational potential energy as having increased? 
Write out the new expression for T. 

5.18. The support ah, Fig. 5-17, is made to oscillate vertically about the position now shown, with 
y = A sin tot. Show that the Lagrangian for the system is 

L = %M[r\ + r 2 e 2 + r|J* + A 2 « 2 cos 2 u f 

+ 2r 1 r 2 $4> cos (<f> ~ 0) Zr^f sin (<£ — 6) 
+ cos at (r t cos 9 — r^e sin $ — r 2 }> sin <f>)] 
+ \I$ 2 — \k{r\ — r 0 ) 2 + Mg(r t cos S + r 2 cos <f> + A sin «£) 
Compare this with L in Problem 5.11. 

5.19. Determine L for the system of Problem 5.11 assuming point p is made to move with constant linear 
speed v in a small circle of radius a in the XY plane. 



5.20. Referring to Example 5.7, Page 88, show that L may be written as 

M • . • m x M . . Gat 

where p x is the distance from m l to cm. and r = pj + p 2 , — m 2 p 2 . 



5.21. Referring to Fig. 5-22, the vertical shaft is made to rotate in some known manner. The X f Y axes 
are attached to and rotate with the system. The "particle" of mass m is free to move in the XY 
plane under the action of the springs and gravity. Show that 

L = im[(R + x)& + i 2 + y 2 ] - mgy - JMt* 2 + (*- v) 2 ] 1 ' 2 ~ l\} 2 - + V 2 ) 1 ' 2 " £] a 

Assuming $ — a = constant, show that conditions to be met for "steady motion" (a; = constant, 
y = constant, x = v — 0) are 



m(R + x Q )u> 2 — (fcj + Zc 2 j# 0 + 



V*5 + («-vo) 2 



+ 



V«5 + (•-»€)« V^T^ 



= ■ 0 



= 0 






z 
















r 








/ 











Fig. 5-22 



Thin uniform circular disk, 
radius a, total mass M, 

Fig. 5-23 



5.22. Referring to Fig. 5-23, the potential energy of m due to the gravitational pull of the disk is 
(for r > a) given by 

V = ^[f -|(f)W*-l) + ^(^ 5 (35cos4 S -30cos.-3)- •••] 
Write L and the equations of motion of m. 
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5.23. Referring to Example 5.7, Page 88, prove that the motions of m x and w 2 are confined to a plane 
whose orientation does not change relative to an inertial frame. 

Show that, in plane polar coordinates measured in this plane, 

L ~ g (r 2 -f r 2 * 2 ) + —y z — 
where the term due to the motion of cm. has been dropped. Also show that 

L = + + 

v- v 2 2 Mr 2 

where r x J rr % — r and m 1 r 1 = m 2 r 2 ; r x and r 2 are measured from cm. to m 1 and m 2 respectively. 



5.24. Show, for any system in which L does not contain time explicitly (see Section 5.8) but on which 
non-conservative forces are acting, that the time rate of change of the total energy of the system 
is given by n 

Tt (T + V) = 2/ (f i r 
where the generalized forces, include only the non-conservative forces. 



5.25. Suppose the supports a, 6, c, d f Fig. 5-10, Page 89, fastened to a rigid movable structure such as a 
picture frame. The frame is now forced to move, rotate and translate, in any given manner in its 
own plane. Assuming X f Y fastened to the frame and a?, y measured as indicated, is expression (2) 
in any way changed? 

Assuming the frame oscillates parallel to X about some point, fixed relative to inertial space, 
with motion given by s ~ A sin ufc, and assuming a particle m fastened to p (junction of springs) 
write out L for the particle. 



Note. As a good example of V, see Problem 13.15, Page 279. 
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lor Dissipative Forces 



(a) Usual Procedure 

(b) Use of "Power Function' 



6.1 Definition and Classification. 

Dissipative forces include any and all types of such a nature that energy is dissipated 
from the system when motion ttakes place. The "lost" energy is usually accounted for by 
the formation of heat. 

It frequently happens in practice that the magnitude of the force, /, on a particle 
(or on an element of area) may be closely represented, over certain ranges of velocity 
at least, by 

/ = av n (6.1) 
where v is the velocity of the particle, n is some number and a may be a constant or a 
function of coordinates and/or time. As will be seen, this is an important and rather 
general (but not the only) type of dissipative force. 

(a) Frictional forces. The frictional force required to slide one surface over another is 
assumed to be proportional to the normal force between surfaces, independent of the 
area in contact and independent of speed, once motion has started. (We shall not 
discuss "static" friction.) Hence for n = 0 and a equal to the coefficient of friction 
times the normal force, (6.1) represents a frictional force. If the coefficient of friction 
changes from point to point and if, perhaps, the normal force holding one surface 
against the other changes with time, we have an example in which a is a function of 
coordinates and time. 

If both surfaces are moving, the frictional force on either one is opposite in 
direction to the velocity of that surface relative to the other. 

(6) Viscous forces, When the force on an object varies as the first power of its speed and 
is opposite in direction to its motion, it is said to be "viscous". The drag on an object 
moving slowly through a fluid of any kind or the drag on a magnetic pole which is 
moving near a conducting sheet are examples of viscous forces. For n = 1, (6.1) rep- 
resents such a force. 

(c) Forces proportional to higher powers of speed. Except at low velocities the drag on 
an object moving in a fluid is not a simple viscous force. However, it may be possible 
to represent it, at least over a limited range, by (6.1). In certain cases n may be 
considerably greater than one. (Also, see Section 6.6, Page 103.) 



6.2 General Procedure for Determination of Fq r . 

Two methods will be employed. The first, treated and illustrated in the following 
sections, is based on the general relations (£.10) and (£.12), Page 61. The second, in which 
the Fq r are obtained from a "power function", is given in Section 6.8. 

Assuming / expressed by (6.1) and directed opposite to v, it follows that, since x/v = 
cosine of the angle between v and X, f x — —av n (x/v) = -~axv n ~ l r Likewise f y = —ayv 71 ' 1 , 
f z = — azv n ~ l . Hence, assuming p particles and n the same for each, SM^totai and generalized 
forces are determined as summarized below. 
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► 



total 



P 



(6.2) 



General expression for STTtotai. Eliminating x it SXi, etc., in favor of qi,qi,8qi, etc., this 
becomes 



|^ STF to tai = [•■■■] 4- [.--•] Bq 2 + + [*■••]«?» 

Thus the coefficients of Sq u 8q 2 , . . .,Sq n in (6.3) are the generalized forces. 



(6.3) 



6.3 Examples: Generalized Frictional Forces. 

In the following examples the dissipative forces are assumed to be dry friction for 

which n ~ 0. 

Example 6.1. Motion of a particle on a rough inclined plane. 

A particle of mass m is projected upward along the rough inclined plane as in Fig. 6-1. The total 
frictional force / — fimg c os a is assumed to be constant in magnitude and opposite in direction to the 
motion. Since x/yjx 2 + y 2 , for example, is the cosine of the angle between the velocity of m and the 
X axis, it is clear that the components of frictional force are 



CO fx = -/W* 2 + y\ it) f y = -fy/V* 2 + y 2 

which, in this simple example are the generalized frictional forces. Thus, taking account of gravity also, 
the equations of motion are 

x y 



m x — 



fimg cos a 



(£2 + £2)1/2* 



— fimg cos a 



(£2 + £2)1/2 



- mg sin a 



Important note. If the particle were projected upward along a line x = constant, with initial 
velocity y 0 (x ~x = 0 for all time), the second equation would become m y = — fimg cos a. — mg sin a. 
It will evidently reach a certain height and (possibly) start back down the incline. One might infer from 
the above equation that fimg cos a is always in the negative direction of Y. However, we know that on 
starting back the frictional force reverses direction and pang cos a must now be regarded as positive. 
The force is discontinuous and one must be alert to this possibility in dealing with frictional forces. See 
Problem 6.12, Page 113. 





Particle Moving on Rough 
Inclined Plane 
Fig. 6-1 



Dumbbell Sliding on the Rough 
Horizontal XY Plane 

Fig. 6-2 



Example 6.2. Two particles connected with a light rod are moving on a rough horizontal plane, Fig. 6-2. 

Let us find the generalized frictional forces. (Other forces which may be acting will not be considered.) 
The dumbbell has three degrees of freedom and we. shall use the coordinates x,y, 6 shown on the drawing. 
The magnitudes of the frictional forces on m x and m% are f x = ^m x g and / 2 — pmyg respectively. 
Assuming the connecting rod is not in contact with the plane and applying relation (6.2) for n — Q, 



8W 



total 



Afi g^i fi ii 5yi hh^% f 2 y%%y 2 . 

M+H V^Tii M^M 



a) 
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where x lJ y 1 and x 2 ,y 2 are the rectangular coordinates of m 1 and m 2 respectively and —f Y xj^jx\ + , 
for example, is the component of the frictional force on m Y in the direction of a^. But from the figure 
it is seen that 

x 1 ~ x + / 3 cos 0, t/x ■ = 2/ 4- 7 t sin e, etc. (2) 
Thus y lf Sx lt etc. can easily be eliminated from (l) t giving 

(x + l 2 e sin e) Sx + (2/ — / 2 0 cos e) + [M* sin 0 — ?/ cos 0) + Jjjj*] 5 ^ 



-sir = / s 



+ /] 



V(i + he sin*) 2 + (2/ - / 2 <9 cos#) 2 
(x — h'e sin e) 8x + (y ■+ ^0 cos 0) Sy + [^(y cos 0 - i sin e) + 50 
s/(x - sin 0) 2 + (y + cos 0) 2 



Expressions for the generalized frictional forces F x , F y and F e may now be read directly from (3). For 
example, 

f 2 (x + Z 2 0 sin 0) /1 (i — he sin 0) , 

F x = , (•*) 

V(* + ^ sin*) 2 + (i — / 2 0 costf) 2 y(i — he sin*) 2 + (2/ + ^0 cos 0) 2 

For special cases such as x ~ y = 0 and 0^0 or 2/ — e = 0 and i ^ 0, the reader may easily 
show that F xf F y) F e reduce to simple expressions which may be verified by elementary considerations. 

It is clear from this relatively simple example that frictional forces may become frightfully involved. 
Thus, resulting differential equations may be difficult or impossible to solve except by computer methods. 

Example 6.3. A more general case of the above* 

Suppose that instead of the two shown in Fig. 6-2, there are p particles arranged in any pattern on 
the XY plane and connected together with a rigid framework of rods. The system has only three degrees 
of freedom and x, y, e are still suitable coordinates. Relation (6.2) becomes 

S^total = " 5 7T-. if 4) 



i=i 



Eliminating i it 8x if etc., in favor of i, Bx, y T By, e t 8e, (64) may be written as 

s^totai = [■■■■] a* +[■■■■] &v +■ [••■•]«# (6.5) 

which is just a special case of (6,3). 

Thus coefficients of Bx,By,8o in (6.5) are the generalized forces F x ,F y ,F B . It is important to realize 
that the f t — fi { (normal force) are assumed to be known. 

Example 6.4. Generalized frictional forces on a thin rod sliding in contact with a rough plane. 

Again referring to Fig. 6-2, first imagine a large number, p, of particles distributed along the rod, 
each in contact with the rough plane. Relations (64) and (6.5) lead to the generalized frictional forces. 
For a continuous thin rod it is clear that the summation in (64) must be replaced by an integral. The 
reader may show that the integral expression for F x , for example, is 

f l i f(x-le sin e)dl 

F * = J , -„ L — .... — — M 

- h 



h [x 2 + y 2 + l 2 e 2 + 2le(y cos e - x sin e)] 1 



n 



where / is the frictional force per unit length of the rod (assumed known) and dl is an element of length 
of the rod. / is measured from point p to dl. h and h are lengths above and below p. All quantities, 
except are here regarded as constants. 

Integral expressions for F y and F 9 follow in the same way. 

Example 6.5. Generalized frictional forces on a board sliding in contact with a rough plane. 

Referring to Fig. 6-3 below it is seen that this is merely an extension of the problem discussed in 
Example 6.4. Using the relations 

Xj — x + x 2 cos e — y 2 sin e, y x — y 4- x 2 sin e + y 2 cos 0 

and remembering that, so far as the motion of the board is concerned x 2 ,y 2 are constant, the student may 
show that an integral expression for F d , for example, is given by 
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dA — dxs dyz = element of area on the board 



Xi, Yt are attached to the board. 




Board Sliding in Contact with Rough X X Y X Plane 
Fig. 6-3 

f[(x\ + v\)e + (yx 2 - xy 2 ) cos e — (xx 2 + yy 2 ) sin $] dx 2 dy 2 
[i 2 + y°- + (x\ + y\)i* + 2? cos *(£z 2 - xy 2 ) - 2e sin tf(io? 2 + 2/2/ 2 )] 1/2 



(6-7) 



where all quantities, except x 2 ,y 2) are held constant and the integral is taken over the entire surface of 
the board in contact with the X X Y X plane. fdx 2 dy 2 is the magnitude of frictional force on the element 
of area dx 2 dy 2 . f is here assumed to be a known constant.' Similar expressions follow for F x , F y . 

The evaluation of these integrals is not simple. A somewhat more tractable form for finding 
generalized forces of this and other types is given in Section 6.8. 



6.4 Examples: Generalized Viscous Forces. 

Setting n = 1 in (6.2), that relation is applicable and reduces to 

p 



Example 6.6. Viscous forces on a dumbbell. 

Let us assume that forces acting on m x and m 2 , Pig. 6-2, are viscous rather than frictional. Then 

^totai - ~a 1 i 1 8x 1 - a i y t §y 1 - a 2 x 2 8x 2 - a 2 y 2 8y 2 

Eliminating i Xi 8x x , etc., by the relations x x = x + l x cos 0, y± — y + l x sin ff, etc., 

5 ^totai ~ — [( a i + a 2)^ + ( a 2^2 ~ <*<ih)9 sin $] Sx — [(a x 4- a 2 )y — (a 2 l 2 — a x l x )$ cos $] By 

~{(a 2 l\ + a x l\)$ + (a 2 l 2 — a x l x )(i sin 0 — y cos ff)] S# 

from which F x , F y , F 6 may be read off directly. 

Example 6.7. Viscous forces on a moving plane surface. 

Imagine that the board, Fig. 6-3, is now moving near and parallel to the stationary X X Y X plane. 
Suppose that a viscous liquid fills the space between. We shall assume that the drag on each element 
dx 2 dy 2 of the moving surface is viscous and that force components on the element are given by 
dfx " —ax x dx 2 dy 2i df y — — ay x dx 2 dy 2 , where a is the viscous drag per unit area per unit velocity. 

Hence, for a general virtual displacement of the entire surface, 



BW 



total 



J [*1 8x l 



+ y% &Vi] dx 2 dy 2 



where the integration extends over the entire moving surface. Again employing relations x x = x + 

x 2 cos 6 — y 2 sin 6, etc, the above may be expressed as 
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5 ^totai ~ — a i {(x — x 2 <9 sin 6 — y % e cos e) 8x -f (j/ + cos 9 ~~ 2/2* sin ff) 5?/ 

4- [(*2 + y\)9 + (£a 2 ~ ^2) cos e — (xx 2 + ^2) sin 0] 30} cta 2 %2 

Integrating over the moving surface, holding all quantities except x 2t y 2 constant, the coefficients of 
8x t 8y f 8$ are the desired expressions for F x >F y ,F e . 

Example 6.8. 

Suppose the surface above is a rectangle of area A = 2a X 26 with axes X 2 , Y 2 parallel to its sides 
and origin at its center. Evaluating the above integral for the limits x — —a to a and y = — b to 6, 
we j?et 

-aWtotai = AaiSac + A«2/S2/ + £Aa(a 2 + b*)8 he 
Hence F x = — Aai, F y = — A<*£, F e - -lAa(a 2 -f 6 2 )0 

These simple results depend, of course, on the validity of the assumption regarding the drag on each 
element of area. Note that the generalized viscous forces are very simple compared with those of dry 
friction. 

6.5 Example: Forces Proportional to nth Power of Speed, n > 1. 

Relations (6.2) and (6.S) apply directly. 
Example 6.9. 

As a means of illustrating the method of finding generalized forces for any values of n, consider 
again the dumbbell, Fig. 6-2. Let us assume that forces on m 1 and m 2 are given in magnitude by 
f x — OjV*!, f 2 = &2 V * 3 respectively, and that each is opposite in direction to the motion of the cor- 
responding particle. Applying (6.2), we have 

S^total = -[a l v^~ x (x x 8x x + y x 8y x ) + a 2 v^\x 2 8x 2 +' y 2 8y 2 )] 

Writing v n i~ l = (x\ + ^) (n i~ 1)/2 , etc., and eliminating a^, 6#i by = a; + ZiCos£, etc., an expres- 
sion is obtained from which F X ,F V ,F 6 can be read directly. For example, 

F e = —a^'H^y cos $ - £ sin 0 + — ' c^ 2 " 1 ^ sin 6 - £ cos B + / 2 £) 

A 7 o£e. Assuming that the drag <£/ on an element of area dA, Fig. 6-3, is given by df = av^dx 2 dy % = 
a{i\ + y\) nf2 dx 2 dy 2t an extension of the method employed above leads directly to integral expressions 
for the generalized forces F x ,F y ,F e on the board. 

6.6 Forces Expressed by a Power Series. 

Assume that the magnitude of the force on a particle (or element of area) may better 
be represented by a series of terms as 

/ = a 0 + aiv + a%v % + a 3 v 3 + • ■ • (6.9) 

where v is the velocity of the particle and a 0 , ai,a 2 , ... . are constants or perhaps functions 
of . coordinates and/or time. If / is opposite in direction to v, 

fx - -(a 0 + aiv + a 2 v 2 + a 3 v 3 + ■ • ■ )(x/v) 

Hence with this and corresponding relations for f y ,f x , expressions for generalized forces 
follow in the usual way. 

6.7 Certain Interesting Consequences of Friction and Other Forces- 
Consider the following questions: 

(a) In removing a tightly fitting cylinder from inside another, why do we always twist one 
with respect to the other as they are pulled apart, and likewise in removing a cork 
from a bottle? 

(b) Why is it that a block of wood, held in contact with a moving belt, can be slid sideways 
with very little force; or when dragging a long, heavy object (such as a tank of com- 
pressed gas) along a concrete floor, the "free end" in contact with the floor swings 

sideways so easily? 
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(c) A penny is placed on a rough inclined plane. The tilt of the plane is not sufficient for 
the coin to slide down under the action of gravity, even when started. Yet if given 
a flick in the horizontal direction, its path is curved downward. Explain. 

Answers to these and other questions may be obtained from the following considerations. 

The block B of mass M, Fig. 6-4, rests on a cylinder of radius r which is made to 
rotate with angular velocity 0. The block is prevented from rotating by smooth guides 

not shown. 



0 


B 




I 





Block B Sliding on Rotating Cylinder 
Fig. 6-4 

Reference to Sections 6.3, 6.4 and 6.5 will show that the force f x required to pull the 
block along the cylinder with velocity x (x measured relative to the fixed line OX), is 
given by 

assuming in (1) that the basic force is dry friction, in (2) that it is a viscous drag and in 
(3) that it is proportional to the square of the velocity of the block relative to the cylindrical 
surface. (A, B, C are constants.) 

Considering (1), it is seen that for rO > x, f is small and in effect is viscous in nature. 
In (2), f is independent of the rotational speed of the cylinder. Under conditions stated 
for (3) (or for any power of relative velocity greater than one), / increases with rO. 

The above facts are of importance in many applications. 



' 6.8 A "Power Function", P, for the Determination of Generalized Forces. 

There exists a wide range of forces, including conservative as well as many forms 
of dissipative, for which it is possible to write a function P such that generalized forces 
are given by 

(6.10) 



dq T 



P is analogous to the potential function V but considerably broader in scope. 

For a system of p particles, each acted upon by forces (fx ir fy if fz^, let us consider the 
following integral which, as will be seen, defines P: 



P = f 2 (fxidii + fy-difi + fz { dzi) 

J i=l 



(6.11) 



Now if the forces are of such a nature (depend on coordinates, velocity and time in such a 
way) that 

(6.12) 



dXi 
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for all combinations, the quantity under the integral is exact. Hence when the integral 
is evaluated, holding all coordinates and time constant, we have a quantity P such that, 
fx { — dP/dii, etc. Moreover, as shown below, (6 JO) is true. 

Substituting = dP/dx if etc., into the general expression (i.10), Page 60, for F Qr and 
remembering that BXi/dq r = dXi/dq r , etc., we get 

F = y + ^-^i + 

9r i=i \dii dq r Byi dq r BZi BqJ 

which is just BP/Bq r * 

From (6.11) it is evident that P has the dimensions of power. Hence it is referred to 
as a "power function". 



6,9 Special Forms for the Power Function, 

For certain types of forces (6.11) is easily put in a simple, directly applicable form. 

Consider the case (quite wide in scope) for which f iy the force on m%, is given by 
fi = <t>ii^u Vu %i, Vi, t) where, as indicated, <j> t is an arbitrary function of the coordinates of 
the particle, its velocity v- x and time t. We will assume that ft has the direction (or opposite) 
of vi. Hence f Xi -x { $Jv v /* = etc. Thus 

d A = i*(h)* = '*L i etc. 

dfx* Bfy k 

Also, —7- = — — = 0 for %¥* k. Hence (6.12) is satisfied. Relation (6.11) then becomes 

dy k dXi 

X-r&dXi + yidyx + Zidii) = j 2 fcdtoi (6. IS) 



A summary of certain useful forms taken by (6.13) is given below. 



Special Forms of the Power Function 


For fi ~ a^J 1 , 


P = 


A n + 1 




For dry friction, n = 0 


P = 


p 

i = l 




For viscous drag, rt — 1 


P - 


Jl v 2 

2 


(*.!*) 


Surface moving in contact with another, df = av n dA, 
where df = force on element of area dA. 


P = 


J w + l 




For fi a function of coordinates and t alone; f t con- 
servative, for example. 


P = 


p 

2 + /»A + fzA) 
i— 1 1 1 1 


(6.18) 



Important note. If the system is acted upon by a combination of forces, say dry 
friction and conservative, a total P taking account of both types is merely the sum of (6.15) 
and (6.18). Relation (6.16) is the Rayleigh dissipation function. 
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6.10 Examples Illustrating the Use of P. 

The following examples are for the most part taken from those already giyen above. 
Hence the two methods of determining the F Qr may be compared directly. 

Example 6.10. 

A pendulum consisting of a small sphere suspended from a light coil spring (constant = k) is free 
to swing in space under gravity, the spring and a dissipative force proportional to the nth power of its 
speed. Applying (6J4) and (6.18), the total P expressed in spherical coordinates is 

p = ^7 + r2 $ 2 + r2 sin 2 e j8)<« + »/2 - k(r - r 0 )r + mg(r cos 0 - rh sin 0) 

from which generalized forces follow at once. 

Example 6.11. 

Consider again the problem treated in Example 6.9. Assuming the plane is inclined at an angle a, 
it follows from (6.14) and (6.18) that 

a x {x\ + ^)C»i + i>/2 a 2 (i 2 2 + #<". + »/» . ■ . 

P = ~ n 2 + 1 ~ miff Sm a Vl ~" m2d sm a v% 

Transforming this to x, y t 0 coordinates, 

P = ~^Tj[(' x " hi sin*) 2 + (y + 1,8 cos*) 2 ]<«i + I >' 2 - [(£ + fe* s in *) 2 + (y - {,j C os*) 2 ]<» 2 + 1 >/ 2 

— sin a (y -f Zj0 cos 0) — m 2 # sin a (y — / 2 0 cos *) (6.19) 

Thus generalized forces corresponding to x t y, 6 follow at once from F x = dP/d£ t etc. 

Note that putting n x — n 2 = 0, the above applies to frictional forces; or for n x = n 2 = 1 it is the 
proper P-function for viscous forces. 

Example 6.12. 

Referring to Example 6.7 and Fig. 6-3, we will determine a F-function for the board of any shape. 
For this problem (6.16) takes the integral form (viscous forces assumed) 

P = - I J av 2 dx 2 dy 2 (6.20) 

where v 2 = xf + $ . Eliminating x u y x as in Example 6.7 and integrating over the area A (holding 
all quantities constant except x 2 ,y 2 ), we obtain 

p - -[X a A(x 2 + y 2 ) + ±I$ 2 - aAex(x 2 sin 0 + y 2 cos 0) + aA0y(£ 2 cos 0 - y 2 sin 0)] 

where / = ^ a(x\ + y\)dA, ^ x 2 dA — £ 2 .<4, etc., and # 2 ,2/ 2 locate the "center of gravity" of A. 

As seen from (6.20), P is just the negative of the "kinetic energy" of a lamina of any shape moving 
in any manner in the X 1 Y 1 plane, where a replaces mass per unit area. 

Example 6.13. 

Referring to Example 6.4, Page 101, let us determine a P-function for the rod assuming here that 
the force df on an. element of length dl is given by df — av n dl. 

— dl which when expressed in terms of y, 0 by the 

h n 

relations x x — x + I cos 0, etc., becomes 

-~ [(i - Is sin 0) 2 + (y + cos 0) 2 ]^iV2 dt (6 , 21) 

-1 « T 1 



P = 



An evaluation of this integral, holding all quantities constant except I, gives a quantity from which 
all three generalized forces may be determined by F q ^ = dP/dq r . 

Important note. If the force on an element of area dA = dx 2 dyz, Fig, 6-3, is given by 
df ~ av n dx 2 dy% f the method employed above may be extended without difficulty to a 
determination of P for any surface. (For n¥*l, integrals are usually quite involved.) 
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6.11 Forces Which Depend on Relative Velocity. 

Forces of this type may be illustrated by the following example. 
Example 6.14. 





— x 3 — : — : 

?2 ; 

~ H» Pi ; 






VWVWWW^— j 


mt WWW — 


— WMAA-— 


m 2 








— Xi 


— ^ 

x 2 ■ - 



Fig. 6-5 

The motions of m x and m 2 , Fig. 6-5, are confined to a smooth horizontal line. Dashpots in which 
pistons Pi,2>2 c ^ n move are rigidly fastened to m x and m^. The pistons and m 3 are rigidly fastened to the 
horizontal rod. Springs are connected to m u m 3 and m 3 , wi 2 as indicated. We shall assume that the 
equal and opposite force on a cylinder and its piston is in each case proportional to the nth power of the 
velocity of the piston relative to the cylinder (n > 1), proportionality constants being a x and a 2 . Hence 
the magnitude of the force on m l due to its dashpot is given by 

fi = ~ *i) n 

Now fi may act in either the positive or negative direction of x x depending on whether x 3 — x x is positive 
or negative. But if, for example, n is an even integer, (£3 — a^)" is always positive. To indicate this 
condition we write m m 

fx = ai|is-iil n_1 (^ 3 -«i) 

where the absolute value \x z — a^ 71-1 is always to be taken positive. 

Expressing forces on n% and m 3 in a similar manner, it follows that &W tQtaU neglecting the springs 
since their contribution to generalized forces can most easily be taken account of by a potential energy 
function, is given by 

5 ^totai = a i 1*3 " ii! n_1 (*a ~ ii) 5xj - a 2 \x 2 - x^' 1 (x 2 - £ 8 ) 8*2 

-a x \x z - ill"" 1 (x 3 - ij) 5x 3 + a 2 \x 2 - x^ 71 " 1 (x 2 - i s ) 8x z 

But if, for example, we wish to use coordinates x u q u q 2 , then x 2 , x St 5x 2r 8x 3 can easily be eliminated 
from the above relation, and finally 

F Xi = 0, F Qi = -a 2 |?j - g 2 |«-i (J, - q 2 ), F q% = a 2 |^ - g a |»-i - q 2 ) - a x \q 2 \ n ~ l q 2 

The above example demonstrates the principles involved in the treatment of many 
problems of this general type. Solutions to such problems may be obtained with the help 
of a computer. 

6.12 Forces Not Opposite in Direction to the Motion. 

The assumption made thus far that the dissipative force acting on a particle or an 
element of area is always opposite in direction to its motion is by no means true in all 
cases. Consider the arrangement shown in Fig. 6-6 below. 

* 

A magnetic pole moves with velocity v, parallel to the XY plane, near a grill of elec- 
trically conducting wires. As a result of the motion, currents are established in the wires; 
thus there is a force on the magnet in the negative direction of y given by f y = — Cv sin<£ 
where C is a factor which depends on the strength of the magnet, its distance from the 
grill, and the resistance and spacing of the grill wires. The force on the pole in the x direc- 
tion will be regarded as zero. Hence, regardless of the motion, the force on the pole is 
always perpendicular to the wires and opposite in direction, not to v, but to the component 
of v normal to the wires. 
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Magnetic pole is moving in XY plane near 
grill of electrically conducting wires. Ends of 
each wire are connected to conducting bars 
a 1 b u a 2 b 2 . 

Fig. 6-6 Fig. 6-7 



If the grill is placed so that its wires make an angle «, Fig. 6-7, with the X axis, it is 
seen that f x = (Cv sin <f>) sin a and f y — (~-Cv sin <j>) cos a where <j> is still measured 
relative to the wires. Using the relations = x = v cos f$, y = v sin /?, the above 

expressions can be written as 

fx ~ C sin « cos a — x sin a) 
f y = C cos a (x sin a — y COS a) 

It should be pointed out that, if the grill is made up of wires which are not uniformly- 
spaced or which vary in resistance from one to the next, the value of C in (6.22) becomes 
a function of x and y. If the grill is moved in some known manner, C may be a function 
of coordinates and time as well. (Note, v must be measured relative to grill.) 

Example 6.15. 

Imagine an "isolated" pole suspended from a rubber band so that it can swing in a vertical plane 
as a pendulum of variable length near a vertical grill, the wires of which make an angle a with the 
horizontal X axis. We shall find the generalized forces which arise as a result of the reaction between 
grill and magnet (not bothering here to include forces due to gravity and the rubber band) for the usual 
pendulum coordinates $ and r. To this end we merely apply the relation 8W totai " f x & x + fy 
Eliminating i, y, 8x, Sy by the relations x = r sin 8, y = y 0 — r cos B, it follows that 

F Q — Crr cos (e — a) sin (& — a) — Cr 2 $ sin 2 (9 — a) 

F r — Cre sin (# — <*) cos<0 — a) — Cr cos 2 (e — a) 

The reader may show that the following P-function can be written for this problem: 

P = C{iy sin a cos a — ^x 2 sin 2 a — -|# 2 cos 3 a) 
~ ~ sin a — y cos a) 2 

As an example similar to the above type, consider the motion of an object in contact 
with a grooved surface (a small block of wood in contact with a phonograph record). The 
force required to move it along the grooves may be considerably less than in a direction 
normal to them. 

Example 6.16. 

Referring to Fig. 6-8 below, PiVz represents the extended pole face of a wide thin bar magnet which 
is free to move so that ViVz remains in the XY plane (with body of the magnet always normal to this 
plane). Just below the XY plane is a grill as shown in Fig. 6-6, with the wires parallel to the X axis. 
Assuming that p x p% is uniformly magnetized, let us determine generalized forces corresponding to x l9 y lt e. 
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The force df on an element dl of the pole face is given by df = adlv sin <p where v 2 = x 2 + 
and a is a constant. Since df is in the negative direction of y and v sin <p — y, we write df y = —a dl y 
and, of course, df x = 0. 

Now for a general virtual displacement of the entire pole face, 

fh 

S^totai = I (df x 8x + d/.Sy) 

where the integral must be employed to take care of the distributed force along the entire length 
PiP%~h> But from y = 2/j + Zsine, y = y x + cos 0 and = + Z "80 cos 0. Hence 

(Vi + Z* cos 0)(52/! + I Se cos 0) dl 

o 

Integrating with respect to Z, holding all other quantities constant, we get 

S^tota! = - a (iih + cos*) 52/i - a (i2/i*i costf + cos 2 0) Stf 
Thus expressions for the generalized forces F y and F e are read off directly. 
The reader may show that, for this problem, 

P = -£a[^Z! + £^5 cos* + J/itf2cos 2 ff] 




Extended pole face of magnet pj, p 2 
free to move in XY plane near grill 
wires located exactly as in Fig. 6-6. 

Fig. 6-8 Fig. 6-9 



Example 6.17. 

A rigid rod of length r is pivoted at p v Fig. 6-9. On the other end of this a bar magnet (shaped as 
shown at the lower left) is supported in a smooth bearing at p 2 . All motion is confined to the vertical 
XY plane. Due to a grill of parallel wires (one wire indicated on the diagram) located just back of the 
pole pieces, forces of the type given by (6,22) act on each pole. We shall write a P-function in terms of 
coordinates $ 1 and B 2 f° r tms system (gravity not considered). 

Inserting relations (6.22) into (6.11) and integrating for the single pole of Fig. 6-7, P — —\C(x sin a — 
y cos a) 2 . Hence for the problem in hand, 

P — — sin a — y x cos a) 2 + (x 2 sina — y 2 cosa) 2 ] 

where x lt y x and x 2 , y% are coordinates of N and S respectively. But x x — r sin e 1 + Z sin 0 2 » x 2 — 
r sin*! - I sin 6 2 > etc. Thus F finally reduces to 

P = -C[r*e\ sin* (e x + «) + l z e\ sin 2 (e 2 + a)} 

A Word of Caution. Much remains to be said about the basic expressions for /*, f y , f z 
on a particle (or an element of area) due to the various dissipative forces. For example, 
the magnitudes of f rictional forces depend somewhat on velocity. Usually, so-called viscous 
forces are not "viscous" except at very low velocities, etc. Hence it is not to be expected 
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that the simple expressions which have here been assumed in order to illustrate general 
techniques are strictly valid in all cases. However, given more exact expressions for 
fx, f y , fz for any particular problem, the methods illustrated lead to correct expressions for 
the generalized forces. 

6.13 Suggested Experiment. 

Various interesting and instructive experiments can be performed with the arrange- 
ment shown in Fig. 6-10. The block may be of wood or metal and the cylinders of any 
convenient size. For relatively large values of 6, it is an intriguing surprise to see what 
little force is required to move the block along the cylinders. Indeed the cylinders must 
be leveled very carefully to prevent the free block from drifting under the slightest com- 
ponent of gravity. 

With cord and weight arrangement shown, it should be possible to make quantitative 
measurements of f x (see Fig. 6-4) for various values of 6, x and with cylinders either dry 
or lubricated. 




Parallel Cylinders Rotating in Opposite Directions 
Fig. 6-10 



Problems 

A. Use of standard methods [relations (4.10), (6.2), (6.3)] for the determination of generalized forces. 

6.1. A small sphere is suspended from a rubber band in a viscous liquid. Assuming a simple viscous 
force acting on the sphere and no drag on the band, show that generalized viscous forces cor- 
responding to the spherical coordinates r,0,# are 

F r ~ -ar, F 0 ~ -ar 2 S, F$ - ~ar 2 sin 2 6 $ 

where a is the viscous force per unit velocity on the sphere. 

6.2. Referring to Example 6.6, Page 102, and Fig. 6-2, show that generalized viscous forces cor- 
responding to coordinates x v y v e are 

F% — —(ax -f a 2 )%i — a 2 le sin 0, F y ^ — — (a x + a 2 )y t . + a 2 le cos o, 
F e = — a 2 l 2 9 — a 2 l(xi sin 9 — y t cos e) 

where I = l x + l 2 . 
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S.S. Spheres m h m 2 , Fig. 6-11, are submerged in a 
viscous liquid. Show that generalized viscous forces 
corresponding to coordinates y and y 3 are 

Fy = -aids + + a 2 (^ 3 - 
^3 = -a-itis + V) - « 2 (^3 ~ 

where a x and a 2 represent the viscous force per unit 
velocity on m 1 and m 2 respectively. 

Repeat above using coordinates y x and y 3 . 

6.4. The masses m v m 2> m 3l Fig. 6-12, are free to slide 
along a straight line on a horizontal plane. Coeffi- 
cients of viscous drag between blocks and the plane 
are a lt a 2 , a 3 respectively. Each of the magnets A and 
B exerts a viscous drag on .m 2 , and the force in either 
case is determined by the velocity of the magnet rela- 
tive to m 2 . Coefficients of viscous drag are a 4 ,a 5 . 




Fig. 6-11 



— VWWVW— ™i 



HWWWWW 




r 



X 3 



Fig. 6-12 



Show that the generalized forces (not including forces exerted by the springs) corresponding to 
coordinates x lt x 2i x z are 



a 1 x l + a±(x 2 — x{) 



and that for x u q v q 2i 



Fr = 



= -Ox*! - 02(^1 + hi) - a 3 (^i + hi + ? 2 ) 



«1 



«2 



= ~»4?1 - + hi) ~ M^l + ffl + £2) 

• • • • 

= — «5?2 ~~ a s( x i + 9i + #2) 



6.5. Referring to Fig. 6-13, the horseshoe magnet and 
copper disk are supported by three lengths of piano 
wire, forming a double torsional pendulum. Tor- 
sional constants of the wires are C V C 2 ,C 3 respec- 
tively. There is a viscous drag &i per unit velocity 
between the disk and brake blocks B U B 2 , and a 
similar drag a 2 between the magnetic poles and the 
disk. Show that the equations of motion for the 
system are (assuming a x and a 2 acting at radial 
distances r v r 2 ) 

h'Si + C z e 1 + C 2 (e 1 - e 2 ) + 2a 1 r\e 1 

+ 2a 2 r 2 i (£ 1 - e 2 ) = 0 

hH - C 2 (e t - e 2 ) + C x e 2 - 2a 2 r*(<? 1 - S 2 ) = 0 

where I lt I 2 are moments of inertia of the disk 
and magnet respectively and 0 lt & 2 corresponding 
angular displacements. 



J* 



Piano Wire 



U 



j Copper Disk 



Brake B 



li 



ri 



v. 

Brake Bi 



Fig. 6-13 
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6.6. A flat circular disk of radius r is in contact, with a plane surface coated with oil. Assuming the 

oil exerts a uniform viscous drag on every element of area of the disk, show that the generalized 

forces corresponding to x, y, $ are . 

• • • 

F x = —Aax, F y — —Aay, F 9 ~ —±Aar 2 e 

where x, y locate the center of the disk and 0 its angular position. A — irr 2 and a is the viscous 
force per unit area per unit velocity. Note that each force depends only on the corresponding 
velocity. 



6.7. The bar magnet and "isolated" poles, Fig. 6-14, each 
exerts a viscous force on the conducting sheet. Show 
that the generalized dissipative forces corresponding to 
coordinates y x and y 2 are 

F v t = "Mai + a 2 + a z )y x + 2(a 2 — a 3 )y 2 

F y 2 = 2 ( a 2 - «a)tf i - ( a 2 + a 3 )y 2 

where a u a 2t a 3 represent the viscous forces per unit 
relative velocity exerted by the three magnets respec- 
tively on the conducting sheet. Assume vertical motion 
only for the sheet, bar and poles. 



6.8. Assuming the force of dry friction is independent of 
velocity, show how an almost "frictionless" bearing can 
be constructed. Sketch possible arrangement. 



\ 



! 



Bar . Magnet 



IN 




[Gl 



M&groefeEc 
Poles 



Fig. 6-14 



6.9. A small mass m l attached to a light spring of length r, unstretched length r 0 and spring constant k 9 
can swing as a pendulum on the rough inclined plane, Fig. 6-1. Using polar coordinates show that 
for a general virtual displacement (assuming kinetic friction in action), 



8W 



total 



r 0 ) -I- mg sin a cos $ — 



fr 



mgr sin a sin 0 + 



(^2 + ^2)1/2 



( ; 2 + ^^2)1 

where / = ping cos a. Under what conditions may the f rictional forces be discontinuous? 



6.10. A particle is free to move in contact with the face of a disk rotating with angular velocity « 
(constant or varying with time) about a vertical axis. Polar coordinates (r, $) of the particle are 
referred to inertial X, Y axes with origin at the center of the disk. 

(a) Assuming dry friction between particle and disk, show that 

fimgr „ _ fimgr 2 ($ — a) 



F r = 



[f2 + r 2(«J_ w) 2]l/2' 



F a = - 



[f2 + ^(j _ a )2] 1/2 



(6) Assuming a viscous drag, show that 

F r = -ar, 



F B - -ar 2 (e-a) 



Note that if the disk is made to oscillate so that its angular displacement a is given by 
a — ao sin [it, for example, then a = a = a 0 (3 cos /?£ and thus time enters explicitly into all 
forces above except F r in the second case. ' 

6.11. A particle moves in contact with a rough horizontal board. Assuming the coefficient of friction 
for motion in the X direction is n x and in the Y direction p y , show that the generalized f rictional 
forces corresponding to polar coordinates are 



F r - —f(it x cos 0 + fiy sin 



F 9 - —fr{iiy cos e — sm #) 



where / is the normal force between particle and board. 
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6.12. Blocks a and b f Fig. 6-15, fastened rigidly together with a light rod of length l s slide in contact 
with blocks c and d. Block e slides without friction along the smooth rod. Block c slides along 
the X axis and d is fixed. Coefficients of friction between surfaces in contact, are nu fi 2 > Ms as 
indicated. Note that each of the normal forces between surfaces in contact depends on the 
position of m 4 . 




Fig. 6-15 

Assuming the system is in motion such that i 2 and x t are positive and x 2 > % lt show that 
generalized forces corresponding to x lt q it q 2 are 

F Xl - - [iLi(mi + m 2 + m 4 - m&Jl) + ^3(^3 + ™4<Ii/l)]ff 

F q 2 ~ ~ M™2 + ™4 - «4?i/0 + ^3(^3 + m A q x Il)}g f F Qi = 0 

Are the above expressions valid if, for example, > i 2 ? Obviously, forces of this type must 
be treated with caution. 



6.13. 



6.14. 



A rectangle of dimensions 2a X 2b is drawn on a flat board. Four tacks having small round heads 
are driven in, one at each corner of the rectangle. The board is then placed, heads down, on a 
rough plane. Using x, y,e as coordinates (x t y measured to the center of the rectangle and 0 taken 
as the angle between the 2a side and X) and assuming dry friction, show that STF total is given by 

"S^totai = f x {[x + r*B sin {0 + fi)][Bx + r 8e sin (e + fi)] 

+ [y — re cos(ff + /3)][8y - r he cos (0 + 

+ /2{[* _ sin(*-/?)][Sa - rbe sin (*-/?)] 

+ + cos(*-/?)][S2/ + cos (e -0)]} — 

+ /3 {[^ — r * sin (e + /?)][8:c - r he sin (0 + /?)] 

+ + r* cos (0 + /?)] [63/ + rS0 cos(ff + /3)]} — 

+ h {[* + r * sin (* ~ 0)3 [ 53e + r 80 sin (• ~ 0)1 

+ — re cos (0 ~ /?)] [8y — r Be cos (0 

where 

r 2 - a 2 + o 2 , tan 0 = 6/a, 

with similar expressions for v 2 , v z , v 4 . fx = /t(normal force 
on first tack head), etc. fx>fz>fz>f* » re assumed to be 
known. 

Note that generalized forces can be read off from 

Wtotal- 



ft)}} 



Vl = {£2 + + r 2 e 2 + 2re[i sin {e 4- /?) - 3/ cos (0 + j8)]} 1/2 

y 

i = s _ 

i=2 



A circle of radius R is drawn on a fiat board, n tacks 
having small round heads are driven in at equal spacings 
on the circle, as in Fig. 6-16. (Angular spacing between 
each is a.) The board is then placed, heads down, on a 
rough plane. Measuring x and y to the center of the circle, 
denoting angular displacement of the board by e, and 
assuming frictional forces, show that an expression for 
hW tQt&l from which F x , F y , F e may be obtained is 




Fig. 6-16 
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SW 



total 



1 • 

= - / 2 — - R$ sin (ft + ff)] [a» - Sfl sin (j8, + §)] 

n + 

- / 2 — [i + izi cos (fl 4 + •)][«» + fiascos (p 4 + *)] 

where / is the magnitude of the frictional force on each sphere (all 1 assumed equal), p t = (i-l)«, 
and 

vf = [i - sin (pi + *)] 2 + [y t + fl£ cos (ft + 0)] 2 

6.15. A thin circular ring of radius R is placed in contact with a rough plane. Using coordinates x, y, e 
where x, y locate the center of the ring and 6 its angular displacement relative to the X axis, show 
that the generalized frictional force corresponding to x is given by 



r» [x - Re sin (e + a)] R da 

{[£ - Re sin ($ + «)]2 + [2/ + #0 cos (0 + a)]*}™ 



where is an element of length of the ring and / is the frictional force per unit length of ring. 
Compare above result with that of Problem 6.14. 



6.16. Show that if the drag exerted by each magnet in Problem 6.7 is assumed to be proportional to the 
square of its speed, relative to the sheet, the generalized forces are 

F Vi = ~ 2a 2 \2y l -y 2 \(2y x -y 2 ) - 2a^ |2y x + y s |(2vi + y s ) 

= + 4 12^-2/21(2^-- y 2 ) - 412^ + ^1(2^ + ^) 



B. Use of power function for determination of generalized forces. 

6.17. Show that P for the sphere in Problem 6.1, Page 110, is 

p = -| a (r2 + r 2 e 2 + r 2 sin2 e ^ 2 ) 

Apply (6.10), Page 104, and compare results with previously found expressions for generalized 
forces. 

6.18. Show that for Problem 6.3, Page 111, 

P = -%a x y\ - %a 2 y\ = ~^a x (y + y z ) 2 - $a 2 (y - y z ) 2 
Determine F y , F y ^ and check with previous results. 

6.19. A dumbbell consisting of two small equal spheres fastened rigidly to the ends of a thin, smooth 
rod is free to move in space through a viscous fluid. Neglecting drag on the rod and assuming no 
rotation of the spheres about the rod as an axis, show that 

P = -£er(i 2 + y 2 + * Z 2) _ a (l 2 e 2 + sin 2 e) 

where x,y, z locate cm. of the dumbbell, I is the length from cm. to the center of a sphere and 
o,<f> are usual spherical coordinates. 

6.20. A flat circular disk of radius r is in contact with a plane surface coated with oil. Assuming the oil 
exerts a viscous drag (coefficient per unit area = a), show that the proper P-i unction is 

P = -£irr 2 a(i 2 + y 2 ) - £irr*a* 2 

where i and y are the velocity components of the center of the disk. Likewise show that for a 
rectangle of area A = 26 X 2c, 

p = ^ tti4 (i2 + £2) _ i a A(b 2 + e 2 )e 2 

Coordinates x and y are measured to the center of the surface in each case above. (See Example 
6.8, Page 103.) 
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6.21. Show that for the particle in Example 6.1, Page 100, 

P = — pmg cos a (i 2 + y 2 } 1/2 ~ mgy sin a 

6.22. Show that P for Problem 6.9, Page 112, is 

P = —air 2 + r 2 e 2 ) 1/2 — fe(r — r 0 )r -f sin a (r cos 0 — re sin 0) 
Compare generalized forces obtained from (6.10), Page 104, and those read from &W tot& i ■ 

6.23. Referring to Problem 6.15, Page 114, show that the corresponding P-function is given by 

J»2ir 
{[x-Resin(e + a)] 2 + [y + Re cos (e ' + a)] 2 }^ 2 R da 
0 

where / is the frictional force per unit length of the ring. 

6.24. Show that the integral expression for the P-function for a fiat disk of radius R in contact with 
a rough plane using the same coordinates as in Problem 6.23 is 

p = -f) Q J {[a-** sin (* + «)] 2 + [y + re cos (6 + a)] 2 } 1 ' 2 rdr d a 
where / is now the dry frictional force per unit area in contact. Write the integral for viscous drag. 



6.25. A thin rod of length I is in contact with a rough plane. Assuming a frictional drag, show that 
(x and y measured to end of rod) 

P = - f f [£2 + y* 4- r 2 e 2 + 2re(y cos e - % sin 9)] 1 ' 2 dr 
This integral clearly takes the form 

f (ar* + br + e)V*dr 
0 

where a = e 2 , b = 2e(y cos e — i sin 0), c = £ 2 + y 2 . 

6.26. Assuming that the force introduced by the dashpot, Fig. 6-17, is proportional to the cube of the 
velocity with which the piston moves in or out of the cylinder (proportionality factor — b) and that 
there is a viscous drag between each pair of flat surfaces (corresponding constants involved, 
aj, 02,03), show that 

P = ~U a l^l + _ ^l) 2 + a 3(^3 - *l) 2 ] - i&(3 3 - ^ 2 ) 4 

4- M*i ~ ^1)^1 + *a& + *i - x 2 )(x 2 - ij) + k*(h + *2 — *a)(*8 ~ ^2) 
where k lt k 2 ,k B are spring constants and I lv ^, £ 3 are unstretched lengths of the springs respectively. 
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6.27. If the grill, Fig. 6-6, Page 108, is rotating with angular velocity a about an axis perpendicular to 
the XY plane and .passing through the origin, show that equations (6.22), Page 108, must be 
replaced by 

fx ~ C[y cos a — x sin a — (x cos a 4- y sin <x)a] sin a 
f v = ~C[y cos a — x sin a — (x cos a 4- y sin a)a] cos a 
Show that P = — ^C[y cos a — £ sin a — a(x cosa 4- 2/ sin a)]. 

6.28. A grill of conducting wires such as shown in Fig. 6-6, Page 108, is fastened to a flat board which 
is free to slide about to any position on a smooth stationary XY plane. Coordinates x v y x locate 
its center of mass and $ its angular position. A magnetic pole, located by coordinates (a?, y), is free 
to move parallel to (but not quite in contact with) the grill surface. Assuming a force on the 
magnet and an equal and opposite force on the grill due to relative motion of the two, find 
generalized forces corresponding to x t y f x l9 y lf $, 

fx — W[y ~ Vi ~ ( x — x i)o] c ° s * ~ [x — x x + (y — yje] sin e} sin $ 
f y = — C{[y — y l — (x — xjh] cos $ — [i — x x 4- (y — y t )$] sin $} cos $ 

fx x = -/*. fy x = ~/». fe = -fx^V-Vi) 
Show that all forces above may be obtained from 

P = ~\C{\y -yi~ (x- xje] cos e - [i - £ 3 4- (y - 2/1) J] sin e} 2 

6.29. Referring to Example 6.2, Fig. 6-2, Page 100, let us assume that the rough plane on which the X, Y 
axes are drawn is in motion. Origin O has a velocity v = (s 2 , + 5q) 1/2 and X, Y rotate in the plane 
of the paper with angular velocity a. x 0 ,y 0 are measured relative to some inertial frame, say 
X' f Y' f and a is the angle between X' and X. 

Note that expressions for F x ,F y ,F e (see top of Page 101) are unchanged by the motion. How- 
ever, in writing T in terms of x t y, e, J, y, e the translation and rotation of X, Y must of course, be 
taken account of. 

The above illustrates a rather general procedure which can be applied to Example 6.5, Example 
6.12, and many other problems where the "dissipative surface" is in motion. 

6.30. Suppose the force on an element of area dx 2 dy 2 is given by / = av n dx 2 dy 2 . (See Fig. 6-3, Page 102.) 

f C v n dx 2 dy 2 

Then by (6.17) t Page 105, P - -a J J + 1 which can be written as 

P = -a § § K x ~ x 2$ sin • - #2* cos e) 2 + (y + x 2 J cos 9 - 2/ 2 5 sin *) 2 ]*' 2 <to s dy 2 

But, at any instant considered, let us regard X lf Y x as inertial and superimposed on X 2 , Y 2 . Then 
0-0 (5 # 0) and 

P = - a J J [<* - »2?) 2 + (V + xj)*]"'* dx 2 dy 2 

which is considerably simpler than the original expression. 



CHAPTER 



7 



General Treatment of Moments 
and Products of Inertia 



Rigid Body Dynamics: Part I 



A clear and comprehensive understanding of moments and products of inertia and the 
many important details associated with them is essential to a study of the motions of rigid- 
bodies. Hence the subject is here treated in a separate chapter before attempting a dis- 
cussion of rigid body dynamics. It is assumed that the reader is familiar with the 
definition of moment of inertia and its use in the solution of elementary problems. 



7.1 General Expression for the Moment of Inertia of a Rigid Body About Any Axis. 




Fig. 7-1 



Referring to Fig. 7-1, it is seen that the moment of inertia I 0ai of the rigid body about 
line Oai is merely Ioa x — 2 m '^ 2 where m' is the mass of a typical particle, h the normal 
distance from Oa x to m', and the summation includes all particles of the body. But 
h? = r 2 -OP 2 , r 2 = x 2 + y 2 + z 2 , OP = Ix + my + nz and IHmHw 2 = 1, where l,m,n 
are direction cosines of Oa x . Hence we write 

■ I 0ai = X m'(r 2 - OP 2 ) = 2 m'[(a; 2 + i/-f^)(iHmHn 2 ) - (lx + my + nz) 2 ] 

from which 

i 0 a x = i 2 2 m '(y 2 + * 2 ) + m * 2 m '( x * + z 2 ) + n% 2 Ms 2 + v 2 ) 

— 2bn 2 m'xy — 2ln 2 m'xz - 2mn 2 Wyz (7,1) 
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Clearly 2 ™>'(V 2 + z 2 ) = ^ is the moment of inertia about the X axis, etc. 2 Way = i* y 
is called a product of -inertia. Thus 



► 



= hi 2 + 7 w m 2 + 7 z w 2 - - 2/„l» - 2I vz mn (7.2) 



where, for convenience, we have written I x instead of I xx , etc. As a matter of clarity, sum- 
mation rather than integral signs have been used in (7.1). For a continuous distribution of 
mass, 



I x = J" (y 2 + z 2 )dm, etc. 



Relation (7.2) is very important in that it constitutes the basis for all further treatments 
of moments and products of inertia. 

Notice that I Xj I xy , etc., are fixed quantities for a given body-fixed frame X, Y,Z. How- 
ever, they will in general have different values for different locations and/or orientations 
of the frame. 

It is important to realize that for known values of I Xy Ixy, etc., the moment of inertia 
of the body about any line of given direction through 0, can be computed at once by (7. 2). 

7.2 The Ellipsoid of Inertia. 

Selecting any point pi(xi, y%, Zi) on Oa u Fig. 7-1, at a distance si from 0, it is seen that 
Xi — Sil, yi — Sim, Zy = s x n. Eliminating l,m,n, (7.2) may be written as 

Io^sl = I x x\ 4- I y y\ + Uz\ - 2IxyXiVi - 2I xz XiZi - 2I yz yiZi (7 J) 

Considering any other line, say Oa2, an exactly similar expression holds for Ioa 2 s\ where 
again S2 is an arbitrary distance along 0a 2 , measured from the origin to any point 
V2(X2, 2/2, z 2 ) on the line. Hence the form (7.3) is applicable to all lines passing through 0. 

Now imagining a large number of straight lines drawn in various directions through 0 } 
let us select s for each line such that 

Ioas 2 = 1 - (7.i) 

Therefore we can write the general relation 

^ I x x 2 4- I y y 2 + I z z 2 - 2/xy^2/ - 2I xz xz - 2I yz yz = 1 (7.5) 

which is the equation of an ellipsoidal surface (in general not one of revolution) oriented 
in some, as yet undetermined, manner with respect to X, Y, Z as indicated in the figure. 
It is referred to as the ellipsoid of inertia about 0. 

The above results apply to an object of any shape: a stone, a chair, a steel girder, etc. 
But it must not be supposed that there is only one ellipsoid per body. Indeed ellipsoids in 
general, each of different size and orientation, can be drawn for all points in and through- 
out space around every object. 

The fact that there is an unlimited number of ellipsoids for any object is not as frightful 
as it may appear since, as will soon be shown, when the ellipsoid about the center of mass 
is known all other moments and products of inertia and ellipsoids can be computed. 

It should be clear that the moment of inertia about any line drawn through 0 is given 
by I 0a = 1/s 2 where s is now the distance from O to where the line pierces the ellipsoid. 
Also note that we could just as well have written (7.4) as I 0a s 2 = C = any constant, thereby 
giving the ellipsoid any convenient size. 



CHAP. 7] GENERAL TREATMENT OF MOMENTS AND PRODUCTS OF INERTIA 



119 



7.3 Principal Moments of Inertia. Principal Axes and their Directions. 

With axes X, Y,Z taken along the principal diameters 2a, 26, 2c of any ellipsoid, the 
equation of its surface has the form 

S + + 5 = 1 (™> 

Likewise, if X, Y ', Z are taken along the principal diameters of the ellipsoid of inertia, the 
products of inertia are zero and thus 

F x x 2 + F y y 2 + IU % = 1 or I 0a = III 2 + I'm 2 + Iln 1 (7.7) 

where I x , Iy, ll are referred to as "principal moments of inertia". Corresponding axes 
X p , Y P } Z P are called "principal axes of inertia". 

From known values of I x , h y , etc., in (7.5), the directions of the principal axes as well 
as values of I x , Iy, I v z can be found as follows. It can be shown that the direction cosines 
l,m,n of a line drawn normal to the surface 4>(x,y,z) — C are proportional to 
d<j>/dx, d<f>fdy, 86/ dz respectively, that is, 

M = u, b ± = km, ^ = kn (7,8) 
dx 1 By ' dz K 9 

where A; is a constant. Applying these relations to the ellipsoidal surface (7.5), we have 



IxX 




IxzZ — 


kl 






IxyX 


lyzZ — 


km 


(7.9) 


hz 


IxzX 


- hzy = 


kn 





But a principal axis is normal to the surface where it pierces the ellipsoid and at this point 
(distant r from the origin and having coordinates x,y,z) I = x/r, m — y/r, n — z/r. Note 
carefully that r is the length of a principal radius and I, m, n are here direction cosines of 
a principal axis of inertia. 

Now eliminating x, y, z from (7,9), multiplying through by l,m,n respectively and 
adding the group, there results 

Jc/r = hi 2 + I y m 2 + hn z - 2I xy lm - 2I X M - 2I yz mn 

Comparing with (7,2), k — I p r where, clearly, I p is a principal moment of inertia. Relations 
(7,9) can now be written as 

(I p -I x )l + I xy m + I xz n = 0 

Ixyl + (I P -Iy)m + IyzU = 0 (7,10) 

hzl + I yz m + (I p -L)n = 0 
from which the three principal moments of inertia and their directions will now be obtained. 
In order that these equations have other than trivial solutions, it is necessary that 





Ixy 


Ixz 






Ixy 




lyz 


= 0 


(7.11) 


Ixz 


lyz 









An expansion of this determinant gives a cubic equation in I p , Inserting known values of 
I x , I xy , etc., (found by computation or by experiment) and solving for the three roots, we 
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have Ii,l2,Is, the three principal moments of inertia. (Roots of the above equation are 
easily found by the "Graeffe Root Squaring Method". See Mathematics of Modern Engi- 
neering, by R. E. Doherty and E. G. Keller, John Wiley, 1936, pp. 98-130. This powerful 
method, which is applicable to equations of any degree, has many practical applications.) 

Inserting /? into (7 JO), these relations may be solved for relative values (only) of l u m u n u 
direction cosines of the principal axis corresponding to Writing expressions thus ob- 
tained as ciZi, cimi, C\U\ (ci is some constant) we have h = Ci£i/(cf Z? + c\m\ + c\nf) in , etc. Like- 
wise direction cosines of the remaining two principal axes follow. 

Note. As seen from (7,10) the relative values of li,mi,ni are just the cof actors of the 
first, second and third elements respectively of the first row (or any row) of (7.11) with 
Ii inserted; etc. (For definition of "cofactor" see Page 210, directly above (10.11).) 



7.4 Given Moments and Products of Inertia Relative to Any Rectangular Axes with Origin 
at the Center of Mass, to Find: 

(a) Corresponding quantities referred to any parallel system of axes. 

(b) The moment of inertia about any given line. 

(c) The ellipsoid of inertia about any point. 

Developments of this and coming chapters may be simplified by the following easy-to- 
remember notation. Plain symbols such as X, Y,Z indicate any frame (origin not at cm.), 
and I X f hy, etc., indicate corresponding moments and products of inertia. A bar over a 
symbol indicates a center-of-mass quantity. X, Y,Z represents a frame with origin at cm., 
and h, Ixyy etc., refer to corresponding moments and products of inertia. A superscript p 
indicates a "principal" quantity. X p t Y P ,Z P are principal axes (origin not at cm.), and 
Ix f lit ft are corresponding principal moments of inertia. X p , Y p , Z p are principal axes 
through cm., and Ix, Iv, ft are corresponding principal moments of inertia. 

(a) In Fig. 7-2 the origin of X, Y,Z is at 
cm., and that of the parallel frame 
X, Y,Z is at any point 0. Both frames 
are regarded as attached to the body. 



The moment of inertia h about OZ, 
for example, is given by 

I z — 2 m'(x 2 + y 2 ) 

But x = Xi + x, etc Hence 

h = 2 "+ ^) 2 + (vi + yf\ 

+ (x 2 + y 2 ) 2 m ' 

+ 2x 5) m'xi 4- 2y 2 m 'Vi 

Since 0± is at cm. the last two terms 
are zero. Hence 

/, = /, + M(x 2 + if) 



¥ 

ative to X, Y, Z 
ve to X, Y, Z 




Kiprici Boa 



Fig. 7-2 
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where M is the total mass of the body and (x 2 + y 2 ) 1/2 is the normal distance between 
Z and Z. (Obviously this relation applies to any two axes, one of which passes through 
cm. Thus, for example, loa = Io lH + Md 2 where d is the normal distance between 
Oa and dai.) 

The product of inertia I xy = 2 m'(%y)> by the same steps as above, is given by 
I xy — Ix lVl + Mxy . Thus in general, 

h = I x + M(y z + z 2 ), I y = I y + M(x 2 + z% h = I z + M(x 2 + y 2 ) (7.12) 

Ixy = ' Ixy + Mtiy, Ixz = Lz + MXZ, lyz = Iyz + M$Z (718) 

Moments and products of inertia relative to X, Y, Z, Fig. 7-2, in terms 
of cm. quantities. 

(b) From relations (7.2), (7.12) and (7,18) it follows that the moment of inertia about any 
axis Oa, Fig. 7-2, through 0 is given by 

k loa = [L + M(y 2 + z 2 )}l 2 + [7 y + M(z 2 + z 2 )]m 2 + [/, + M(a 2 + £ 2 )]?i 2 

r " 2(I xy + Mxy)lm - 2(I XZ + Mxz)ln - 2(J„ + Myz)mn (7.U) 

Moment of inertia of body about any line Oa, Fig. 7-2, in terms of 

cm. quantities. v 

Thus given moments and products of inertia relative to any frame with origin at 
cm., we can write at once an expression for the moment of inertia about any desired.line. 

(c) From (7.14) it is clear that we can write. 

k [L + M(y 2 + z 2 )]x 2 + [I y + M(x 2 + z 2 )]y 2 + [L + M(x 2 + y 2 )]z 2 

r - 2(Ly + Mxy)xy - 2(/« + Mxz)xz - 2(I yz + Myz)yz = 1 (7.15) 

The ellipsoid of inertia about O in terms of cm. quantities. 

If X, Y, Z are principal axes, I xy — I xz = I yz — 0 and the above simplifies some- 
what. But since (7.15) still contains products of inertia, I xy = Af##, etc., it is evident 
that X, Y,Z are in general not principal axes through O. Thus principal axes through 
any arbitrary point are, in general, not parallel to those through cm. 

However, if 0 is on a principal axis through cm., Z p , for example, x = y = 0 
and (7.15) reduces to 

1 = (F x +Mz 2 )x 2 + (I y +Mz 2 )y 2 + Ilz 2 (7.16) 

with similar expressions for 0 anywhere on X p or Y p . Since these relations contain 
no products of inertia, principal axes through any point on X p , 7 P , Z p are parallel to 
these axes; this is an important result. 

The planes X p , Y p , etc. are referred to as "principal planes" and it may be shown 
that for any point on either of them, one principal axis is normal to the plane. See 
Problem 7.19. 



7.5 Given Moments and Products of Inertia (I Xl , I Xj y l9 etc) Relative to Any Frame 
Xi f Y u Z u to Find Corresponding Quantities {I H , I X2 y 2 , etc.) Relative to Any Other 
Parallel Frame X 2f Y 2 ,Z 2 . 

Referring to Fig. 7-3 below, the X u Y U Z± and X 2 , Y 2 , Z 2 frames are parallel, but neither 
origin is at cm. The typical particle m' has coordinates x h y u zi and x 2 , y 2 , z 2 . 




122 



GENERAL TREATMENT OF MOMENTS AND PRODUCTS OF INERTIA [CHAP. 7 




Fig. 7-3 



Writing h x — 2 m \v\ + z t)> Ix&i — 2 Wa?iyi and employing the relations xi = Xo + x 2 , 
etc., it follows at once that 

= /x 2 + I(^ + ^)+2M(» + %) 

(7 17) 

= h 2 y 2 + M#o2/o + M(»o^2 +1/0*2) 

where £2, #2, £2 are coordinates of cm. relative to X 2 , Y 2 , Z 2 . Similar relations follow for 
h. lf Ix iyv etc. (For a slightly different form of {7.17), see Problem 7.25.) 



7.6 Given h v h lH , etc., Relative to X l9 Y l9 Zi, Fig. 7-4, to Find I x , h y , etc., Relative to 
the Rotated X,Y,Z Frame. 

Let a n , a 12 , a 13 be direction cosines of OX, etc., as indicated in Fig. 7-4. Then applying 
(7.2), it is clear that 



► 



Moment of inertia J x about axis X in terms of moments and products 
relative to the rotated X ly Y x , Z x frame. I y and I z are given by exactly 
similar relations. 



In order to determine products of inertia, Ixy for example, we return to the definition 
Ixv = 2 m'xy. Eliminating x, y with the transformation equations 



we obtain 



X = a n X x + a 12 y i + a 13 Z iy y = a^X x + a^ x + * 2% % x 
Lv = S.w^a + ^ + <* 18 S 2 )(* 2 iSi + fl^l + 
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Fig. 7-4 



The reader may easily show that this reduces to the first relation in (7.19) below. (Note. In 
order to show, in this reduction, that 

2 m/ («n a 2i a; ? + a i2«22^ + a l4*9$) = "( a ii a 21^1 + a i2 a 22^i + ff 13 ff 23 7 *l ) 

we subtract from the sum the zero quantity 

(a n a 2l + a l2 a 22 + ol^ol^(x\ + $ + z\) 

and collect terms.) 

hy = («ll«22 + a i2 a 2l) 7 x lBl + ( a 'll*23 + "iS^l^i*! + ( a i2 tt 2B + "lS 0 ^!*! 
~ ( <X n a 2l I x l + «l2 tf 2 2 4 1 + «18«28^ 1 ) 

I XZ = ( a il tt 82 + a i2«8l) / * 1 » 1 + (« n «33 + «13 a 3l)^l*l + Kfts + Vis)^^ 

- ( a 21 tt 32 + Vsi)^, + ( a 21 tf 33 + "si^Ss)^!*! + ( ft 22«33 + ^S^) 7 ^ 
~ ( a 2i a sA + flE 22 flt 82^i + a 23 a 884i ) 

Products of inertia relative to the rotated F, ^ frame. 

Hence the moment of inertia about any line Oa having direction cosines i, m, n relative 
to X, Y,Z can be found in terms of h l9 Ix x y v etc., from 

I 0a = i J* + i ym z + j z n 2 — 2lmh v - 2lnl xz - 2mnl yz 

and relations (7.18) and (7.19). 

If it is assumed that I x , hy, etc. are given, to find I Xl , I Vl , etc., the reader may show, 
following just the procedure outlined above, that 



= 7 **n + V21 + 7 z*31 " 2I xy a ii a 2l ~ 2I xz a il a 31 - 2I yz a 2i a 3l 

= ("11*22 + a !2 a 2l) 7 xy + ("11*32 + "vPzi) 1 ** 

+ (*21*32 + ^SlVyz ~~ ( fl ll a 12^ + *2i a 22 7 a + *31*32 7 z) 



(7.«0) 
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Similar relations follow for I Vv l Zv Ix x z v 

Important note. Given moments and products of inertia relative to any rectangular 
frame, we can now, applying {7.17), (7.18), (7A9) t determine corresponding quantities 
relative to any other such frame located and orientated in any manner with respect to the 
first. Indeed the second frame might be moving in some known manner relative to the first. 

7.7 Examples of Moments, Products and Ellipsoids of Inertia. 
Example 7.1. 

The basic physical and geometrical ideas of the past sections can be made clear by a consideration 
of the simple "rigid body" shown in Fig. 7-5 which, as will be seen, has all the dynamical properties of 
any ordinary body such as a wheel, beam, chair, etc. 1 




Fig. 7-5 



The arrangement consists of three particles rigidly connected to the Z axis by thin "massless" rods. 
The X, Y f Z frame and the particles form a rigid unit. The mass and coordinates of each particle are 
indicated on the figure. 

(a) Let us first determine the moments and products of inertia relative to X, Y t Z. 

h = 2«H(yf + *?) = ™>i(y 2 i + 4) + *i(¥i + «i> + ™s(vt + 4) 

= 100(144 + 25) 4- 200(64 + 225) + 150(144 + 196) = 125,700 g-cm 2 
Likewise, I y - 117,250, l z = 104,750. 

I xy rr 2m i (a; i y i ) = 100(12 X 10) - 200(10 X 8) + 150(11 X 14) = 19,100 g-cm 2 
Similarly, I„ = -44,800, I yz = 4800. 

(b) From the above values we can immediately write the following expression for the ellipsoid of inertia 
about the origin O. 

125,760x 2 + 117,2502/ 2 + 104,750s 2 - 2(19,1 00)^2/ + 2(44,800)** - 2(4800)^ = 1 
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(c) The moment of inertia of the "body" about any line through 0, as Oct, may be found as follows. A 
point p on Oa has co ordinates shown. Hence direction cosines of this line are -6/s, 8/s, 20/s where 
s = \/62 + 8 2 + 202. That is, I =— .268, w = .358, ft = .895. Hence by («), 

/ 0p - (.268)2(125,700) + (.358)2(117,250) + (.895)2(104,750) 

+ 2(.268)(.358)(19,100) - 2(.268)(.895)(44,800) - 2(.358)(.895)(4800) 

(d) Consider moments and products of inertia relative to axes X } F, Z (not shown on the diagram) parallel 
to X, Y,Z and with origin at cm. By equation (7.12), 

I z = I z - M (* 2 + p) = 104,750 - 450(5.882+ 1.56 2 ), etc. 

By (7.13) 

= hy-Mxy = 19,100 - 450(-5.88 X 1.56), etc. 

Hence we can find at once the moment of inertia of the body about any line through cm., as well as 
the ellipsoid of inertia about this point. 

(e) Since we have numerical values for I x , 1^, etc., applying results of Section 7.4, a numerical value for 
the moment of inertia of the body about any given line in space can, be found at once. Likewise, an 
expression for the ellipsoid of inertia about any given point in space can immediately be written down. 

(f) Finally, note that on applying the results of Section 7.3 the principal moments of inertia and the 
directions of corresponding principal axes at O, at cm., or indeed at any point in space, could be found* 

Example 7,2. 

Consider the thin triangle, Fig. 7-6. The following moments and products of inertia relative to 
X, Y, Z are easily obtained by integration. 

I x = £M&2, /, = \Ma\ I z = £M(a2 + 62), Ixy = _i_ Ma6 , = Iyz = 0 




Fig. 7-6 

(a) The ellipsoid of inertia about the corner O is 

%M [b 2 x 2 + aV + ( a 2 + &2) 2 2 - a0X y} - i 

(b) The moment of inertia about any line Oa, not necessarily in the XY plane, is given by 

I 0a = £M[& 2 7 2 +- a 2w 2 + (a 2 + &2)W* - ablm] 
where I, m, n are the direction cosines of Oa relative to X, Y, Z. 
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(c) From (7.12) and (7.13), we find 

I x = ±Mb\ I y = jgMa 2 , I z = ^M(a2 + fe2 }> / xy = -^Ma5, = = 0 

Thus the ellipsoid about cm. is 

l$M[bZ%\ + ct 2 i/f + (a 2 + 62)^2 + abx lVl ] - 1 

(d) The moment of inertia of the triangle about any line O x a u not necessarily in the plane of the triangle, is 

lo lH = hM[& l \ + <foA + (a2 + 62)n? + a6Z 1 m 1 ] 

(e) Following Section 7.3, the principal moments of inertia about axes through cm. are 

7? j2 = "^ilf (a* 4- 62 ± Va^ + 64= a a 6 2 )( /J = 7? + = &M(a 2 + 6 2 ) 

Writing (Z^m^ni), (Z 2 » «t 2 , w 2 ) and (i 3 ,w 3 ,n 3 ) as the direction cosines of the principal axes, it is seen 
from (7.10) that n^ — n^ — 0, n 3 = 1, Z 3 = m 3 = 0, and Z 1( / 2 , m lt m 2 are determined from 

i - + V*-/*) 2 ]" 1 ' 2 , ™ = (/P-/ x )[/l y +(/P-7 x )2]-i/2 

Thus, for given values of a,b,M, the angle 0 (see figure) can be determined. 

(/) The origin of X U Y 1 (see upper right hand sketch in Fig. 7-6) is located at c(x c ,y c ) in the XY plane. 
Y 1 makes an angle /? with Y. Z L and Z are parallel. x c , y c are measured relative to X, Y. Let us 
determine moments and products of inertia of the triangle relative to X X ,Y U Z V It is seen that 

l' x = &Mb2 + My 2 ci Iy - jgMa 2 + Mx 2 c , l' xy = Mx c y c -^Mab t 

4 - 4 = 0, = Alf(a» + 6«) + M(^ + y;) 

Direction cosines of the X l ,Y v Z 1 are 

a n — COS p, a 12 — sin /3, or 13 = 0, or 2 i = — sin ft, a 22 = COS ft, « 2 3 = 0, a zl = a 32 — 0, a 33 = 1 

Thus from relations (7.18) and (7.10) it follows that 

I H = M(^6 2 -f y 2 c ) cos 2 /3 + Af(&a a + sin2 £ ~ 2Af(*cVc " ^^6) sin /? cos 0 

/ yj - M(^6 2 + sin 2 /? + M(^a 2 + a 2 .) cos 2 /? + ZM(x c y c - <^ab) sin /? cos /? 

= M(x c 2/ c -^a6) cos2/3 + M(ife& 2 + y 2 ) sin 0 cos /? - flfCfea 2 + x\) sin /? cos /? 

I H = l' z = ^M(a 2 + & 2 ) + Jf^ + vj), / Vi = = 0 

(#) Suppose that the XiFj axes rotate in some known manner about the fixed position of Z x . ft then varies 
with time and the above quantities become known functions of t. 

Example 7-3. 

Fig. 7-7 represents a thin lamina such as can be cut from sheet metal or thin plywood. 




Fig. 7-7 
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Assuming an area density p = 2 grams/cm 2 , the following values relative to X, Y, Z have been 
computed: 

I x = 1.61 X 104 g . cm2) ! y - 2.62 X 104, J 3 - 4.23 X 10*, l xy = -1,036 X 10*, = =■ 0 (1) 

(a) Principal moments of inertia and angle 8 are found to be (see Section 7.3) 

11 = 3,26 X 104, F y = .97 X 104, /J' = 4.23 X 104 (2) 

0 = 58° approximately. 

(6) The ellipsoid about c.m. can be written in terms of either set of values, (1) or (#); that is, 

(1.61»J + 2.62^ + 4.23s* + 2x = 1 (5) 

(3.26a 2 , + .97^ + 423^)104 = 1 (*) 
where x u y Xt z x are relative to X,Y,Z, and 2/2» ^ to F p ,Z p . 

(c) Note that 7 0a = (3.261* + .97m| + 4.23^)10 4 (5) 

or again, 7 0a = (lMl\ + 2.62m 2 + 4.23nf + 2 X 1.036/^)104 ■ (6) 

where / 1 ,m li n 1 correspond to x lf y lf z u etc. (5) and (tf), of course, give the same value for any 
particular line Oa. 

Example 7.4. 

Consider the rectangular block, Fig. 7-8. Here 

l x = £M(&2 + C 2) 

7 y = -!M(a2 + c2) 
7 2 = -iA7(a2-h&2) 

(a) Then X, Y,Z are principal axes, I x = /£, etc., 
and the ellipsoid of inertia about cm. is 

/> 2 + ilv 2 + r % # = i. 

(&) Moments and products of inertia relative to 
X, Y, Z are easily shown to be 

I x =fM(62 +C 2) 

7 y =!M(a2 + C 2) 
I z = £ilf(a* + 6») 

/ xy = Ma& 7^ = Mac 7 ya — M&c 
The ellipsoid about O follows at once. 

(c) Let us determine the moment of inertia about any line Oa. The direction of Oct is determined by the 
fact that at some point p the coordinates have, for example, the values shown. Hence direction cosines 
of Oa are 

I = 10/(102 + 92-1- 132)1/2 = 10/18.7, m = 9/18,7, n = 13/18.7 
Thus applying (7.#), 

/Oa - 3^8^(62 + C 2) 1 0 2 X ±M( a * + C 2) 9 ^ + f M(a* + ft*) 13* 

- 2Ma6 X 90 - 2Mac X 130 - 2Mab X 117] 

Note that (7 J) may be used directly, perhaps with some advantage because here no thought need be 
given to direction cosines. 
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Example 7.5. 

Consider the uniform" solid cone of Fig. 7-9. 
As determined by integration^ 

H = Iy - ^M(4r2 + /t2), il = ^Mr2, 

(a) Applying the results of Section 7.4, we can find 
Ix> Ixy> etc -> relative to any parallel frame, the 
moment of inertia of the cone about any line of 
given direction and, of course, the ellipsoid of 
inertia about any point. Relative to the X, Y,Z 
axes shown, 

I x = |>M(4r2 + *a) + A-Mh£\ I xy = 0, etc. 

(6) Taking X,Y,Z parallel to Ib^Y*^ but with 
origin at 0 2 , 

I x = i>M(4r* + W) + M(r2 + JL^2 ); / xy = 0 

(c) Applying the results of Section 7.6, 7^., I xy , etc. 
located at any point in space and axes rotated in 
the following example.) 




Fig. 7-9 

etc. 

can be found relative to any frame with origin 
any manner with respect to, say, X*> t Y?, Z?. (See 



Example 7.6. 

The block of Fig. 7-10 (same as the one in Example 7.4) is shown in a rotated position. Axes X lt Y lt Z x 
indicate the original location. To make clear the position now occupied, imagine the block first rotated 
about OZ x through an angle ^, keeping OX in the X l Y 1 plane. Then rotate it about OX, making an 
angle 6 between OZ x and OZ. 




Fig. 7-10 

Let us determine moments arid products of inertia of the block relative to the X lt Y it Z l frame. 

With a box in hand as a model, the reader can readily show that direction cosines of X, F, Z are as 
given on the diagram. 
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Applying (7.20) and using values of I xi I xyt etc., from Example 7.4, it follows that 
I H - f M [(62 + c 2 ) cos 2 * + (a 2 + e2) sin 2 * cos 2 0 + (a 2 + fc 2 ) sin 2 ^ sin 2 <? 

+ f ab sin ^ cos ^ cos 0 — § ac sin # cos ^ sin 0 + § 6c sin 2 ^ sin 0 cos #] 

IxiVj ~ Mabicos 2 $ — sin 2 xp) cos 5 -f iVfac(sin 2 ^ — cos 2 ^) sin & 

+ 2M6c sin ^ cos ^ sin 5 cos 0 — |M(6 2 + c 2 ) sin ^ cos ^ 

4- f M(a 2 + c 2 ) sin ^ cos ^ cos 2 0 + |M(a 2 + 6 2 ) sin $ cos ^ sin 2 fi> 
Expressions for I Xl z x > etc., follow in the same way. 

Note. Imagine that either or both of the angles 0, ^ are changing in some known manner with time. 
Then, of course, 7 X , I ZlVi , etc., may be expressed as functions of time. The results of this example are 
very important in Chapter 8. 

In this example it was assumed for simplicity that the OX axis remains in the X 1 Y 1 plane. When 
this is not the case, the orientation of the X, Y t Z frame may be determined by three "Euler angles" 0,$,$, 
the use of which is explained in detail in the following chapter. 



7.8 "Foci" and "Spherical" Points of Inertia. 

The following results are interesting and of practical importance. Let X p , Y p , Z p , 
Fig. 7-11, be principal axes through cm. As previously shown, principal axes through 
any point on either X p } Y p } or Z p are parallel to these axes. For the discussion which 
follows let it be assumed that T x > U> It. 




Fig. 7-11 

(a) Consider ellipsoids of inertia about points p\ and pi at distances Si - ±{(I'x - Il)/M] m 
from the origin. 

h x - 11, = tf + Ma* - Iy + Il-l P y = K 

Thus Ix 1 — Iy 1 ; and since Xi, Y x , Z x are principal axes through "pi, the ellipsoid about 
this point is one of revolution about Z x . Thus a section of the ellipsoid in the XiYi 
plane is a circle. A similar statement holds for p%. Pi and pi are referred to as "foci 
of inertia". Show that another pair of focal points exist on X p . Determine focal points 
on Y p . Are there focal points on Z p l 
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(b) If K = lz and 11 > H, then at points p u Vi on Z p at distances s = ±[(J£ - J*)/M] 1/2 , 
/ x = /„ = I z ~ T x * Hence the ellipsoid about either of these points is a, sphere, pi and p{ 
are here called "spherical points". If the ellipsoid about cm. is one of revolution, do 
spherical points always exist? (Find spherical points near a thin uniform disk.) 

Example 7.7. 

Referring to Fig. 7-8 (see Example 7.4), assume for example that a > b > c. Thus I v z > 1% > /| . 
(a) Selecting points p,p f on the Zv axis at distances s = ±[(1% — Iy)/M] 1/2 t 

i z = ii , i y = f v + m»2 - ii + ii - r y = f z 

Hence a section of the ellipsoid about p or p r in the YZ plane is a circle. Thus p and p' are focal points. 
The reader may find other such points. 

(6) Suppose now that b = c and a < 6, that is, Iy — T z , > Iy. Selecting points on the X? axis at 
distances s = ±[(7? - J^/Af] 1 ' 2 , 

Hence J x = I y = = /£ in this case, s = ±[£(& 2 - a 2 )] 1 ' 2 and / x = |M6 2 . Thus the moment of 
inertia of the block about any line through either point = |Mfe 2 . 

7.9 Physical Significance of Products of Inertia. 

Imagine the thin lamina, Fig. 7-12, rotating with constant angular velocity o> about the 
axis shown, in fixed bearings Bi and Bz, Each particle of the lamina, as m', exerts a 
centrifugal force / = mVr on the surrounding material. (Neglect gravity.) 




An appreciation of the physical significance and importance of products of inertia may 
be obtained from a determination of the total moment r z of all centrifugal forces about 
the Z axis with origin of X, Y,Z at pu As can be seen from the diagram, 

which for convenience we take as positive in a clockwise direction. Thus it is seen that 

% = *?sMy (2) 
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But ixy — Ixy + Mxy (I xy determined relative to X, Y), from which 

'** = <» 2 hy + (<*M¥)y (S) 

Now the total centrifugal force F due to all particles is F = ^mVr == Ma> 2 f. Hence 
the second term of (S) is just Fy s with F regarded as acting at cm. 

Hence r zi the total clockwise moments of the centrifugal forces about Z, may be re- 
garded as due to a couple <* 2 I xy acting in the plane of the lamina plus the moment Fy, F 
acting at cm. Note that the location of p t , the origin of X, Y,Z, does not affect the value 
of the couple. Thus the moment about any axis normal to the lamina can be written down 
at once. For example, about one through p 2 , t 2 = «?I xy \ through the center of Bi, r B = 
<* 2 I xy + (oWf l u etc " 1 

To find Fx, F 2 , the forces exerted by the bearings on the shaft, we write, taking moments 
about the center of B 2 , 

Fiih + ty + MJfk-l*** = 0 or Fi = ~^{I xy -Mfh) 
Likewise, F 2 = - y^-j- (/*„ + Mr h) 

l\ T 1% 

(Of course F\ and F 2 can be found by writing Fi + F 2 + Mr<* 2 = 0 and taking moments 
about vz.) If X, Y are principal axes, I xy - 0 and Fi,F 2 are due only to the centrifugal 
force M<a 2 f acting at cm. If, in addition to this, cm. is on the axis of rotation, F% = F 2 = 0. 

The above discussion will later be extended to a rigid body of any shape rotating in 
any manner. (See Example 9.7, Page 187; also Problem 9.17, Page 200.) 

Example 7.8. 

Suppose the triangle, Fig. 7-6, Page 125, is rotating with constant angular velocity w about the Y axis 
in fixed bearings located at O and 0 2 , (distance between bearings ~ &). Find the bearing forces (gravity 
not considered). 

From Example 7.2, I xy = —~Mab. Hence bearing force at 0 is F x = (« 2 /&)(§Ma& + ^Mab) = 
\<£Ma and at 0 2 it is F 2 = ^<a 2 Ma. 

7.10 Dynamically Equivalent Bodies. 

Two or more bodies which are entirely different in appearance and in mass distribu- 
tions may behave exactly the same dynamically when acted upon by equal forces applied 
in the same manner. This is clearly the case when their total masses are equal and the 
principal moments of inertia through their centers of mass are the same. Such bodies are 
said to be "equimomental". The general method of finding such bodies is illustrated by 
the following examples. 

Example 7.9. 

(a) Suppose that the pairs of equally massive particles, Fig. 7-13(1) below, are fastened to a rigid massless 
frame as indicated. X, Y, Z are obviously principal axes through cm., and the ellipsoid of inertia 
about cm. is seen to be 

(2m 2 & 2 + 2m^)x 2 + (2m 1 a 2 + 2m 3 c% 2 + (2m 1 a 2 + 2m 2 & 2 )z 2 = 1 

Values of ra 1 ,m 2 , ra 3 and the lengths a, 6,c can be so chosen by the following procedure that the 
arrangement is equimomental, to any given body. 

Consider any object having principal moments of inertia I X} 1%, it at cm. and a total mass M. It is 
clear that if values of m x , m 2 , m 3 and a, 6, c satisfy the relations 2(m x + m 2 + m 3 ) = M\ 
it = 2(m 2 6 2 + m 3 c 2 ), etc, the arrangement shown in the figure is dynamically equivalent to the body. 



132 GENERAL TREATMENT OF MOMENTS AND PRODUCTS OF INERTIA [CHAR 7 



Z 




(1) , (2) 




(3) (4) 



Fig. 7-13 

An easy solution is obtained by setting m 1 — m 2 — m z = M/Q and solving for a. b, c. Here 

a = [(8/2ilf)(/* + JJ - ]J)p», etc. 

(6) It may be shown that the four particles, Fig. 7-13(2), are equimomental to the thin uniform triangle. 
Also, the five particles of Fig. 7-13(3) are dynamically equal to the rectangle. 

(c) An "inertial skeleton", Fig. 7-13(4), consisting of three mutually perpendicular slender rods rigidly 
fastened together at O, can always be found which is dynamically equivalent to any rigid body. 

7.11 Experimental Determination of Moments and Products of Inertia. 

The experimental determination of moments and products of inertia is easy, and with 
reasonable care results are quite accurate. For bodies of irregular shape this is the only 
practical way of finding these quantities. 

If moments and products of inertia relative to axes with origin at cm. are known, 
corresponding quantities relative to any other axes may readily be computed. Hence we 
outline briefly an experimental method of determining these center-of-mass values. 

(a) Select any two or more points on the body. Suspend it by a cord, first from one and 
then from another of these points. Thus cm. is, of course, located at the intersection 
of the lines of suspension. Hence three mutually perpendicular axes, X, Y f Z f with 
origin at cm. can then be chosen. 



CHAP. 7] GENERAL TREATMENT OF MOMENTS AND PRODUCTS OF INERTIA 



133 



(b) Having done this, fasten the body in a 
supporting frame F of a torsion pendu- 
lum, Fig. 7-14, so that, say the Z axis, 
coincides with the axis of oscillation of 
the pendulum. With the aid of a good 
stop watch determine the period of oscil- 
lation P. As ca n easily be shown, 
P — 27T^(Iz + If)lc where I z and Is are 
moments of inertia of the body and frame 
respectively about the axis of oscillation 
and c the torsional constant due to the 
upper and lower piano wires. (Values of 
1} and c can be determined using, in 
place of the body shown, say uniform 
rods the moments of inertia of which 
are known from dimensions and mass.) 
Thus Iz — P 2 c/4tt 2 — If. In like manner 
Ix and I y are found. 



(c) Now having selected three other axes 
Opi, Op2, Opz (passing through cm.) whose 
direction cosines (h, mi, n u etc.) are known, 
determine as before 7op x , 7 0 p 2 , 7 0 p 3 . But 

Io P < = hl\ + I y m\ + I z ti\ - 2I X yhmi 



F 




r Piano Wire, 

Torsional 
Constant c 



Fig. 7-14 

2I X zhni - 2I yz nimi 



etc. 



Hence with previously determined values of I x , I y , h these equations can be solved for 

Ixyt Ixzf lyz • 

If, as a matter of convenience, Opi is taken in the XY plane at_45° from either axis, 
!i - mi = .707, ^i = 0. _Hence I 0Pl = .5(7* 4- /„) - I xy or finally L y = ,5(7 X + 7^) -Io Pl . 
In like manner I xz and I yz are found. 



7-12 Suggested Project on the Ellipsoid of Inertia. 

This project and the following suggested experiment will give the reader confidence 
in the theory and a down-to-earth feeling of familiarity with the material covered in this 
chapter. 

Two thin rectangular plyboards, of 
any convenient dimensions, are cut and 
rigidly glued together at right angles as 
indicated in Fig. 7-15. Assuming an area 
density of say 10 grams/cm 2 , compute 
I x , Iy, I z for the "thin board" combination. 
Show that I xy = Ixz = lyz = 0 and hence 
that X, Y,Z are principal axes. Write an 
equation for the ellipsoid about cm. In 
the relation Is 2 ~ c, choose c some con- 
venient constant and draw to scale sec- 
tions of the ellipsoid about cm. in the XY 
and YZ planes and (on a cardboard insert) 
in the XZ plane. Measure the distance s 

from cm. to any point on the ellipsoid and Fig. 745 
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compare c/s 2 with the computed value of / about this line of known direction. 

What changes would be made in the ellipsoid if a particle of mass m were glued to the 
model at, say, point p? Sketch a section of the ellipsoid for this case. 

7.13 Suggested Experiment. 

Determination of the ellipsoid of iner- 
tia of a thin lamina. 

The frame ab of the torsion pendulum, 
Fig. 7-16, consists of two flat metal strips 
separated by only a fraction of an inch. 
A thin lamina of any shape, cut from ply- 
board, is clamped between the strips with 
a bolt B passing horizontally through the 
strips and board at point p u The lamina 
can be set at any angular position relative to 
the axis of rotation by turning it around B. 

Following the method outlined in Sec- 
tion 7.11, moments of inertia about several 
lines, all passing through the center of the 
bolt and spaced say 15° apart from 0 to 
180°, are determined. With this data and 
the relation Is 2 = c, a section of the ellip- 
soid of inertia Cl can be plotted on the 
lamina. With reasonable care a surpris- 
ingly good ellipse is obtained. 

Using the above data, compute and plot an ellipse c 2 about some other point P2. (This 
will be a bit less tedious if the first ellipse is about cm.) Repeating the first experimental 
procedure with B passing through p 2 , compare computed and experimental results. 

This interesting and instructive experiment gives real meaning to "ellipsoid of inertia", 
"principal axes", etc. It never fails to make a lasting impression on the student who 
performs it. 



Problems 

71, (a) The line Oa, Fig, 7-17 below, makes an angle e = 30° with Z. Show that l 0a ~ -^MR 2 . 

(b) The coordinates of a point on a line Oct' (not shown) are x~h y y — 4 } z — Q cm. Show that 
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Fig. 7-17 

7.2. (a) Obtain by integration expressions for I xt I y , I z> I xyi Fig. 7-6, Page 125. 

(b) The coordinates of a point on line Oa are x = 4, y = 5, z — 7 cm. Show that 



I 0a = 6^9q [1662 + 2 5a 2 + 49(a 2 + 62) - 20a6] 



M 



7,3. Show that the moment of inertia of a body about any line Oa through the origin of coordinates 
is given by 

Ioa = (h* 2 +jyV 2 + V " 27^2/ - - /^(a* + 2/2 + 2 2)-l 

where a;, y, z are coordinates of any point on Oa. 



7.4. Show that the moment of inertia of the block, Fig. 7-8, Page 127, about the line Oa' is given by 

*Oa' = M[§(b 2 + C 2 )x' 2 + |(0?+c2)j/' a + |(o2 + 62)(4c») 

- 2a6»y - 4acV - £bc 2 y'\\x' 2 + y'2 + 4 c 2]-i 

7.5. (a) A line Oa (not shown) passes through O, Fig. 7-9, making an angle e with 0£. Show that 

I 0a = [J^Mh 2 + ^M(4r 2 4- h 2 )] sin 2 e + ^Mr2 co S 2 0 

(6) A line parallel to Oa passes through cm. Show that the moment of inertia about this line is 

|jM(4r 2 + h 2 ) sin 2 e + ^Mr 2 cos 2 <?. 



7.6. (a) A line &c, Fig. 7-17, makes an angle & with Z p . Show that 

/ bc zz £Mr 2 cos 0 + ( ±MR 2 + Ms 2 ) sin 2 ? 

(6) Show that the moment of inertia about O x a x is 



lo lH 



(%MR 2 + M£ 2 )Z 2 + (£M£2) W 2 + (XM£ 2 + M^2) n 2 



7.7. 



Write an expression for the moment of inertia of the block, Fig. 7-8, Page 127, about a line having 
direction cosines l t m, n which passes through the point x 0f y 0t ZQ. (l f m,n and x 0f y Q ,z 0 are measured 
relative to X v , Y p , The line does not necessarily pass through cm. 
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7.8. Show that for any rigid body, the moment of inertia about any line passing through two points 
%i,Vi,Zi and x%,y 2 , -measured relative to X, Y, Z (not necessarily principal axes) is 



[l x + M(y\ + z\)} 



x 2 - x^ 2 - 



— \ 2 



+ [/„ + M(x\ + z\)] ( V - rl _L. _l ..2. / *2 «I 



2(4, + Ms l2/1 ) — ^ ^ - 2(/«, + Mx lZl ) 2 



(» 2 -«l)(«2-«l) 



— *. \ 2 



- 2(7™ + M^) 



(»2-2/l)(«2-*l) 



where s 2 = (* 2 - a^) 3 + (y 2 - tfl )2 + ( z% - z x )2. 

7.9. Write an expression for the ellipsoid of inertia about a point on the periphery of the disk, Fig. 7-17. 

7.10. Write an expression for the ellipsoid of inertia about the point Pi(x 0 , y 0 , z 0 ), Fig. 7-18. 



I, m, n 




11 = 11 = (3Je2 + L2), /J = \MR* 



Fig. 7-18 



7.11. Referring to Fig. 7-7, Page 126, show that the angle 0 = 58°. 



7.12. For the block, Fig. 7-8, M = 1000 grams, a = 3 cm, 6 — 5 cm, c = 5 cm. Determine numerical 
values for the principal moments of inertia about the corner p v From equations (7.10), Page 119, 
determine two sets of direction cosines of the principal axes of the ellipsoid of inertia about p t . 
Show that these sets are equivalent. 



7.13. Considering a thin lamina of any shape, take reference axes X, Y, Z, with X, Y in its plane and the 
origin at any point p. I x , I y , I s , I xy are relative to these axes. Prove that the principal moments 
of inertia l\> /£, l\ about principal axes X*>, Yp, Z? respectively are given by 

= W* ± ^-4<y ff -4)], is = /* + /„ 

Show that Zp (corresponding to 1%) is normal to the lamina and that the angle $ which X? 
makes with X is given by 

tan $ = or tan e = ■ — ; 

I y - Ii !*y 

7.14. Refer to Fig. 7-5, Page 124. At a point p 1 where x = 5 cm, y = 4, 2 — 0 measured relative to 
X, Y, Z, compute the principal moments of inertia and find directions of principal axes. 

7.15. Show that the ellipsoid of inertia about p 2 , Fig. 7-18, is given by 

1 = [_^M(3i22 + L 2 ) + ±ML2](x2 + z2) + (^Mi2%2 

and that principal axes at p 2 are parallel to X? 9 Yp,Zp. 
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7.16. Show that the moment of inertia is the same about all axes passing through either O or p lt Fig. 7-19; 
that is, Pi and O are spherical points. Check this by the methods of Section 7.8. 



Z 



p 2 , in YZ plane 




Uniform Solid Hemisphere 



Fig. 7-19 

7.17. Show that the moment of inertia about any line having direction cosines I, m, n and passing 
through p 2 , Fig. 7-19, is given by 

7 = ^Mi22[(24 - 15 sin e)l 2 +. (4 + 20 sin 2 e - 15 sin $)m 2 

+ (4 + 20 cos 2 *)w 2 — 10(sin e cos e — § cos e)mn] 

7.18. Referring to Fig. 7-18, show that: 

(a) for L = RVs, the ellipsoid of inertia about cm. is a sphere for which 7 ~ -JAfJZ 2 . 

(6) for R — L there are spherical points on the Y p axis at points distant ±#/\/(Ffrom the origin. 
Here 7 — ^MR 2 about every axis through these points. 

(c) for L > R^/S, focal points exist on the X p and Z p axes at s — ±_^(I X - I y )/M. 

(d) for L very small, spherical points exist on Y p at distances from the origin. Do spherical 
or focal points exist on Z p l 

7.19. Consider any line parallel to the principal axis Z p through cm. of any rigid body. Prove that it is 
a principal axis of an ellipsoid drawn about the point where it pierces the "principal plane" X v Y p . 
Show that, where <& = angle between X p and X p , 

2Mxy 



tan 20 = 



(/!; + AT**) ~ (F x + My±) 



The same general results are true, of course, for lines normal to the X p Z p and Y p Z p planes. 



7.20. Consider a rectangular lamina, dimensions 2a X 2b, mass M. Draw X p . Y p } Z p axes through cm. 
with X p parallel to a and Z p perpendicular to the surface. 

Consider another frame X U Y X ,Z X through cm. with Z p and Z x collinear but X x along a 
diagonal of the rectangle. F x = ^Mb 2 , 1% = ±Ma 2 . Show that 



L = m 



am 

a 2 + b 2 



j = XMl a * +b4 



iM(a 2 + 62) f ! 



7.21. For the triangular lamina, Fig. 7-20 below, values of 7^, etc., are as given on the drawing. 
Prove that: ? 



= I v cos 2 0 + 7,. sin 2 0 



= J, sin 2 d + /„_ cos 2 9 + 27 



I XiH (cos 2 (9 - sin 2 



sin .0 cos ^ 
-f (7^ — 7^^) sin e cos # 
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Fig. 7-20 



7.22. The triangular lamina, Fig. 7-20, is rotating with constant angular velocity a about the axis shown, 
in fixed bearings B x and B 2 . Show that the couple due to centrifugal forces is 

C = u 2 [^Mh(2c-s) cos2<? + ^M(s 2 - cs + c 2 - h 2 ) sin e cos e) 

Determine the bearing forces F x and F 2f neglecting gravity. 



7.23. (a) Prove that the four particles, Fig. 7-13(2), are equimomental to the uniform triangle. 
(6) Design a skeleton of inertia which is equimomental to the hemisphere, Fig. 7-19. 

7.24. Imagine the rigid body of Fig. 8-16, Page 156, replaced by the cone, Fig. 7-9, Page 128. The apex 
is fixed at the origin 0, otherwise the cone can move in any manner about this point. X, Y, Z are 
fixed to the cone with Z along its axis. Show that I x , the moment of inertia of the cone about the 
fixed X x axis, is given by 

I x% = £jM[r 2 + h 2 - (4A2 - j-2) sin 2 9 sin 2 

Test this for e = 0, ^ = 0, and for e — 4> — 90°. "Write an expression for I Xl y x ' (^ ee Section 8.8, 
Page 157. Note that direction cosines of X, Y, Z relative to X 1 ,Y 1 ,Z 1 in terms of Euler angles, are 
listed in Table 8.2, Page 158.) 

The student should realize that, regardless of how the cone may be spinning and swinging 
about O, the above expressions are true for any position. If the motion were known, J Xj , l Xx y x * etc -» 
could then be written as functions of time. 

7.25. For a more general case than the above, suppose the X, Y, Z axes, Fig. 8-16, Page 156, are principal 
axes through O for a body of any general shape similar to the one shown. Corresponding moments 
of inertia are I x , Iy, I v z . 

Show that moments and products of inertia relative to the fixed X lf Y u Z 1 axes are given by 
I x = /J (cos <p cos if, — sin <p sin ^ cos e) 2 + Iy (sin 0 cos ^ + cos <f> sin ^ cos e) 2 + 1% sin 2 e sin 2 ^, etc. 
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Lagrangian Treatment 
of Rigid Body Dynamics 



Rigid Body Dynamics: Part II 



8.1 Preliminary Remarks. 

A "rigid body" is one in which no part of its mass undergoes a change in position 
relative to any other part, regardless of what forces may be acting. Strictly speaking no 
such object exists, but in practice there is of course an extensive field of dynamics for 
which this greatly simplifying assumption is justifiable. 

Basically no difference exists between rigid-body and particle dynamics since any rigid 
body may be regarded as a very large number of particles constrained to remain at fixed 
distances one with respect to the other. The primary reason for treating rigid-body 
dynamics as a separate phase of the general subject is that certain special techniques are 
required for writing appropriate expressions for T. 

In setting up equations of motion, one of the following two methods is usually employed. 

(a) The Lagrangian Method (treated in this chapter) in which, after writing a suitable 
expression for T, Lagrange's equations are applied in the usual way. 

(b) The Euler Method (treated in the next chapter) in which the Eider equations for 
translation and rotation of the body are applied directly without considering T. 

Whether one method is more suitable than the other depends somewhat on the problem 
in hand but, in general,' the Lagrangian has many advantages: simplicity, ease of writing 
equations of motion, elimination of forces of constraint, readily applicable in any suitable 
coordinates and for any number of rigid bodies. 

A mastery of the basic principles and techniques of rigid-body dynamics requires a 
clear understanding of (a) the background material covered in Section 8.2, (b) the deriva- 
tion of T given in Section 8.3 and (c) the many examples given throughout, (a), (6), (c) are 
by no means independent units. A full appreciation of (a) requires an understanding of 
(b) and (c), etc. Hence considerable rereading, with close attention to detail, is required. 

8.2 Necessary Background Material. 

A. Angular velocity as a vector quantity. 

Referring to Fig. 8-1 let us assume that the body, fixed at 0, is free to turn in any 
manner about this point. All quantities here considered will be regarded as measured 
relative to X, Y, Z. Hence whether this frame is inertial or not is of no concern at the 
moment. Let it be assumed that, at some given instant, the body has an angular velocity 
oj about some line Oa. As a result of this the particle m has a linear velocity v normal to 
the Oam' plane and of magnitude v = M h where h is the normal distance from m[ to the 
axis of rotation Oa. 

We shall now show that angular velocity may be regarded as a. vector o> directed along 
Oa and of magnitude equal to its absolute value. That is, <* can be replaced by X, Y, Z 
components <& , a . o> and treated in all respects as a vector. As will soon be evident, this 
is of paramount importance in the treatment of rigid-body dynamics. 
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and v- along X, Y,Z. v x ~ u y z — u> z y, etc. 

Fig. 8-1 

X, Y, Z components of v may be written as follows, 

V x ~ Va i = <*ha v V y — o>ha 2 , %\ — aha^ (1) 

where a v a 2i a 3 are direction cosines of v (direction cosines of a line normal to the Oam' 
plane) which, as the reader can show (see Problem 8.1), are 

a x — (mz — ny)/h, « 2 = (nx — lz)lh, <* 3 = (ly — mx)/h (8.0) 

where x,y,z are coordinates of m' f and l,m,n are direction cosines of Oa. Thus from (1), 

v x — mmz — nay, etc. (2) 

Hence, regarding 0 as a vector along Oa, ru> is its component <a y on Y. Likewise m> = to z , 
etc., and so we write 

v x = <» y z - o> z y, V y = o>X - o x z, v z = a> x y - oX (8.1) 

Correct expressions v x , v y , v z (and thus v) are therefore obtained by treating angular velocity 
as a vector © along Oa, the sense of which is determined by the right-hand screw rule. 
(In vector notation relations (8 J) are equivalent to v — 0 x r. See Chapter 18.) 

Relations (8.1) may be given a clear physical and geometrical interpretation as follows. 
As can be seen from the figure, a rotational speed of a> x about X gives ra' a linear velocity 
o> x z in the negative direction of Y. Likewise a>Jc is a velocity in the positive direction. 
Hence v y ~ a> z x — u> x z, etc. 

As a result of the above it follows that: 

(a) Any number of angular velocities as m v «* 2 ,«» 3 about axes through 0 can be added vec- 
torially to give a resultant 0 — ^ + <* 2 + «* 3 having magnitude « — (<4 +(f, y + <^) i/2 and 
direction determined by the cosines <a x /<*>, etc., where m x — «> 1:c + <v + ft> 3x> e ^ c - (For 
another proof of this see Problem 8.2, Page 167.) 

(&) The component of 0 along any line Ob (not shown) is given by 
where, in this case, I, m,n are direction cosines of Oh. 
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Note that velocities cannot be expressed as m x — 0 V <o y = 0 2 , <o z = 0 3 where 0 v 0 2f 0 s rep- 
resent finite angular rotations about X, Y,Z respectively. The final orientation of a body, 
as a result of such rotations, is not unique. It depends on the order in which the rotations 
are made. (The reader should try this with a box.) Nevertheless, a> x , o> yJ <a z can easily be 
expressed in terms of suitable "true coordinates" as, for example, Euler angles and their 
time derivatives. Various examples illustrating this will soon be given. 

B. Inertial-space velocity of ra', Fig. 8-2. Body translating and rotating. 
X, Y, Z frame rotating about 0 relative to body. 

In Fig. 8-2 the body is assumed to be rotating and translating through space. The 
X, Y, Z frame, with origin attached to the body at 0, may be rotating in any manner 
relative to the body. The X\ Y',Z' axes with origin also fastened to 0, remain parallel to 
the inertial X v Y i ,Z 1 axes. %,y,z and x',y f ,z f are coordinates of ra/ with respect to X f Y f Z 
and X\Y\Z* respectively. 




Fig. 8-2 



Let © be the angular velocity of the body and u the linear velocity of m', each measured 
relative to X',Y',Z'. Components of <■> and u along these axes are indicated by a£f«£f«>£ 
and u x ,u' yf u' z respectively. Then following (8.1) above, we have u x = — ta' z y' t etc. Letting 
u x> u y> u z k e components of u along instantaneous positions of X, Y, Z, we can write u x = 
u x a n + u y a i2 + U 'z a i& e ^ c,) where a nt a w a 13 are direction cosines of X relative to X',Y',Z' 
(the same as with respect to X v Y lt Z$. Thus 

Eliminating %',y' t z' by x' = xa n + ya 21 +Za BV etc., it follows at once (details left to reader; 
see Appendix) that 

u x ~ V s ~ - where <* y = <« 21 + o> y a 22 + «; ffjt8 
But this is just the component of <& along Y. Likewise <a z is the component of o> along Z, etc. 
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Now assuming that 0 has an inertial-space velocity v 0 with components v 0x , v 0y , v 0z along 
the instantaneous directions of X, Y, Z, components v x , v y , v z of the inertial space velocity 
of m' along these same axes can be expressed as 

C. Summary of important points regarding (8.3). 

The full meaning and importance of these relations can be made clear by a consideration 
of the following statements together with a study of examples to follow. 

(a) As assumed in the derivation of (8.3), the origin O must be attached to some point (any 
point) of the body. 

(6) As is evident from the derivation, relations (8.3) are valid even though the X, Y,Z 
frame (origin fixed at 0) may rotate relative to the body. Of course this frame may be 
"body-fixed" (rigidly attached so that it has all motions of the body). In the first case 
x,y 9 z are variable and in the second they are constant. In practice, body-fixed axes 
are almost always employed. 

(c) v Qx , v Qy , v Qz must be so expressed (examples will demonstrate how this may be done) as to 
give components of v 0 , the inertial-space velocity of 0, Fig. 8-2, along instantaneous di- 
rections of X f Y, Z. 

(d) For a given location of 0, v 0x ,v 0y ,v Qz are the same regardless of what particle may be 
considered (regardless of the values of x, y,z). Hence v 0 represents a linear velocity of 
the body as a whole. 

(e) The magnitude and direction of v 0 will, in general, depend on the location of O. For 
example, imagine a body fixed in space at one point p. With 0 taken at p, v 0x = v 0y = 
v 0z = 0. But this is not true for any other location of 0. 

(/) Keeping in mind dynamical problems to follow, « the total angular velocity of the body 
is always measured relative to an inertial frame, or what is the same thing, relative to 
non-rotating axes as X f , Y f ,Z', Fig. 8-2. 

(g) <a x >«>y>v> z must be so expressed as to give components of <*> along the instantaneous di- 
rections of X, Y, Z. (See Examples.) 

(h) Regardless of the location of 0 in the body, « has the same magnitude and direction. 
But as is evident from the derivation of (8.3), whatever the location of 0, o> is always 
regarded as directed along some line Oa passing through 0. This means that this vector 
can be shifted, without change in magnitude or direction, from any origin to any other 
origin in the body. See Problem 8.3, Page 168.) 

(i) As the body moves through space under the action of forces, ® and v 0 will in general 
change in magnitude and direction. Moreover, their directions are not fixed relative 
to the body. 

(j) Equations (8.3) form the basis for writing a general expression for the kinetic energy 
of a rigid body. See Section 8.3. 

D. Components of the inertial space velocity of a free particle 
along instantaneous directions of moving axes. 

Relations (8.4) below, though quite useful in certain particle problems, are not required 
for our immediate purpose. However, this is the most suitable place for their derivation. 

Referring to Fig. 8-3 below, regard X v Y v Z x as inertial. Assume that the X, Y,Z 
frame is translating and rotating in any manner (fastened to the deck of a boat which is 
rolling, pitching, yawing and moving forward, for example). Let O indicate the angular 
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Q _ [Angular velocity of X, Y t Z frame relative 
' 1 | to X lt F t , -Zj. (Same as relative to X',Y', Z'.) 




j Qz + x + €l y z — £l z y, etc. v x = component of in- 
ertial-spaee velocity of m' along instantaneous direc- 
tion of X. v Qx may be expressed as v 0x = x Q a n + 
2/o«i2 + z o<*n> etc AT, y, Z are rotating about O and 
translating in any manner, X' , Y', Z' remain parallel 
to X u Y u Z l . 



Fig. 8-3 



velocity of the X,Y,Z frame, measured relative to X h Y u Zi (or to X\Y r t Z f ) and having 
components Q Xf Q y , a z along instantaneous directions of X, Y, Z. Take v 0 as the inertial 
space velocity of 0 with components vo Xt v 0 y,VQ Z along X y Y y Z. The free particle (not one 
of a rigid body) has coordinates x u yuz x and x,y, z relative to XuY u Zi and X, Y,Z re- 
spectively. Let v indicate the inertial-space velocity of m r with components v x , v y , v z along 
instantaneous positions of X, Y,Z. We shall now obtain, in a descriptive yet meaningful 
manner, expressions for v x ,v y ,v z . 

First suppose that W is fixed to the X y Y y Z frame at some point p(x,y,z). Then by 
equations (8.3), v x - v Qx + Q y z ~ a z y, etc. But now regarding m' as free with velocity com- 
ponents x,y,z relative to X,Y,Z (x,y,z are measured by an observer riding the X, Y,Z 
frame), the above expression for v x and corresponding ones for v y and v z may be written as 

Vx = vox + x + Q y z - Q z y f Vy = ^ 0 y + y + Q z x - n x z, v z = v 0z + z + a x y - a y x (84) 

A straightforward but somewhat tedious derivation of (8.4) may be given as suggested 
in Problem 8,9, Page 169. See Examples 8.2, Page 145. 

E, Examples illustrating the treatment of angular velocity of a body 
and linear velocity of a typical particle. 

Example 8.1. 

The frame supporting the rigid body, Fig. 8-4 below, can rotate about a vertical shaft AO x with 
angular velocity ^. At the same time the body can rotate about a shaft, supported in bearings B lf B 2 , 
with an angular velocity ^. This axis makes a constant angle 9 with the vertical. $ is measured as shown 
and <fr is measured from line ab (see auxiliary drawing) which remains horizontal and in the plane of the 
section shown. 

The total angular velocity w of the body is obviously the vector sum of ^ and $ regardless of where 
reference axes X, Y, Z may be taken. We shall now consider components of « and the linear velocity of a 
typical particle for various locations of the X, Y, Z frame. 

(a) Let us take body-fixed axes X, Y,Z as shown, with origin O at the intersection of the vertical A0 1 
line and the B 1 B 2 axis. ^ as a vector is drawn along Z, and # along the vertical line AO. X, Y, Z 
components of & (which for this position of X,Y ,Z we label a^, a ay , w^) are obtained by taking com- 
ponents of f and # along X, Y, Z. Thus 

• * • • 

^ax = ^ sm 9 sin- ^6, w ay = ^ sin 8 cos <p, co as — 0 4- ^ cos B (1) 
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Fig. 8-4 



Note that these components are along the "instantaneous" positions of X, Y> Z. That is, relations (1) 
are so expressed as to give u a;c , u ay , u a2 for any position X, Y,Z (assumed body-fixed as mentioned above) 
can have relative to the X u Y L) Z 1 frame. 

With 0 located as stated above, v 0 , the inertial space velocity of 0, is zero. Then v§ x — v 0y = 
v Qz = 0. Hence components of the inertial-space velocity of m' along instantaneous directions of X, Y,Z 
are [see expressions (8.3)] 

v x — sin $ cos 4> — (0 4- p cos e)y 

v y = (0 + 0 cos 0)x — %z sin 0 sin 0 (#) 

v z — PV sin e sin <f> — px sin e cos 0 
where %,y,z are coordinates -of m'. 

(6) Now suppose that the origin of X, Y, Z is taken at p v each axis remaining parallel to its first position. 
The total angular velocity is of course unchanged. Shifting ^ to a vertical line through p 2 and taking 
components of 0 and 0, we obtain (since the frame is parallel to its original position) exactly expres- 
sions (1) again. 

But in this case v Q — pi sin e (I = distance Opi), which is directed along line Ob in the auxiliary 
drawing. Hence components of the inertial-space velocity of pi (the new origin) along instantaneous 
directions of X, Y, Z are 

v ox — sin e cos 0, v 0j , = — ^sin0sin0, v 0z = 0 (#) 

(Note that (3) can be obtained directly from (2) by setting z = I, x = 2/ = 0. This technique is im- 
portant in many problems.) Hence components of the inertial-space velocity of m' along axes in the 
new position are 

v x = pi sin 5 cos 0 + [pz sin 0 cos <f> — (0 + 0 cos 0)y] 

■Uy = — pi sin 0 sin 0 + [(0 + 0 cos «)a; — pz sin 0 sin 0] (4) 

^ 2 — py sin sin 0 — 0# sm 0 cos 0 

where are measured relative to X, Y, Z in the new position. The reader can show at once that 

(2) and (4.) give just the same values. 

It is important to realize the full meaning of v x ,v y ,v z . Imagine that an observer located on the 
base A measures the velocity v of m' relative to X lf Y lt Z t . Then v x , v yt v z as given by (4) are com- 
ponents of v aldng the body-fixed axes X, Y, Z respectively in the position they occupy at the instant 
the observer takes the measurement. 
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(c) Consider the origin of the body-fixed X, Y, Z frame at p 2 (any point in the body) with each axis parallel 
to its position in (a). Here we think of shifting both $ and 4> from the positions shown in Fig. 8-4 to 
parallel lines passing through p 2 . Hence it is evident that to cx , w cy , w cz are equal to to ax , w ayf u az 
respectively. 

A convenient way of finding v Qxt v Qy , v 0z for this case is as follows. Let x 2 , y 2 , z 2 be coordinates of 
p 2 relative to X, Y,Z in position (a). Then, applying (2), v Qx is given by 

v ox — si n 9 cos <p — (i 4- ^ cos B)y 2 
and similarly for v 0y and v 0z . (They can, of course, be obtained from proper transformation equations.) 
Hence v x for case (c) is given by 

v x — ^2 sin * cos 0 — 4- ^ cos 0)2/2 + sin « cos 0 — (0 + ^ cos e)y] (5) 

Expressions for v y , v z follow in the same way. %,y,z in (5) are here measured relative to X, Y,Z in the 
(c) position. Note that relations corresponding to (5) also give the same values of v x , v y , v z as given 
by (*). 

(d) Let us now suppose that, with origin still at p 2 , the X, Y, Z frame has any general orientation in the 
body where X has direction cosines <* n , a 12 , a is relative to X, F, Z in position (a), etc. Hence components 
a<i Xi «d tfJ to^ of a for this case may be written as 

<*dx - <*ax<*l\ + w ay«12 + «a**13> etc - (#) 

Letting m^, it 0y , u Qz be components of the inertial-space velocity of p 2 along instantaneous positions of 
X, F, Z, u Qx may be expressed as 

u 0x ~ v 0x*U + v 0y a 12 + %s<*13> etc. (7) 

From (5) and (7), .X", Y,Z components w ff of the inertial-space velocity of w' may be written out 

at once. Note that for any specific orientation of the frame in (d) relative to X, Y f Z in (a), values of 
an, ai2> a 13 , etc., are known. The above is well worth careful study. 

(e) Consider stationary axes X',Y' y Z' parallel to X v Y lf Z 1 respectively with origin at 0. Components of 
<o along these axes are seen to be 

«x ~ i sin e cos ft — <P sin $ sin 0, = ^ 4- 0 cos 0 (5) 

Here v 0 = 0. Hence components of the inertial-space velocity of m' along these fixed axes are 
v' x — 4>z* sin 0 sin <p - 4- 0 cos etc., where x',y' t z' are the X', Y' s Z f coordinates of m'. As the 
body moves, x', y', z' change in value. 

Note. Considering the inertial X l ,Y 1 ,Z 1 axes shown, components of « along these are just those 
given by (8) and Oj is at rest. Are the X v F,, Z x components of the inertial-space velocity of m' 
given by v lx — 4>x x sin $ sin 0 — 4- ^ cos $)y t , etc., where Xi,tfx»*i are the X l9 Y U Z X coordinates of 
m'? See Section 8.2C(a), Page 142. 

Example 8.2. 

The disk D, Fig. 8-5 below, is free to rotate about the shaft be with angular velocity 0 where <p is 
measured relative to the shaft as indicated by pointer p 2 . At the same time ab can rotate with angular 
velocity £ where ^ is taken as the angle between the fixed X X Z X plane and the rotating abc plane. 

The total angular velocity « of D is the vector sum of $ and ft Shifting £ to O and taking components 
along the body-fixed X, Y, Z axes, it is seen that, just as in Example 8.1, 

&x — *P sin e sin 0, «„ .= ^ sin fl cos ft w z — 0 4- $ cos 5 (if) 
Similarly, components « lz along the fixed axes are 

w ix ~ 0 sin 0 cos ft <o ly = ^ sin 0 sin ft w lz = ^ 4- 0 cos * (£) 
The magnitude of the total angular velocity of D is given by 

w = (4+«4+«5) 1/1 = (*?x+*tt+«&) 1 ' 1 = tf*-+£ + 2&«**) i '» (*) 

The direction of » relative to the moving X, F, Z axes is determined by the direction cosines I, m, n where 
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Fig. 8-5 



Likewise, direction cosines l^m^n^ of « relative to X\ Y 1 Z 1 are 

. ^ sin $ cos 

i\ — — 1 , etc. 

(<£ 2 + V> 2 + 2^ COS *F 2 

X, Y, Z components of the linear inertial-space velocity of a typical particle in D are found exactly 
as in Example 8.1(&). 

As an illustration of the use of equations (84), Page 143, suppose that the motion of a free particle 
(not a part of D) of mass m and acted on by an external force f is to be found relative to the X, Y, Z axes 
in Fig. 8-5. Applying (84) it is seen that (see expressions U), Example 8.1) the component v x of the 
inertial-space velocity of m in the direction of X is given by 

v x — x + fa sin e cos <f> + [fa sin $ cos <f> — y(^> + \ cos e)\ 

with similar expressions for v y and v z . Then applying Lagrange's equations to t — ^m(v% + v y -f v 2 ,) 
gives the desired equations of motion. 



Example 8.3. 

Referring to Fig. 8-6, the disks D 1 ,D 2 ,D 3 are mounted, one on the other, as shown. Angles $ lt 9 2 ,6s 
are measured relative to A,B,C respectively as indicated by pointers Pi,P2>Ps- ^3 regarded as vector 

quantities are indicated by appropriate arrows. Let us fix attention on Z> 3 . Shifting 9 t and 9 2 to the origin 
O as shown, the total angular velocity » of Z? 3 is the vector sum « = 9\ + 9% + 9 S , and the reader can 
show at once that components of <* along the body-fixed X t Y,Z axes (see auxiliary drawing to the right) 
are 

<*x — ( & i cos a + 9 2 cos /*) sin 0 3 , w y — cos a + 0 2 cos J 8 ) cos ff 3> w s " *3 + *i sm « + ^2 sin /? (i) 

Considering a typical particle m' in D with coordinates x, y, z relative to X, Y, Z, components of the 
inertial-space velocity of m' along these axes are v x = v 0x -J- a y z — u z y T etc., where v Qxi v§ yi v Qz are of 
course the X, Y, Z components of the inertial-space velocity of O. Expressions for v Qx , etc., are in this case 
somewhat involved but can be found without great difficulty. See Problem 8.12(c), Page 169. 

Components of a along the apace-fixed. X v Y lJ Z 1 axes are seen to be 

• • * * 

w lz ~ [ & 2 sm (P ~~ a ) + d 3 cos a ] cos 9 \t ®ly ~ [*2 sm (/* ~" a ) + ^3 C0S a ] s ^ n *1> 

"lz ~ ^1 + ^2 cos (/? — «) + #3 sin a 
The magnitude and direction of © can be found exactly as in Example 8.2. 
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Fig. 8-6 

As further exercises in the treatment of angular velocity, the reader may check expres- 
sions for m x , <* y , <o z given in Example 8.13, Page 155, or equations (8.11) f Page 157. 

F. Torque as a vector quantity. 

To show the vector nature of torque we may proceed as follows. Suppose a force 
F (/x> f 9 >f z ) * s ac ting on the body, Fig. 8-7, at the point p(x,y,z). The torque t exerted by 
this force about any line Oa having direction cosines I, m, n and which we assume passes 
through the origin, is defined as t = F'h where h is the normal distance from p to the Oa 
line and F' is the component of F normal to the Oap plane. But F' — f % a. x + f y a 2 + f z a z 
where a v « 2 , « 3 are direction cosines of the above mentioned normal and are given by (8,0), 
Page 140. Eliminating F', introducing expressions for the as and summing over all forces 
acting on the body, we get for the total torque about Oa, 

'a* = l^{f z V-f y *) + ™^{f x *-f z *)+n^{f y x-f x V) (8J) 




Fig. 8-7 
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But from the original definition of torque (or by a direct inspection of Fig. 8-7) it is seen 
that 2 (f z V ~ f y z ) ^ the torque exerted by all forces about X, etc. That is, 

r x = -f v *), r y = 2 (f x * ~f,X), r z = £ (/ \x - f xV ) (8.7) 

Hence we can write r 0a = r x l + r y m + t z u (8.8) 

from which it is seen that T 0a is the component of a vector t having components t x , r y9 t z ex- 
pressed as in (8.7). The magnitude of t is given by t — (r\ + + T 2 z ) 1/2 and its direction by 
t x /t, etc. It must be remembered that in (8.7) x, y, z are coordinates of the points of applica- 
tion of the forces. Note that the above treatment of torque is in vector notation equivalent 
to 

T = V rX F = i 2 </.»-/,*) + J 2 + kStf,* -/,») 

See Chapter 18. 



8.3 General Expression for the Kinetic Energy of a Free Rigid Body. 

When interpreted as in Section 8.2C, equations (8.3) express the X, Y,Z components of 
the inertial space velocity of any particle in a rigid body, Fig. 8-2. Hence a general ex- 
pression for T is obtained by inserting these relations in T = J 2 m '( v l + ^ + On col- 
lecting terms, 

T = « c + < + <) + k 2 ™>\t + * 2 ) + H 2 + ?/ 2 ) 
which obviously takes the following form, 

General Expression for Kinetic Energy of Rigid Body. 



(8.10) 



8.4 Summary of Important Considerations Regarding T. 

(a) As previously stated, o> is the angular velocity of the body relative to inertial space and 
v 0 the linear inertial-space velocity of O. <* x >%,<* z and Vox, vo y , Vo* are components of o 
and v 0 respectively along instantaneous directions of X, Y,Z. They must be written in 
terms of specific coordinates. As examples will show, it is not difficult to express these 
quantities so as to meet the above requirements regardless of the orientation of X, Y, Z. 
Ix, Ly, etc., and x, y, z must be determined with respect to X, Y, Z. (Fig. 8-2, Page 141.) 

(6) With ^/^t^j etc., determined as stated above, expression (8.10) is valid for X, Y, Z 
either body-fixed or rotating about O in any manner relative to the body. This includes 
the case for which X, Y, Z may be fixed in direction. But remember that 0 is assumed 
attached to the body. 

(c) For the case in which the X, Y,Z frame may rotate relative to the body, x,y,z in (8.9) 
are of course variable. Hence I x , hy, etc., as well as x, y, z vary with the motion. As 
would be expected, this introduces complexities. However, if we wish to use such a 
frame (which is rarely the case) the difficulties are not insurmountable. See Section 
8.9, Example 8.19, Page 162. 
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(d) Regarding X, Y,Z as body-fixed, I x ,I xyi etc., and x,y,z are constant. Hence body-fixed 
axes are almost always employed. But in any case statements made under (a) must be 
kept in mind. See Problems 7.24 and 7.25, Page 138. 

(e) Under certain conditions, which are frequently but not always convenient to meet, 
(8.10) can be greatly simplified. For O at center of mass, x - y = z — 0 and the last 
term of T becomes zero. Note that this is true even though X, Y,Z are not rigidly 
fastened (except at 0) to the body. If any point in the body is fixed relative to an inertia! 
frame and 0 is located at this point, vo x = ~ v 0z — 0 and both the first and last 
terms are zero. If, for example 0 is at center of mass and body-fixed X, Y, Z axes are 
taken along principal axes of inertia, 

where I v x , l v y and /* are constants. 

(/) It may seem to the reader that the simple basic principle of kinetic energy is completely 
lost sight of in the formidable relation (8.10), However, it is evident from the derivation 
of (8.9) that basically T as given by (8.10) is just £ 2 w '^ 2 - 



8.5 Setting Up Equations of Motion. 

As previously stated, once T [relation (8.10)] has been expressed in the proper number 
of suitable coordinates, equations of motion of a rigid body are obtained in the usual way 
by an application of Lagrange's equations. The same may be said for a system of bodies. 

Of course, there may be constraints. When this is the case superfluous coordinates must 
be eliminated from T exactly as in previous chapters. (We are here assuming holonomic 
systems. See Section 9.12, Page 193.) A free rigid body has six degrees of freedom. 
Hence for b bodies, n = 66 - (degrees of constraint). See Section 2.4, Page 18. 

Generalized forces present no difficulties. They have the same meaning as in particle 
dynamics, and the basic procedure for obtaining expressions for F Qr are exactly those 
described in Section i.5, Page 61. 

The following examples of degrees of freedom (d.f.) should be of help. 

Single body completely free, d.f. = 6; one point constrained to move on a plane, d.f. — 5; two points 
confined to a plane, d.f. — 4; one point fixed in space, d.f. — 3; any three non-collinear points confined to 
a plane, d.f. = 3; the gyroscope, Fig. 8-18, d.f. = 3; Fig. 8-12, assuming disk free to slide along «6, 
d.f. = 3; disk, Fig. 8-12, fixed to shaft, d.f. = 2; disk, Fig. 8-13, rolls without slipping on rough XxY^ 
plane, ball joint at p, d.f. — 1; any two points in rigid body fixed in space, d.f. = 1; rigid body pendulum, 
Fig. 8-19, r const., d.f. ~ 5; entire system, Fig. 8-14, block B free to slide on X x Yi plane, d.f. — 5; entire 
system, Fig. 8-15, block A free to slide on X l Y 1 plane, d.f. — 6; masses of Fig. 8-20, d.f. = 9; two bodies 
connected with springs in any manner and free to move in space, d.f. = 12. It should be remembered that 
forces of any type, other than those of constraint, do not change the number of degrees of freedom. 

Note. In the treatment of rigid bodies, one may encounter difficulties in visualizing 
all angles and motion in space. The solution to this problem is a simple model. 



8.6 Examples Illustrating Kinetic Energy and Equations of Motion. 

In the following group of examples body-fixed axes have been employed throughout. 
This is in general the most convenient procedure. The use of "direction-fixed" axes will 
be illustrated in Section 8.9, Page 161. 



150 



LAGRANGIAN TREATMENT OF RIGID BODY DYNAMICS 



[CHAP. 8 



Example $.4. 

Three views of a physical pendulum, consisting of a lamina pivoted at p and free to swing in a 
vertical plane through angle 6, are shown in Fig. 8-8. A consideration of expressions for T, choosing axes 
fixed to the lamina at the three locations shown, will help in understanding (8.10), 




(a) (b) (c) 

Fig. 8-8 



(1) Assuming axes X, Y,Z located as in (a), where Z is normal to the paper, it is seen that os x = u y — 0, 
oi z = 9. Since the origin is stationary, v 0x = v 0y — v 0z = 0. Hence (8 JO) reduces to T — \l z B 2 as is 
to be expected from elementary considerations. 

(2) In (6) the origin is at cm. Again u x = w tf = 0, u z — $. Here v 0x = 1$, v 0y = v 0z = 0, £ = y = z — 0. 
Hence T = %MPo* + $l z e 2 . 

(3) In (c) the axes are oriented in a more general way. As above, = o> y = 0, u z = $. But v 0x = re cos a, 
v<yy = —r$ sin a, v 0z = 0 and x, y have the values indicated. Hence 

T = ^Mr 2 e 2 4- ^I z 0 2 — Mr$ 2 (x sin a + y cos a) 

where I z is now about Z in the position here considered. 

The reader should show that expressions for T in (2) and (3) reduce to the expression in (1). 
Note that I z appearing in (1), (2), (3) is different in each case. 

The equation of motion is found by applying the Lagrangian equation to either of the above 
forms of T. In each case F Q — — Mgl sin e. 

Example 8.5. 

The lamina, Fig. 8-9, is free to move in the X 1 Y 1 plane under known forces F V F 2 . 




Fig. 8-9 
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(a) Axes X, Y, Z are attached to the lamina with origin O at any arbitrary point. D.f . = 3, and x, y s 8 
are suitable coordinates. u x = w y - 0, u 2 = 8. It is seen that v Qx = x cos 8 + y sin $, v^ — y cos e — 
x sin 6, v Qz = 0. (Note that v Qx , v Qy are components of the velocity of 0 taken along the instantaneous 
positions of X and Y.) Hence (8.10) gives 

T = ±M(x 2 + y*) + \I z e* + Me[(^-^)cos(9 - (is -f £y) sin *] (1) 
from which equations of motion corresponding to x, y, e follow at once. For example, the $ equation is 

I z $ + M[(y x — xy) cos + 2/ 2/) sin ff] - 

Writing x' v y[ and aj, V 2 as coordinates of the points of application of the forces F t and F 2 relative 
to X, Y, 

F e = r e = f ly x[ - f lx y[ + faxl - f 2x y f 2 
where f lx , f ly are X, Y components of F x , etc. 

Note that the generalized forces corresponding to x and y are F x = f lx + f 2x and F y = fiy + fty 

(b) It is interesting and instructive to determine T directly by evaluating the integral 

T = f + fi)dm' (2) 

where dm' is an element of mass having coordinates x u y 1 relative to the X U Y ± frame. Here 

x x — x + x m cos 8 — y m sin 8> y x — y + x m sin 8 + y m cos 8 (S) 

where x mi y m are Y coordinates of dm'. Differentiating (S), inserting in (2). and integrating, we 
obtain (J). (Take dm' — pdx m dy m ; p = uniform area density.) 

(c) Expression (i) above for T and the corresponding equations of motion are somewhat involved. How- 
ever, locating 0 at cm., # = y = z = 0 and 

T = %M(x* + £2) + 

Hence equations of motion are greatly simplified. Generalized forces follow as in (a). 
Example 8.6. 

The lamina, Fig. 8-10(1) is suspended by a string of constant length r and can swing as a "double 
pendulum" in a vertical plane. 




(1) (2) 

Fig. 8-10 

(a) Choosing body-fixed axes X t Y y Z as shown, 8 and f are suitable coordinates. It is seen that 
"x — — 0, "2 .= 4>> (o3 z # 8 + <£) and = r£. Now t^, v 0tf components of v Q must be taken along 
X and Y. Hence v 0x = r<? sin (<f> — 8), = r? cos (0 — 0). Thus 

T = |MW 2 + £7^2 _j_ Mr84>[x cos (4>~8) - y sin (0 - 0)] 

from which equations of motion follow at once. Expressions for F e and F^ are obtained in the usual 
way, regarding Mg as acting at cm. 
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(b) As a variation of the above problem, suppose point O on the lamina is free to slide along the smooth 
parabolic line y x — bx\ as shown in Fig. 8-10(2). It is seen that 

~ (*i + Vi)> v ox — %i sin <f> — y Y cos 0, v Qy = i x cos 0 + £1 sin 0 

and T = ^M(x\ 4- y\) + %I Z 4? + iM^a^ cos0 + y x sin 0) - sin 0 — y x cos 0)] 

2/ 1( for example, can be eliminated by y x = 2bx t x u and equations of motion corresponding to x u <p 
can be determined at once. 

Example 8.7. 

A slender rod of mass 0 per unit length and total length L, Fig. 8-11, is free to rotate through angle e 2 
about a horizontal axis in the bearing at O. This bearing is fixed to the horizontal arm AB. Let us 
determine directly, by integration, the kinetic energy of the rod and compare results with those obtained 
by applying relation (8J0). 




Space Fixed ^TA 



u x = —0%, t) y — $1 cos $2, v z — 0\ sin $2 
Relative to body-fixed X, Y, Z axes. 

= —02 sin $1, <i) Ui = b% cos 
Relative to space-fixed X u Y it Zi axes. 



Fig. 8-11 



or 



As easily seen, the defining equation T — ~ J~ v 2 dm can be written as 

T = \ C [(R + / sin 9 2 fe\ 4- P^] P dl 
= %R 2 e\§\dl + $\ sin2 e 2 J^P* 2 ^ + ^iSin(9 2 J^ pidl + i'lj^ 



T = 



dl 



0 " 0 

which, by inspection, can be put in the form 

The reader may show that a proper application of {8.10) gives exactly the same expression for T. 
Example 8.8. 

In Fig. 8-12, the uniform disk D can rotate with angular velocity 0 relative to the supporting frame. 
At the same time the frame rotates with angular velocity ^ about the vertical axis, ^ measured between 
Y t and the cOa plane. To find T for the disk, take body-fixed axes X, Y, Z with origin O at cm. Thus 
% = y = z = 0. Since cm. is at rest, v te = — — 0. From the two figures it is seen that 

• • • — * 1 * 

o x .— ^ sin 0 sin 0, « y ' = #sin0cos0, . . — 0 + y cos B 

Note that I x = I y , I xy - I xz - I yz = 0. Hence 

T = %I X * 2 sin2 0 + -l/ z (0 4- £ cos 0) 2 
If the frame (moment of inertia = I f ) is to be taken account of, we merely add ^IfP 2 . 
For any known forces acting, the complete equations of motion can now be written. 




Example 8.9. 

Consider again disk D t Fig. 8-12. For pedagogic reasons let us take body-fixed axes X t Y, Z parallel 
to those shown but with origin at O x . (O x is at center of shaft and distance I from 0.) In this case 
<a xt w y , a z are the same as above, 

# = y — 0, z = +1, v 0z — — 1$ sin $ cos <f>, v 0y = 1$ sin e sin <f> r 

?xy ?xz lyz ~ ®> ?x ~ Iy> ?z 

Hence * 

T ~ %Ml 2 $ 2 sva 2 e 4- £/ x ^ 2 sin 2 0 4- ±I M {i 4- 4> cos 9) 2 - Ml 2 4> 2 sin 2 9 

where I x about X in its new position. The reader can show that this reduces at once to the expression 
for T in Example 8.8. Equations of motion follow at once. 

^The-origin of body-fixed axes may of course be located at any point in the body, and the axes may have 
any orientation. However, it is clear that certain locations and orientations are much more advantageous 
than others. 

Example 8.10. 

Suppose the disk, Fig. 8-12, is replaced by a rigid body of any shape. Let us take body-fixed axes 
X, Y t Z exactly as shown on the figure. Assume that cm. is not located at the origin and that X, Y, Z 
are not principal axes. 

(a) Since v 0 = 0, the first and last terms of (8.10) are zero even though cm. is not at 0. Hence 

T = %[I X 4> 2 sin 2 e sin 2 <f> 4- I y $ 2 sin 2 e cos 2 $ +■ I Z Q> + i> cos e) 2 ] 

— [I xy 4> 2 sin 2 9 sin $ cos <f> 4- I xz (i> sine sin #)(^ 4- $ cos 6) 4- I yz ($ sin 9 cos <f>)(<f> 4- $ cos a)] 

i (6) As an extension of this example, let us take body-fixed axes X p , Y p ,Z p (origin still at O) along the 
principal axes of inertia of the body. Let an,ai 2 >«i3 be direction cosines of X p relative to X, Y> Z, etc. 
Products of inertia vanish but components of » (<a\, <a 2 , <*z) along X p ,Y p ,Z p are required; that is, 

wj — sin 9 sin 4)*n + sm 6 cos#)a 12 4- (i + *P cos 9)a X3 , etc. 
Thus we can finally write T — I y u% 4- J^wf] 
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(c) As a further demonstration of basic principles, consider body-fixed axes X r , Y f , Z ! orientated in any 
manner with origin 0' at any point in the body. Let x,y,z be coordinates of 0' relative to the 
X, Y, Z axes shown. Let Pu, (3 12 , Piz represent direction cosines of X f relative to X,Y, Z, etc. 

Components of v 0 ' > the velocity of O r relative to X v Y v Z v along X, Y, Z are 



0)yZ — CO 



v y - a z x - u> x Z, 



Hence v Q > = v x + v y + v\ 

Components of v 0 ', along X'.Y^Z' are given by 

vo'x = VxPu + v vPi2 + v*Pis> etc. 
Components of a along these same axes are 

- <*xPu + w »£l2 + a zPiz> etc - 



V) 



(5) 



Thus inserting (1), (#), (#) together with given values of %,y,z and l' x ,l', etc., into (8.10) gives 2 1 



Example 8.11. 

The heavy disk, Fig. 8-13, can roll, without slipping, in contact with the rough X{Y t plane. Taking 
body-fixed X, Y, Z axes with origin at 0 and Z along the axis of the shaft Oc (X, Y not shown), it is seen that 

• ■ •" • • 

oi x — am e sin <p, <* y = ^ sin $ cos 0, u> z — <p + ^ cos 0 

exactly as in Fig. 8-5, Page 146. But here $ = constant, sin 0 = rj/rg, cos 0 = r 2 /r 3 and r 3 i£ — — r 2 ^. 

Hence 2 

• r i . • r i • r i 

« x - ifr-am^ co H - ^ — cos 0, w z — — ^ — — 

Thus, since / x = I y and = I xz = I yz = 0, (\p measured from Y 1 to projection of OZ on X X Y X plane) 

t = ^[1^1+ <4) + iA] 



from which the following equation of motion is obtained 

.2 



sin e sm 4> 



where we have assumed the X 1 Y 1 plane tilted at an angle c, with Y t down the incline and ^ measured from 
Yj to the projection of Z on the X i Y 1 plane. See suggested experiment, Page 167. Also see the Euler treat- 
ment of this problem, Example 9.6, Page 185. See Example 12.5, Page 261. 




- & sm $ sm 0 
u„ = 0 sin 6 cos 0 

u « — 0 + 0 COS 0 



Tip of rod remains at O while disk D rolls without 
slipping in contact with X l Y l plane. X, Y,Z are 
body-fixed with origin at O. {X, Y not shown.) 

Fig. 8-13 



Example 8.12. 

Referring to Fig. 8-14, the mass M 1 is free to slide along and rotate about the rod ab which is rigidly 
attached to block B. This block can slide freely in contact with the X 1 Y 1 plane. We shall outline steps for 
finding T of the system in terms of coordinates x l9 y lt r t $ lt $%. 
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Fig. 8-14 



Take X f Y f Z as body-fixed axes for M t . Let an, <*i2> a i3 represent direction cosines of X relative to 
the inertial X u Y li Z 1 axes, etc. From the figure, 

a x = 0 X cos /? sin tf 2 , <*y — #i cos /? cos 6 2 , a z — 0 t sin /? + $ 2 

where 6 X is the angular position of B relative to X 1 and e 2 is measured relative to the rod. Letting x 2 , y 2i H 
be the X 1 ,Y 1 ,Z 1 coordinates of 0, 

x 2 = %i + rcos/3costf 1} j/ 2 = #i + r cob j9 ain ^ y 2 2 = r sin p + constant 

v 0 = (#2 + 2/2 + ^) 1/2 can be obtained. Components of v 0 along X t Y f Z are given by v Qx = x 2 a n + #2 a i2 + 
I2«i3j etc. Hence, with known values of x, y, z, I x , I xy , etc., relative to the body-fixed axes, T r of M x follows 
at once from (8.10), 

The kinetic energy of M 2 (assuming for simplicity that the vertical dotted line through (x u yj passes 
through cm. of B) is merely T 2 - ^M 2 {x\ -f y\) + where / is the moment of inertia of the block about 

the dotted line. Thus, for the system, T = T x + T 2 . . 

For any known forces acting, equations of motion follow at once by an application of Lagrange's equa- 
tions in the usual way. Forces of constraint, as between the rod and M lf will not appear in these equations. 
Note that a llr a 12 , a 18 , etc., can be expressed in terms of 6 v 0 2 ,p. 

For example, a u ~ —(sin 4 1 cos e 2 + cos 8 1 sin 9 2 sin /?), 

a 12 — cos 6 X cos $ 2 — sin 6 X sin 0 2 sin ft, a 13 = sin e 2 cos 0, etc. 

Example 8.13. 

In Fig. 8-15 below, support A can move to any position on the X 1 Y 1 plane. The shaft ab, on which the 
rigid body can rotate with angular velocity {S, is hinged at 0 and can swing in a vertical plane. b x is 
measured relative to X v e 2 relative to A, e 3 as indicated, and {$ relative to the shaft ab. The following is 
an outline of steps for finding T of the system. 

Let us assume body-fixed axes X, Y, Z with origin at O, and Z along ba. 0 3 is horizontal and always 
normal to the abc plane. Angular velocity of table B is e x + 0 2 . Hence with the aid of the upper right hand 
sketch the reader may show that 

■ • • ■ ••• 

w x — (#i + #2) cos *3 sm P ~ e s cos ft* w j/ ~ ( 0 i + ^2) cos H cos /? + #3 sin /?, , w 3 = /? + ($ 1 + B 2 ) sin 6 S 

v 0) the velocity of 0, and its components along X, Y, Z [see Problem 8.12(d)] may be found by the method 
outlined in Example 8.12. Thus for known values of x, y, z and I x , I xy , etc., T u the kinetic energy of M x can 
be obtained. For known masses, moments of inertia, etc., of rod ab, table B and support A, corresponding 
kinetic energies T 2 , T 3 , T 4 can be written out at once. Hence T for the system is just T = 7\ + T 2 + T z + T 4 
from which equations of motion corresponding to x ti y lf e x , e 2 , 6 S , /? follow in the usual way. It is important 
to note that, assuming smooth bearings, all forces of constraint are automatically eliminated from equa- 
tions of motion. This illustrates one of the great advantages of the Lagrangian over the Euler method. 
See Chapter 9. 
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Fig. 8-15 

8.7 EULER ANGLES DEFINED. EXPRESSING * AND ITS 
COMPONENTS IN THESE ANGLES. 

(a) Euler angles Q, <f> shown in Fig. 8-16 are widely used in rigid body dynamics. The 
manner in which they are measured is quite simple. In view of applications which 
immediately follow, we shall assume Xi,Yi,Zi fixed in space. The rigid body, one 
point of which is fixed at 0, is free to turn in any manner about 0. Axes X, Y,Z are 
attached to the body. 0 is the angle between Z t and Z. Line ON is determined by 
the intersection of the moving XY and stationary X\Yi planes. Angle ^ is measured 
between Xi and ON, and <f> between ON and X, (A simple model is very helpful in 
understanding and working with these angles.) 




Fig. 8-18 
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(6) Angular velocity of the body and its components. Note that 0, ^, may be regarded as 
vectors along ON, Z x and Z respectively. The total angular velocity ® is the vector sum 
of these three quantities. 

Making use of the following direction cosines (the reader may verify same), 



Cosines of Angles between X, Y, Z and Z lf ON 




X 


Y 


Z 




sin 6 sin <f> 


sin e cos ^ 


cos e 


ON 


COS <p 


— sin 0 


0 



r Table 8.1 



• * • 

it follows, by taking components of 6, ^, <j> along the body-fixed X, Y, Z axes, that 

a> x = xb sin 6 sin </>+■$ cos <j> 
oy y = ^sin0cos<£ - 0 sin <j> 

<a z = 0 + ^ COS 9 

Hence, for example, components of v (the inertial space velocity of any typical particle 
m') along instantaneous directions of X, Y,Z are given by 

v x = (i sin 0 cos <j> - 6 sin <j>)z - (<£ + f cos 9)y, etc. 

where x,y,z are the X> Y f Z coordinates of m\ 

8.8 Use of Euler Angles: Body Moving in Any Manner. 




0, ^. # = Euler Angles. a 32 = cos (Z, Yi), etc. 



Fig. 8-17 

Assume that the body, Fig. 8-17, is free to move in any manner under the action of 
forces Fi,F 2 , etc. Regard X,Y,Z as body-fixed and assume that X', Y', Z' f with origin 
attached to the body at 0, remain parallel to inertial axes X U Y U Z U Euler angles are 
measured as indicated. Let « u , « 12 , « u represent direction cosines of X relative to X', Y', Z f 
(or, of course, relative to XuY\,Zi), etc., a complete table of which follows. The reader 
should verify these expressions. 
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Cosines of Angles between X, Y, Z and X h Y u Z t 
Refer to Fig. 8-16 or 8-17. 








Id 




a u — cos 0 cos 0 

— sin 0 sin 0 cos 0 


a 2 i = — sin 0 cos 0 

— cos 0 sin 0 cos 6 


a zi = sin sin 0 


Yi 


a 12 — cos 0 sin 0 

+ sin 0 cos 4> cos 6 


£* 22 = — sin 0 sin 0 

+ cos 0 cos 0 cos e 


a 32 = —sin 0 cos 0 




a 13 — sin 6 sin 0 


a 2 3 — sin 0 cos 0 


a 33 — cos 8 



Table 8.2 



Components of the total angular velocity ** relative to inertial space, taken along X, Y, Z 
are given directly by (8J1). 

The velocity v 0 of 0 relative to inertial space is just vo - (x\ + y\ + z\) xn where x u yi, %\ 
are Xi, Yi, Zi coordinates of 0. Xi 9 yi,Zi can of course be expressed in other coordinates 
such as cylindrical or spherical, if so desired. 

Finally Vo x , Vo y , Vo z , components of v 0 in the instantaneous directions of X, Y,Z, are given 

Hence, applying (8 JO), T may be expressed in terms of the six coordinates zi, yi, Zi, 0, $ s <f> 
and their time derivatives. An application of Lagrange's equations gives six equations of 
motion. If there are constraints, such that equations of constraint can be written out in 
algebraic form (the type dealt with in all previous chapters), a corresponding number of 
coordinates can be eliminated from T in the usual way. 

Suppose, for example, that components /' , /' , t of F u parallel to X u Y lf Z h and co- 
ordinates x if y if zi of points of application Pi relative to X, Y, Z, are known. Then generalized 
forces corresponding to x u Vu zi are merely 

F x t = 2/^ F »i = 2/» t » F *x = 2)/^, 

In order to find F H we may proceed as follows. The component of r, the total torque 
vector, about X for example, is given by r x = 2 {fzfli ~ /y^O where f x . is the component of 
Fi in the direction of the body-fixed X axis, etc. But f X{ — f£ a lt + f' y ct n + f' z a w etc. for 
f y and f z , , Having determined r x> r y , t z , r e = t x cos <j> — r y sin <j> = F e , with similar expres- 
sions for and t^. That is, 

F = t x cob* - t Bin^i *V = t b 

^ = T a sin 0 sin + r y sin # cos <t> + r £ cos 0 

If all forces are conservative, a potential energy function v(xi 9 yu %u 6> 4>> <!>) may be 
written and all generalized forces found at once from F Qr = —BV/dq r . Or, of course, a 
Lagrangian function L may be applied in the usual way. 

As previously shown, T and consequently equations of motion can usually be greatly 
simplified by properly choosing the location of O and the orientation of the body-fixed axes. 
The reader should determine expressions for generalized forces assuming f x ,f y ,f z given 
instead of f^J^J^. 
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Example 8.14. Equations of motion of a top. 

Imagine the body, Fig. 8-16, replaced by a top with the tip stationary at O and its axis of symmetry 
along Z. Take X, Y,Z axes shown as body-fixed. 

Since I x = I y and 0 is at rest, t simplifies and L may be written as 



where M is the total mass and r the distance along the axis of symmetry from 0 to cm. Applying 
Lagrange's equation, the following equations of motion are obtained. 



Detailed treatments of these equations, which may be found in many books, will not be repeated here. 
See, for example: Gyrodynamics and its Engineering Applications by R. N. Arnold and L. Maunder, 
Chapter 7, Academic Press, 1961; or A Treatise on Gyrostatics and Rotational Motion by Andrew Gray, 
Chapter V, The Macmillan Co., 1918. The latter book gives extensive treatments of tops, gyroscopes, etc. 

Example 8.15. Kinetic energy of top ivith tip free to slide on the smooth X 1 Y 1 plane. 

Assuming body-fixed axes as in Example 8.14 and locating 0 (the tip) by the first term of 

{8.10) is merely ^M{x\ + y\). Expressions for a Xf & yy u z are as before.. Hence the second term is 
£[/ x (0 2 + \p 2 sin 2 fl) + 7 2 (0 + $ cosfl) 2 ]. Since x = y — 0, z = r, the third term of T reduces to 
Mr[v Qx 63 y — v Qy 03 x ] in which v 0xJ must be components of v 0 along the instantaneous directions of X, Y 
respectively. That is, v Qx — x t a n + 2/i<*i2, Voy — #i«2i + Vi a 22- Note that v Qz is not required. Introducing 
these and expressions for to y , completes the third term. 

Equations of motion corresponding to x tJ y lt 6, ^, $ can be obtained at once. Note that, assuming the 
X 1 Y 1 plane smooth, the reactive force on the tip will not appear in the generalized forces. 

An alternative method of obtaining T f requiring perhaps less tedious work, is the following. Imagine 
body-fixed axes taken as above but with origin at cm. Since # = y — z = 0, the third term of (8 JO) 
drops out. Vq, not so simple as before, may be obtained from the following relations. Coordinates x, y, z 
of the origin of body-fixed axes relative to the X lf Yi,Z t frame are x = Xi + ra 31 , y — y x + ra 32 , z = ra 33 . 
Differentiating and substituting into Vq = x 2 + y 2 -hz 2 , we have an appropriate expression for v\. Hence 



L - i [4(# 2 + sin 2 e) + I z (i + I cos <?) 2 ] - Mgr cos e 



I x 6 + — I x )ip cos 6 + I z $]f sin 6 — Mgr sin e 

l^Qj cos 6 + 0) = P$ — constant 

I x \p sin 2 6 4- P$ cos 6 — Pty — constant 



(8.13) 




Example 8.16. Kinetic energy and equations of motion of the gyroscope. 




Gyro in Double Gimbals: 
^^^s^^ Lp / a v a 2 \ b Xt b& c t ,c 2 — bearings 

I / % X,Y,Z attached to disk 

■I v \ f^^^^^fe/ 0,$>>P = Euler angles 



Y 1 



Fig. 8-18 
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A gyroscope in a two-gimbal mounting is shown in Fig. 8-18 above. With X u Y lt Z x regarded as fixed, 
it is seen that Euler angles 0>$,<f> measured as follows are suitable coordinates. ^ is determined by the 
rotation of the outer gimbal G x about axis a t a 2 ; e by a rotation of G 2 about 6 1 6 2 and 0 is a rotation of the 
disk about c x c 2 . Line ON as indicated here has the same significance as in Fig. 8-16. 

Thus, neglecting moments of inertia of the gimbals and assuming the origin of body-fixed axes 
X, Y, Z located at the center of the disk, T is just 

T = sin2 B + 52) + cos e + £)2 

from which equations of motion follow at once. Neglecting bearing friction and assuming cm. at O, each 
generalized force is zero. 

If so desired, the kinetic energy of the gimbal rings can easily be included. 

For an extensive treatment of gyroscopes see, besides the references given in Example 8.14, The 
Gyroscope by James Scarborough, Interscience Publishers, 1958, and Theory of the Gyroscopic Compass 
by A. L. Rawlings, The Macmillan Co., 1944. For interesting reading, see Spinning Tops and Gyroscopic 
Motions by John Perry, Dover Publications. 

Example 8.17. 

The rigid body, Fig. 8-19, is suspended by a string of constant length r x . Except for this one con- 
straint it is free to move about in any manner under the action of gravity. Hence the system has five 
degrees of freedom. We shall outline steps for finding T. 




Fig. 8-19 

Let r lt 6 lt 0j, the usual spherical coordinates (<p t not shown), determine the position of p. Assume that 
axes X'y Y'y Z f with origin attached to the body at cm. remain parallel to the inertial axes X 1 ,Y 1 ,Z 1 . 
Talcing body-fixed axes X, Y, Z with origin at cm., we shall measure Euler angles between these and 
X', Y', Z f . (Neither X,Y, nor ^,0 are shown on the diagram,) Angular velocities w x , w y , u z are given by 
relations (8J1). Since x ~ y — z = 0, the last term of (8.10) drops out. v 0 , the velocity of cm. relative 
to X lt Y lt Z lt is given by v\ = x\ + y[ + *Z\ where x lt y lt z lt the X^Y X ,Z X coordinates of cm., can be 
expressed in terms of the constants r u r 2 and the angles 0 U $ U O, ^. [See (2.26) Page 20.] Hence can 
be expressed in terms of these coordinates and their time derivatives. If X,Y t Z are chosen along the 
principal axes of inertia, 

Here V = —Mgir^ cos $i + r 2 cos $). Thus equations of motion follow at once. 

The reader should find an explicit expression for T and write out equations of motion. 

Example 8.18. The two masses M a and M b , Fig. 8-20 below, are fastened together by means of a ball 
joint at O. 

Otherwise they are perfectly free to move in space, perhaps under the action of springs, gravity, etc 
Clearly the system has nin^e degrees of freedom. An outline of the procedure for finding T and the nine 
equations of motion follows. 
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Fig. 8-20 



Let coordinates x,y, z represent the position of the center of the ball (point 0) relative to inertial 
axes Xi,Y lf Zi. The X\Y\Z* frame, with origin attached to 0, moves with 0 but remains always 
parallel to X lf Y v Z 1 . Axes X a , Y a ,Z a and X bl Y b ,Z bt with common origin at O are attached to M a and M b 
respectively (X a , Y a and X bl Y b not shown). Hence Euler angles $ lf <Pi of M a and 0 2 »^2»02 °f M b can, for 
each mass, be measured relative to X'.Y'.Z* just as in Fig. 8-17. Thus T at the kinetic energy of M a , can 
be written in terms of x f y,z J e lj }p 1 ,<p 1 and their time derivatives by a direct application of (8.10). Like- 
wise, T b may be expressed in terms of x, y,z, *2>^2>02> anc * finally the total T is just T a + T b which 
involves nine coordinates. Note that v 0 is the same for each mass but expressions for v Qx , v 0y , v 0z for M a 
are not the same as corresponding quantities for M b . 

Equations of motion are now obtained by an application of Lagrange's equation. If springs, gravity, 
externally applied forces, etc., are acting, generalized forces corresponding to the various coordinates 
give no trouble. Note -that the force of constraint at the smooth ball joint is automatically eliminated. 



8.9 Kinetic Energy Making Use of Direction-fixed Axes. [See Section 8.4(c).] 

In all previous examples of this chapter, body-fixed axes have been employed. How- 
ever, as previously pointed out direction-fixed axes can also be used. In this case moments 
and products of inertia (variable quantities), components of a> (angular velocity of the body 
relative to inertial space), coordinates of cm. and components of vo must all be expressed 
relative to the direction-fixed axes. 

To illustrate this, consider again the body shown in Fig. 8-17. Components of © along 
the direction-fixed X\ Y f ,Z' axes are given by 

- V*" + V*2i + .Vai* etc - 
where <o x = ^ sin# sin</> + 0 cos<£, etc. See equations (8.11). Moments and products of 
inertia l' xt I X y, etc., relative to X', Y',Z' may be expressed in terms of I x ,I xy , etc., relative 
to the body-fixed X, Y,Z axes by means of equations (7.20), Page 123. Coordinates of cm. 
in terms of x,y,z relative to body-fixed axes may be written as x f = x<x n + ya 2l + 2« 81> 
etc. vo has the same meaning as before, but its components must be taken along the fixed 
directions of X', Y',Z'. 
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On substituting the above "direction-fixed" values into {8.10), a valid expression for T 
is obtained. Note that this expression will finally reduce to exactly the same as obtained 
by the use of body-fixed axes. 

The above procedure is usually far less convenient than the body-fixed method. How- 
ever, for the sake of illustrating basic principles, we give the following specific example. 

Example 8.19. 

Referring to Fig. 8-16, suppose M a spinning top with body-fixed axis Z along its axis of symmetry and 
the tip fixed at O. We shall find T using quantities relative to the fixed X 1 ,Y 1 ,Z 1 frame. 

<*x 1 — (5 cos ^ + 0 sin 6 sin « Si — e sin ^ — } sin 0 cos ^, ta x — ^ + 0 cos 0 

From relations {7.20), Page 123, 



I X1 


= I x (cos 2 ^ + cos 2 e sin 2 + l z sin 2 8 sin 2 ^ 




- 4 (sin 2 0 + cos 2 0 cos 2 4>) + /„, sin 2 0 cos 2 ^ 




= ^ sin 2 0 + I z cos 2 (9 


I x 1 y 1 


= — I x sin 2 0 sin ^ cos + ^ sin 2 0 sin ^ cos ^ 


Ix l z l 


= I x sin 0 cos e sin $ — I z sin 0 cos 0 sin ^ 


7 *1*1 


= — I x sin 0 cos 0 cos \p -f sin 6 cos 0 cos ^ 



Since the tip is fixed, v Q — 0 and thus 

On substituting from above, 2 1 becomes, after some long tedious reductions, 

T = %I X & + & sin**) + + * cos 

which is just what was obtained in Example 8.14 making use of body-fixed axes. 

8.10 Motion of a Rigid Body Relative to a Translating and 
Rotating Frame of Reference. 

The general type of problem to be considered may be stated and illustrated as follows. 
Let X 2 , Y 2 ,Z 2 , Fig. 8-21 below, be regarded as inertial. Imagine, for example, Xi, Yi, Z\ 
attached to the cabin of a ship which is moving (translating, rolling, yawing, pitching) in 
any known or assumed manner relative to X 2 , Y 2 ,Z 2 . The motion of a rigid body, acted 
upon by given forces Fi, F 2 , etc., is to be determined relative to the cabin. 

It is evident that, basically, the required procedure is the same as that followed in all 
previous examples because, under any and all conditions, relation (8.10), Page 1U8, is valid 
without change in form provided <a x , <* y , <o z and v Qx , v 0y , v Qz are so expressed that they represent 
components of o> (total angular velocity of the body relative to inertial space) and vo (the 
linear inertial-space velocity of 0) respectively, along the instantaneous directions of the 
body-fixed X, Y,Z axes. Details of how these quantities can properly be expressed for this 
problem are given below. 

Let Oi represent the angular velocity of the Xi, Yi, Zi frame (the boat) relative to X 2 , Y 2 , Z 2 . 
Write components of Qi along X h Yi, Zi as Qi x , Qi 9 , Qu. Take Q as the angular velocity of 
the body relative to Xi, Y\,Z\ with components Q x ,Q y ,Q z along the body-fixed X, Y,Z axes. 
Let the orientation of the Xi, Yi, Zi frame relative to inertial space (X 2 , Y 2 , Z 2 ) be determined 
by Euler angles 0 t , # v <j> t as shown in the figure, and that of the body relative to the cabin 
by 6,\f<, 4> (not shown but measured in the usual way with respect to Xi, Yi,Zi). Hence we 
write [see (8.11), Page 157], 

Q lx — ^sinfljSin^ + ^cos^ 1? etc. (1) 
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Inertial 



X t ,Y u Z l Attached 
to Cabin 




#31 ♦ 032> 033- 




■s 



x 2 



X, Y, Z Are Body-fixed 



<*H» <*12> «!3 

Relative to X v Y X ,Z X 



Angular velocity of 
body relative to iner- 
tial space. 

Angular velocity of 
X v Y lt Z x relative to 
inertial space. 

Angular velocity of 
body relative to 
X lt Y lf Z t frame. 

Linear inertial-space 
velocity of O. 

Linear inertial-space 
velocity of O v 

Direction cosines of X 
relative toX u Y lt Z lf etc. 

Direction cosines of X x 
relative to X%, Y 2 , Z 2 , etc. 

X,Y,Z are body-fixed. X^Y^Zi 
remain parallel to inertial X 2 ,Y%,Z 2 



a ll» «12. 
013 



Fig. 8-21 



and likewise 



$ sin 0 sin + $ cos <j> f etc. 



(*) 



Therefore w^,, <a y , <& zi as defined above, are given by 



> x = ^ + Vll + Vl2 + Vl3 



where <* n > <* 12 > <x 13 , etc., are given in Table 8.2, Page 158. These are the expressions for 
<VV W « squired in (8.10), Page 148. 

Indicating the linear velocity of Oi relative to X 2 , Yz, Z% by u, with components Ux, Uy, u z 
along Xi, Yi, Z u we write 

where the meanings of % 2 ,f} n , etc., are indicated on the figure. Of course, u may be ex- 
pressed in terms of spherical or other coordinates, if so desired. 

Now writing v\ 9 v% t vz as components of vo (vo — inertial space velocity of the origin 0 of 
X t Y,Z) along instantaneous directions of Xi,Yi,Zi, it follows from (§4), Page 143, that 

v t = x 2 p n + y 2 p i2 + z 2 p i3 + x x + Q ly z t - ojf^ 

V 2 = ^21 + + *As + »1 + a iz X l ~ °lA i 8 * 15 ) 

V Z = KPzi + V*P* + + K + ~ 0 1^1 

where Xi,yi,Zi are the -X\, Yi,Zi coordinates of O and the /3's are obtained from Table 8.2, 
Page 158, replacing 0 by 9 V etc. Thus v\ which appears in (8.10) is given by 



164 



LAGRANGIAN TREATMENT OF RIGID BODY DYNAMICS 



[CHAP. 8 



£ = v> + v\ + ig 



Also vox, v 0y , vos, as defined above, are 



= V l«ll + Vl2 + 



Oy 



V l«21 + V 2 a 22 + V S a 23» 



1~31 



2^32 



8 a 88 



Now inserting (4) in the first term of (8.10) and the results of (8.14) and (5) into the 
second and third terms, we have 

x v y v z 1 ; x#,y 2 ,z z ; e v ^ v 4> x \ 0,^<f>\ 
and their time derivatives / 



T = T 



(8.16) 



But assuming that the motion of the ship (the X\,Y U Z\ frame) is known, #2,2/2,22 and 
0 V \j/ v <l> 1 are known functions of time. Hence T can finally be put in the form 

T = T(x u y u zi; x u y u Zi' 9 0,*,0; 0,£ v *; t) (8.17) 

which contains no coordinates other than those which locate the body relative to the cabin. 
Thus equations of motion of the body relative to the cabin follow at once by an application 
of Lagrange's equations. Expressions for generalized forces are obtained in the usual way. 

Note that if 0 is taken at the center of mass, the third term of (8.10) drops out and 
relations (5), which may be quite messy, are not necessary. 

Results of the above section are illustrated by the following specific examples. As 
further illustrations see Problems 14.30, 14.31 and 14.32, Pages 299-301. 

Example 8.20. 

Referring to Pig. 8-22, the horizontal arm AB is made to rotate with angular velocity ^ about a ver- 
tical axis as shown. Disk D rotates with angular velocity } v measured relative to the support C. Axes 
%2> Y2>%2 are assumed inertial. X v Y Xl Z x are attached to D. Z x extended backward intersects the vertical 
line about which AB rotates. We shall regard $ x and <p x as known functions of time. 



a 31» «32» a 33 




Motion of Rigid Body Relative 
to Moving X lf Y u Z l Frame 



Fig. 8-22 
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A rigid body of mass M is acted upon by forces F lt F z> etc., (magnitude, direction and point of applica- 
tion of each assumed known). Following the same general notation and method outlined above in Section 
8.10, let us determine the equations of motion of the body relative to the X u Y X ,Z X frame. 

It may be seen from the figure that 

• • * • 

&i x = $1 sin sin $ u fi l3/ = fa sin 9^ cos fa, ft^ = <fii + ^ cos e x 

Also, fl x = ^ sin $ sin <p + e cos <f>, etc. (0, ^, # are, of course, the Euler angles which determine the 
orientation of the body relative to X u Y ly Z x ). Hence, just as in (8.H), Section 8.10, 

f>z = n x + toix<xn + n l3/ « 12 + fii 2 a 13 , etc. 

0 2 has a linear velocity u relative to inertial space of magnitude (r + I sin e^fa Components along 
X u Y u Z x are 

u x — (r + Z sin cob^i, w H = — (r + Z sin sin 0 1( ?t z = 0 
Hence it is seen [following {8.15), Section 8.10] that 

v x ' = (r + Z sin tfj)^! cos ^ ; 4- -f sin e x cos ^j)^ — + ^ cos ff^i 

and corresponding expressions for -v 2 '' u 3- Assuming that O is at cm., expressions f or v 0x , v 0y , v 0z are not 
required. And if X, Y, Z are taken along principal axes of inertia, T reduces to 

T = lMM + «5 + ^) + ^ + iJ«}.+ ^«J 

which, assuming fa and fa are known functions of time, is expressed as a function of x l9 yt,z l9 0',$,<t>, their 
time derivatives and t. For the special case of fa = constant and 'fa == constant, the expression for T 
is relatively simple. 

Equations of motion are obtained at once by an application of Lagrange's equations. No further 
details need be given. 



Example 8J21. Regarding AB, D and M, Fig. 8-22, as a system of rigid bodies; to determine equations of 
motion of the system. 

We shall assume that known forces are applied to each component part, to find all motions of the 
entire system. A brief outline of steps required for the determination of the total kinetic energy follows. 

Assuming X 2 , Y 2 ,Z 2 as inertial, T v the kinetic energy of AB, is just 

where I t is the moment of inertia of the arm AB, the vertical shaft and block C about Z 2 * It easily follows 
that T 2 , the kinetic energy of D alone, is 

T 2 = ±M x (r + I sin + ±11$ sin* $1 + + fa cos e x )* 

where M 1 — mass of the uniform disk and and 7* are moments of inertia of D about X x and Z x respec- 
tively. The expression for T 3 , the kinetic energy of the rigid body, is exactly the one for T obtained in 
Example 8.20 above where, for this problem, fa and fa are not assumed to be known functions of time. 
r 4 , kinetic energy of rod ab (mass M 2 , radius r, length I), is left to reader. Hence finally, 

^totai = Ti 4- T 2 + T 3 + T 4 

Note the following: (a) The system has eight degrees of freedom. (6) T total is expressed in terms of the 
eight coordinates fa, fa; x v y lt z x ; e, 4>, <f> and their time derivatives, (c) An application of Lagrange's equa- 
tions gives the eight equations of motion. Generalized forces are obtained in the usual way. Bearing forces 
(bearings assumed smooth) do not enter, (d) Solutions to these equations give the rotational motion of AB 
relative to the X 2 , Y 2 , Z 2 frame, the rotation of D relative to C, and the motion of the rigid body relative 
to the X u Y v Z 1 frame. 



Example 8.22. Motion of a space ship and rigid body inside ship. 

Referring to Fig. 8-23 below, suppose the rigid body inside the space ship is acted on by forces F lr F 2 , 
etc., as well as the gravitational pull of the earth. Let us consider the problem of finding the motion of 
the ship relative to X 2 , Y 2 ,Z 2 (assumed inertial) and the motion of the body relative to the ship (X v Y^Z^). 
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Earth 



Fig. 8-23 

T v the kinetic energy of the space ship, may be written in the usual way in terms of x 2 , y 2 > z 2 (or r, 
*!,a, see below) and Euler angles e Xi ^ Xs 4> x (not shown) and their time derivatives. An expression for T 2 , 
the kinetic energy of the rigid body, may be written in exactly the form of (8.16), Page 164. Thus 

^tofcal = ^1+^2 

and for given forces (including gravity) the equations of motion follow at once. 

It is important to note that: (a) The system has twelve degrees of freedom, assuming the rigid body 
not constrained. (6) For this problem it is better to replace x 2 ,y %1 z 2 by r,^ and angle a. If desired, a 
can be written as a = <a e t + \ where w e = angular velocity of earth and \ is the longitude of the meridian 
through which r passes. (See Fig. 14-4, Page 144.) (c) Generalized forces are found in the usual way. How- 
ever, it must be remembered that for every force exerted on the body by, say, a light mechanism attached 
to the ship, there is an equal and opposite force on the ship itself. 



Example 8.23. Illustrating the meaning of equations 
(84), Page US. 

In Fig. 8-24 axes X, Y, Z are attached to the 
rotating table. Base B } resting on an elevator, has 
a constant acceleration, a, upward. X v Y ls Z x are 
attached to the earth and regarded as inertial. Line 
Oc is drawn on the table. Angle /3 — constant. As- 
sume e, a and ( tne initial upward velocity of the 
elevator) as known quantities. 

Applying (8.2) it follows that for the particle m', 
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where v x , v yf v z are components of the inertial-space 
velocity of m' along X, F, Z. Hence Fig. 8-24 

T = %m f [x 2 + y 2 4- r 2 ^ 2 + (x 2 + y 2 )e 2 + 2rB 2 (x cos f3 ~ y sin /3) 

+ 2r$(V cos {3 + x sin 0) + 26(xy — yx) + (v 0 + at -f z) 2 ] 

Show that transformation equations relating the inertial-space coordinates x lJ y v z 1 of m' with x,y, z 

are 
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x 1 = r cos $ + xcos(e + fi) — y sin (e + fi) 
y x = r sin 0 + a: sin (0 + /i) + # cos (fl + j8) 
2fj = z + v 0 t + iai 2 

and check the above results by an application of these relations. 

Let A represent the linear acceleration of m' relative to inertial space. Find expressions for its com- 
ponents A xt A y ,A z along the instantaneous directions of X, Y,Z. Apply the method of Chapter 3, Page 48. 

8.11 Suggested Experiment: Determination of the period of oscillation of disk Z>, Fig. 

8-13, Page 154. 

A metal disk of any convenient thickness and radius, mounted on a slender rod with 
end p sharpened as a pencil, is placed on an inclined plane consisting of a sheet of plate 
glass (glass greatly reduces damping). If the angle of incline is not too great, the disk will 
oscillate for some time about its equilibrium position without sliding down. 

Find the period experimentally and compare with the computed value. With reasonable 
care in the determination of moments of inertia, mass, etc., experimental and computed 
values of the period will agree closely. For best results the mass, etc., of the supporting rod 
(length r\ along Z) should be taken account of. This introduces no difficulties. 

The theory involved in computing the period includes many of the basic principles of 
rigid body dynamics. Moreover, the experiment is quite interesting and inspires confidence 
in the general methods employed. 



Problems 

A. Angular velocities and their components. 

8.1. Prove expressions (5.0), Page 140. 

8.2. Assume that the rigid body, Fig. 8-1, Page 140, is rotating about lines Oa x and Oa 2 (not shown) 
with angular velocities to 2 and to 2 respectively. Corresponding linear velocities of m T are v 1 — 
and v 2 = to 2 &2- Hence tne magnitude of the total velocity v is given by 

v 2 — wjh 2 + apil 4- 2w 1 w 2 hiJ l 2 cos/3 (et) 

where /? is the angle between v t and v 2 . 

But assuming that coj and w 2 can be combined as vectors, the resultant to is given by 
u 2 — u 2j c <j^-\- 20^2 cos 6 where e is the angle between to 2 and to 2 . Hence it should be that - 

where h is the normal distance from the line indicating to to m'. Show that the two expressions 
(a) and (b) are equal. To simplify the work take Oa x along X and Oa 2 somewhere in the XY plane 
but m at some general point x, y, z. 
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8.3. Referring to Pig. 8-25, assume that the body, with one point fixed at O u has an angular velocity 
*(wix> "iy> relative to X u Yi t Z t . As a result, m' has a linear velocity with components along 
X i ,Y u Z 1 given by v x = uii y z 1 — ui z 2/i, etc., where % u y 1 ,z 1 are the X lt Y lt Z 1 coordinates of m'. 

Now consider the X, F, Z frame with origin attached to the body at O. Assuming that these 
axes remain parallel to X lt Y u Z u it is seen that x v — x Q -f x, etc. Extending the above, prove the 
statement made in Section 8.2C(/i), Page 142. 




Fig. 8-25 

8.4. Prove relations (1) and (#), Example 8.3, Page 146. Indicating direction cosines of the total angular 
velocity vector <o by l y m,n relative to X, Y,Z y and l^m^n^ relative to X 1 Y l Z lf show that, 

I = ($i cos a -f e 2 cos /?)(sin 0 3 )/to, etc. 
and l± — (6 2 sin ({3 — a) + £ 3 cos a)(cos etc. 

8.5. Referring to Pig. 8-11, Example 8.7, Page 152, show that the direction of the angular velocity 
vector of the rod relative to instantaneous positions of the body-fixed axes is given by 

/ = — <? 2 /u, w ~ (9 1 cos$ 2 )/u, n — (d-i sin 0 2 )/co 

where w 2 = d\ + e\\ and that relative to the space-fixed X 1 ,Y lt Z 1 axes, 

l t = — (e 2 sin mx — (0 2 cos «i = ffi/w 

8.6. Referring to Pig. 8-12, Example 8.8, Page 153, verify expressions given for h> x ,a yt o3 z . 

8.7. In Fig. 8-26 the disk D rotates through angle $ 3 measured by pointer p from a horizontal line 
parallel to the face and passing through the center of D. Shaft bd can rotate in a vertical plane 
through angle $ 2 , about a horizontal bearing at 6. The vertical shaft rotates through angle B x 
measured from the fixed X 1 axis. 

With body-fixed axes attached to D as in Pig. 8-5, Page 146, show that components of the 
angular velocity « along these axes are 

« • • • • • 

u x = 6± cos e 2 sin 6 3 — 8 2 cos 0 3t w y ~ ff i cos G 2 cos #3 o% sm & z = 0 S 4- 6-^ sm 0 2 

Show that components of « along the inertial X v Y u Z 1 axes are 

• • . * • • • . 

0 X< ~ ^3 C0S & 2 C0S e l #2 Sm *1» = ^3 C0S ^2 sin #1 — #2 cos W 2 — ^ + 0 3 Sin 0 2 



CHAP. 8] 



LAGRANGIAN TREATMENT OP RIGID BODY DYNAMICS 



169 




Fig. 8-26 

8.8. Verify the important relations (8.11), Page 157. Also verify expressions for the direction cosines 
given in Table 8.2, Page 158. Note. A simple model is very helpful. 

8.9. Referring to Pig. 8-3 and regarding m as a free particle, write ajj = x 0 4- xa n 4- ya 2 i + ^3i» etc. 
for y x and z v Differentiate these relations, regarding all quantities as variables. Making use of 
relations (8.11), Page 157, show that the expression for v x (the component of the inertial space 
velocity of m along the instantaneous direction of X), v x = X\au + Via 12 + Zia 13 , finally reduces to 
the first of (84), Page 143. The above requires patience but is a valuable exercise. 



8.10. Referring to Example 8.20, Page 164, write out in full expressions for 



B. Kinetic energy and equations of motion. 

8.11, (a) In Pig. 8-5, Page 146, A is at rest The origin 0 of body-fixed axes is at cm. of the disk. 
Show that T for the entire system is 

T = i(M S 2 + F x )** sin* e + cos e + *) 2 + 

(b) Taking body-fixed axes as before but with origin at b, write an expression for T and show that 
it reduces to the one above. Can we regard 6 as attached to Dl 



8.12. (a) With the aid of relations (8.3), Page 142, determine T for the thin disk, Pig. 8-5, Page 146, by 

evaluating the integral T — ^ I v 2 dm and compare with the expression for T found in 
Problem 8.11(a). J 

(h) The disk in Pig. 8-5 is replaced by a rigid body of any shape. Assuming the X, Y, Z axes to be 
the same as in part (a) (principal axes with origin at cm.), show by integration that the expres- 
sion for T is the same as in (a). 

(c) Referring to Pig. 8-6 and Example 8.3, Page 146, show that v 0x is given by 
v 0x ~ —( s &i cos $ 2 + h z 2 cos S 2 cos y) sin 0 Z sin (y — a) 

+ [— 8$! sin e 2 + (h + *i sin T) x 2 _ #i z 2 sin 9 2 cos y] cos e s — B x x 2 cos $ 2 cos y sin $ 3 cos (y — a) 

(d) Referring to Pig. 8-15, Page 156, find expressions for v 0x , v 0y , v 0z employing equations (8.3), 
Page 142. 
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8.13. Taking body-fixed axes as indicated in Fig. 8-10(1), Example 8.6, Page 151, and assuming that r 
is a coil spring with, constant k, show that 

T = %M(r* + r2tf2) + £/^2 _ M r$[x sin (<f> - e) -h y cos (0 - e)] 

— Mr$$[x cos (<f> — e) — y sin (0 - (9)] 

Show that the r equation of motion is 

m(r — re 2 ) — flf £ [# sin {<f> — e) + y cos (0 — *)] 

— M$ 2 [x cos (0 — e) — y sin (0 — $)] = Af# cos 0 — k(r — r 0 ) 
Write the $ and 0 equations. 

8.14. Disks D x and D 2 , Fig. 8-27, mounted in smooth bearings on a light bar ab, are free to rotate rela- 
tive to the bar of length I with velocities 6 X and # 2 . It is assumed the rims are in contact and rotate 
without slipping. The combination is free to slide about in any manner on the smooth inertial X 1 Y 1 
plane. How many degrees of freedom has the system? Show that 

T = \(M X + M 2 )(i 2 + yi) + ±M 2 le(le + 2y cos B - 2% sin 8) 

+ %h(o x + * 2 ) 2 + ihWih/R* + h 2 

A force i* 1 is applied to the rim of D x at p as indicated. As motion takes place, F remains in 
the same direction (a = constant). Show that generalized forces corresponding to x,y,e tJ $ are 

F x = Fcpsa, F y = -Fsina, F^ = - FR X sin ($ 1 + 0 2 + a), = - ^#1 sin (* x + 0 + a) 




Fig. 8-27 Fig. 8-28 

8.15. The uniform disks D x and D 2 , Fig. 8-28, are mounted on the vertical shaft as shown. Angles 
a, $ lt $ 2 are measured by pointers as indicated. Neglecting masses of the shafts which support the 
disks, show that T for the system is 

+ ±I H (o x + a sinfrP + i/^a sin ft - ^ 2 )2 

8.16. Referring to Fig. 8-5, Page 146, a free particle m has coordinates x,y,z in the X,Y,Z frame. 
Making use of relations (84), Page 143, write T for the particle. Show by the method outlined in 
Chapter 3, Page 48, that the X component of the inertial space acceleration of m is given by 
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a x = x + [(8 + z) JJ + — (a; cos ^ — y sin <f>)$ 2 sin 0] sin 6 cos 0 

— y{$ + ^ cos 0) — 2y($ + ^ cos B) — x($ + $ cos $) 2 + (s + z)^ 2 sin 0 cos 0 sin <f> 
Check the above by means of equation (9,6a), Page 179. a y and a z follow in the same way. 

8.17. Using the results of Problem 8.7 and neglecting the mass of rod bd but including I lf show that 

T - \Ml 2 e\ coss e 2 + %i x (e\ + S\ cos 2 e 2 ) + %I z (e 3 + e 1 sin e 2 ) 2 + ^-/^f 

Taking account of the torsional springs and gravity, show that generalized forces correspond- 
ing to e v $ 2 , 0 3 are 

F e 1 - Ci*u &o 2 = ~c 2 e 2 - Mgl cose 2 , F 6q = 0 
where Cx, c 2 are torsional constants and the springs are assumed undistorted for 0x — 0, 0 3 — 0. 

8.18. Rigid body B, Fig. 8-29, is mounted on A by a shaft S. The two, thus attached, are free to move in 
space under the action of known forces. Origin O t of X\,Y\,Z± is fastened to cm. of A. These 
axes, not otherwise attached to the body, remain parallel to an inertial frame (not shown). The 
same is true of 0 2 and X 2 , F 2 , Z 2 . Take X a) Y a , Z a and X bt Y h ,Z b as body-fixed X lr Y x ,Z x axes of 
A and B respectively. Z h is, for convenience, taken as an extension of Z a . B can rotate with an- 
gular velocity a relative to A. Euler angles for the masses are measured as indicated. 




Fig. 8-29 



Show that the system has seven degrees of freedom and that x 1 ,y 1 ,z 1 (coordinates of 0\ 
relative to some inertial frame), 0i, ^1, #i (Euler angles for A), and the Euler angle <p 2 f° r B are 
suitable coordinates. Prove the following relations: 

0i = #2> $1 ~ ^2> x 2 — x i + * sin 0 X sin fa, 2/2 = Vi ~ I sin e 1 cos fa, z 2 = i^x + ^cos^! 

where # 2> 2/ 2 , z 2 are coordinates of 0 2 relative to the inertial frame and I is the constant distance 
between 0 1 and 0 2 . Note that angular velocities are given by relations (8.11), Page 157, and that 
w z 2 ~ u z 1 + a* Write out expressions for all angular velocities and eliminate superfluous coordinates. 

Assuming that body-fixed axes are principal axes of inertia, show that 

T = £(M ! + M 2 )(x\ + y{ + zi) + ^M 2 [l 2 ^ + IH\ sin 2 e 1 + %U X cos sin fa - y x cos 

+ 2lfa sin 0 1 (i 1 cos fa + sin ^1) — 2lz 1 e 1 sin 0 : ] 

j_ i/? p 2 j_ F p 2 j_ F p 2 \ j_ i/F p 2 _l f p 2 _i_ f p 2 ^ 

* ■'• • » . . • 

where w x = Vi sm 0 X sin fa + 0 X cos 0 lf etc.; a x — tf^ sin 0j sin^ 2 + *i cos $ 2 , etc. 



172 



LAGRANGIAN TREATMENT OF RIGID BODY DYNAMICS 



[CHAP. 8 



Suppose that a known force F x (components fx x >fy x >f Zx along X a , Y af Z a ) is acting on A at a 
point p lt coordinates of which in the X a , Y a , Z a system are l^ly^he^ Likewise, F 2 (components 
f x . /„_, f z ) acts on B at p 2 . Show that the generalized force corresponding to x x is 

2 a 2 2 

Fx x = /xj(cos 0! cos ^! — sin <p x cos 0 2 sin — /^(sin <f> x cos ^ -r cos <f> x cos f 2 sin $ x ) 
4- /v sin flj sin ^ x + / x _(cos <f> 2 cos ^ — Sin <p 2 cos ^ sin ^) 

1 JL 

— /y 2 (sin ^ 2 cos $ x -f cos <£ 2 cos #i sm ^i) + fz 2 sm *i sin ^ x 
Write corresponding expressions for F y ^F z ^. Show, for example, that 

= ftr/*, ~ ^/yj) sin *i sin *i + (^/xj - sin *i cos 0j 



l x Jz 2 ) sin e x cos 0 2 + (/ X2 4 2 - lyjxj cos <? x 



Find expressions for F^F^F^. 



8.19. See Section 8.4(/), Page 149. Consider a body, free to move in any manner. Take body-fixed axes 
along the principal axes of inertia with origin 0 at cm. At any given moment the body may be 
regarded as having an angular velocity a about some instantaneous axis through 0. Direction 
cosines of this line are to x /to, etc. Indicating the variable moment of inertia of the body about this 
line by J, prove that T = ^Mv 2 c m 4- \Iu 2 , which is just the "center of mass" theorem (Page 26) 
as applied to a rigid body. 

C. T and equations of motion relative to moving frames. 

8.20. In Fig. 8-30, X 2 , Y 2 are fixed in space. X lt Y x are attached to a horizontal rotating table which has 
an angular velocity a about a vertical axis through 0 2 . X, F, Z are fastened to a lamina of mass M 
which is free to slide on the X X Y X plane under the action of forces f Xf f 2 , etc. The lamina is located 
relative to X x , Y x by coordinates x x ,y x ,$ as shown. 

Show that <o x = <o y = 0, w % = 0 + a and that 

#2 = (*i "~ fi") cos a — + a(r 4- a?i)] sin a 

with a similar expression for y 2 . 

Show that components of the inertial space velocity of O along instantaneous positions of X 
and Y are given by 

v Qx - # 2 cos (9 4- a) + y 2 sin (e 4- a), v 0v - ~x 2 sin (e 4- a) 4- j/ 2 cos (0 4- a) 

Show that for the lamina, 

T ^ %M[(x x - ya)* + (£i + i(r + tf,)) 2 ] + 4- a)* 

4- M(* 4- + (r 4- »!>«](* cos f - y sin - (ii - 3/ia)(£ sin 9 4- £ cos *)} 

Assuming a to vary in any known manner with time, T — T(x x ,y x ,o; x Xt y Xt e\ t). Hence equa- 
tions of motion (which are easily written out) determine the motion of the lamina relative to the 
moving X x , Y x axes. Note simplification of T for O taken at cm. 



Xi, Yi fixed to 
rotating table 




Rotation 



Fig. 8-30 
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8.21. Suppose that base B, Fig. 8-12, Page 153, is- fastened at a distance R from the center of a hor- 
izontal table which rotates with known angular velocity a about a vertical shaft through its center. 
Let X x be an extension of R. Taking body-fixed axes as shown for the disk, show that 

w x = (a + sin e sin 0, a y = (a + ^) sin 6 cos <£, w z = } + (a + cos 6 

v 0x — Ra(cos ^ sin ^ + sin 0 cos 0 cos v 0y = —Ra(sm 0 sin ^ — cos # cos 8 cos ^) 

v 0z = — Ra sin 0 cos vjj = i2 2 a 2 

where v 0x , v Qy , v 0z = components of v 0 , the inertial-space velocity of O, taken along instantaneous 
directions of the body-fixed axes X,Y,Z. Write out T. Compare with T given in Example 8.8, 
Page 152. 

8.22. In Fig. 8-31, the X Xi Y Xi Z x frame is attached to the earth with Y x tangent to a great circle and 
pointing northward, Z x normal to the earth's surface and X x pointing to the east. Bearings sup- 
porting the a x a 2 axis of the gyro are fixed relative to the earth. The gyro ean rotate about a x a 2 and 
b x b 2 . Show that, taking account of the earth's rotation, 

■ ■ '■ a x = (*i "+ w e sin *) sin $ 2 + " e cos* cos \0 X cos $ 2 

— (^i + to e Sin 4>) COS ^ 2 " C0S * C0S ^1 Sin ^2 
• t 
<*Z — ff 2 + 0) e COS * SHI 0 t 

and that 

T = ^Ix[(h + w e sin*) 2 + o)g cos 2 * cos 2 4- £/£[5 2 + " c cos* sin 0j 2 , ; + constant 

where w e is the angular velocity of the earth and * the latitude. The origin O of body-fixed axes 
X, Y, Z is taken at cm. 

Write equations of motion and show that, neglecting a term with «e(« e = 7.29 X 10 ~ 5 rad/sec), 

0 

where $ 1 + a = 90° and dT/d$ 2 = c = constant. 

For a small, show that 2jr(/?/c« e cos<t») 1/2 is the period of oscillation of the &x& 2 axis about the 
Y*! line. Consider the case of e reversed in direction. 



tP** * 

l x a + cw e cos * sin a 







B * 




7777777*. 







Fig. 8-31 



Fig. 8-32 



8.23. 



The base B on which the top, Fig. 8-32, is spinning is made to oscillate horizontally according to 
x = A sin at. Taking body-fixed axes with origin at the tip and Z along the axis of the top, show 
that ••■ 
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T = |MA 2 u 2 cos*.«t + £4(<? 2 ;+ V- sin 2 $) 4 ^(<£ 4' >A cos 0) s 
4 MAur cos «t(^ sin 0 cos \p + 8 cos 0 sin *p) 

Show that the £ equation of motion is (note that first term in T may be dropped) 

I x 6 4 (7g — I x )4? sin 0 cos B 4- sin 0 

— MAaPr sin cos 0 sin ^ = M#r sin 8 

Write out the ^ and £ equations of motion. 



The tip of the top, Fig. 8-33, remains at 0. on the horizontal rotating arm R. X 2 , Y 2 , Z 2 are fixed in 
space. X v Y lf Z x are rigidly attached to the arm. X x is, for convenience, taken as an extension of 
R and X Xi Y x remain in the X 2 Y 2 plane. Z x remains parallel to Z 2 . X, Y, Z are body-fixed. Euler 
angles are measured relative to X l9 Y l9 Z 1 as shown. This is a special case of the more gen- 

eral problem treated in Section 8.10, Page 162. Notation used is the same as in Fig. 8-21. Show that 

R^i (always in the direction of Y x ) 

Rxp x (cos <f> sin \p 4- sin <j> cos # cos e) 

Rxp x (cos <p cos ^ cos 8 — sin <p sin \f>) 



VQx 



(j3 z 



— —R\p x sin e cos \p 

— %p sin e sm <p -r e cos <f> 4 xp x sin e sin ^ 

— xp sin 0 cos <p — e sin 0 4 ^ sin 8 cos 
= <p 4- V cos 0 4 ^ COS 0 



Finally show that 



Note that, assuming a known function of time (that is, the vertical shaft 0 2 b is forced to 
turn in a given manner), T — T(e,xp,<p; i,&,4>; £). Hence equations of motion give the motion of the 
top relative to the rotating X v Y X ,Z X frame. 





Above, special case of Fig. 8-21 
with same notation 



Fig. 8-33 



8.25. Suppose the arm R, Fig. 8-33, and vertical shaft 0 2 b are free to rotate under the action of some 
known torque t^. How many degrees of freedom does the entire system now have? Write an ex- 
pression for T of the entire system. 
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8.26. In Fig. 8-34 a rotating bearing B supports the shaft a^. On this shaft is mounted, in the 
shown, disk D, Angular displacements are measured relative to A t B,C respectively. 

(a) Show that with axes attached to D as in Fig. 8-5, Page 146, (simple model suggested), 

<a x = [$x COS a COS 6 2 c0S P ~~ ( 0 2 + *1 sm a ) sm P] sm &3 + H cOS a sm 6 2 C °S #3 

• /* * " 

w y " [*1 C0S a C0S & 2 C0S P ~~ (^2 + *1 Sm a ) Sm 0] C0S ^3 ~~ *1 C0S ft sm & 2 Sin # 3 

w « — #3 + [*2 + *i sin a] cos £ + co3 a cos 0 2 sin 0 

(6) With the aid of principles outlined in 
Section 8.10, Page 162, write expres- 
sions for components of the inertial- 
space velocity of cm. of D along 
X y Y,Z. {Hint. Take origin of X u Y lt Z x 
axes at point p with Y x extending 
along r and Z x extending up along 
shaft 

(c) Write out transformation equations 
relating the position of cm. to inertial 
space. Differentiating these equations, 
find the velocity of cm. Compare this 
value with the one found in (b). 

{d) Without inserting the above explicit 
expressions for a x ,v 0xJ etc., write out 

r. 



8.27. Referring to Fig. 8-6, Page 147, a rigid 
body is free to move relative to the X, Y* % 
axes shown, under the action of known 
forces. Taking body-fixed axes with origin 
at cm., assuming S x = constant, e 2 = con- 
stant and following the general procedure 
given in Section 8.10, Page 162, outline 
steps for finding T of the body. 



manner 





Fig. 8-34 



In Example 8.20, Page 164, the supporting base is mounted at a point on the earth having latitude 
<£. (See Fig. 14-2, Page 286.) Write expressions for <o x , u y , w z , r 0 and finally T for the rigid body 
taking account of the earth's rotation. 
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The Euler Method of 
Rigid Body Dynamics 



Rigid Body Dynamics: Part III 



9.1 Preliminary Remarks. 

The Lagrangian method just completed is, in most cases, more advantageous than the 
one about to be considered. Nevertheless, this chapter is included because (1) the Euler 
approach is quite helpful in making clear certain underlying physical and geometrical 
principles of rigid body dynamics, (2) the method has been and still is used extensively 
and (3) the examples and problems herein included furnish a means of making a direct 
comparison of the two methods. 

The Euler treatment is based on the consideration of a "free rigid body", free in the 
sense that, if constrained, forces of constraint are included with those externally applied. 
Mathematically it leads to two fundamental vector equations (9 .3) and (9.15), each of which 
in scalar form is equivalent to: (a) three translatvonal equations of motion of the center 
of mass, equations (9.2); (b) three equations which determine the rotational motion of the 
body, equations (9.10). Hereafter the above six are referred to as "Euler's equations". For an 
understanding of their derivations and applications, close attention to detail is required. Con- 
siderable rereading may be necessary. However, no intrinsic difficulties will be encountered. 

As shown in the following section, the first three are easily obtained from elementary 
considerations. The second set can be derived in several ways: from Lagrange's equations; 
by formal vector methods; or by a simple straightforward application of Newton's second 
law equations. 

The latter is here employed because it leads to the general form of these equations in an 
easily understood manner and in such a way that sight is never lost of the basic physical 
principles involved. Moreover, the final equations of motion can be given a very simple 
physical interpretation. 

The usual derivation of Euler's equations involves a consideration of the time rate of 
change of "angular momentum". But since it is felt that the method here presented offers 
certain pedagogic advantages, angular momentum is not discussed until near the end of 
the chapter. 

9.2 Translational Equations of Motion of the Center of Mass. 

Referring to Fig. 9-1 below and regarding the typical particle ml as "free", we write 

m'xi - fx, m'yi = /„, . m'zi = f z (9.1) 

where %i,yuZt are coordinates of m- relative to the inertial Xi, Yi,Zi frame and f x ,f y ,fz are 
Components of a net force f on m' giving it an acceleration a relative to inertial space. 
The vector sum of forces on m' due to attraction or repulsion of surrounding particles is 
assumed to be zero. 
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Fig. 9-1 



Summing the first of (9.1) over all particles of the body, ^mlx = 2 = F x where 
F x is the sum of the Xi components of all externally applied forces. But from the definition 
of cm., 2 m ' Xi — M% wher6 M is the total mass of the body and x is the Xi coordinate of 
cm. Hence F x = Mx, F v -My, F z — Mz. 

In order to avoid confusion in future notation we write £ = A Xt etc. Thus the three 
translational equations of motion of cm. are written as 

F x = MA X , F y = MA y , F z = MA Z (9.2) 

It is clear that (9.2) may be regarded as component equations of the vector relation 

MA = F (9.8) 

where F is the vector sum of all externally applied forces (regarded as acting at cm.) and 
A represents, in vector notation, the acceleration of cm. relative to inertial space. 

Note the following important facts: 

(a) The center of mass moves as if the entire mass of the body were concentrated at cm. 
with all external forces transferred, without change in magnitude or direction, to 
this point. 

(b) Applied forces Fi, F2, etc., cause not only translation of cm. but (as will soon be evident) 
rotational motion of the body as well. However, it should be noted that, regardless of 
the rotation, equation (9.8) is valid. 

(c) Equation (9.8) obviously applies to a body constrained in any manner, provided forces 
of constraint (usually introduced as unknown quantities) are included in F. 

9.3 Various Ways of Expressing the Scalar Equations Corresponding to (9.8). 

In equations (9.2) the cm. may be treated just as a single particle. Components of A 
and F (basically, of course A must be reckoned relative to inertial space) can be taken along 
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any axes, moving or stationary, and expressed in any convenient coordinates. For example, 
assuming X, Y, Z as inertial, equations (2.60), Page 29, may be regarded as components of 
A along tangents to the coordinate lines corresponding to r t O f <j>. Or again, considering 
Fig. 9-8, Page 189, equations of motion of cm. may be obtained by taking components of 
A and F either along instantaneous directions of the body-fixed axes or say Xi,Yi,Zi, etc. 

Specific expressions for the components of A may be found (a) as indicated in Section 
2.12(3), Page 29, (b) by the Lagrangian method outlined in Section 3.9, Page 48, or (c) in 
case components are to be taken along the axes of a rotating and translating frame, A x , A y , A z 
may be obtained from relation (9.6). 

9.4 Background Material For a Determination of Euler's Rotational Equations. 

A. General expressions for the components of the inertial-space acceleration 
of a free particle along the axes of a moving frame. 

Referring to Fig. 9-2, regard X it Yi, Zi as inertial. Assume the X, Y, Z frame is trans- 
lating and rotating in any manner. This frame could, for example, be one attached to the 
deck of a boat which is rolling, pitching, yawing and moving forward. X', Y' Z f axes, 
with origin attached to that of X, Y t Z, are assumed to remain parallel to X\, Yi, Zu Let 
O represent the angular velocity of the X, Y f Z frame relative to Xi, Y\,Z\ (or to X', Y',Z'). 
Components of O along instantaneous positions of X, Y,Z will be written as fi^Oy,^. Re- 
gard m as a free particle (not one forming part of a rigid body), acted on by a force f 
which gives it an acceleration a relative to inertial space. 



We shall now find expressions (relations (9.6) below) for a x ,Oy,a z , the components of a 
along the instantaneous directions of X, Y, Z. As will be seen later these expressions play 
a vital part in the derivation of Euler's rotational equations of motion. 

Perhaps the clearest and most direct way of obtaining the desired results is through 
the use of transformation equations. Let Xi,yi,Zi and x,y,z be coordinates of m relative 
to Xi, Yi, Zi and X, Y, Z respectively. Denoting coordinates of 0 by x Q , y Q , Zo, we write the 
transformation equation 





O = Angular Velocity of X,Y,Z Relative 
to*!, Y U Z 1 (ortoX\ Y\Z') 



X, Y, Z translating and 
rotating in any manner 



X' t Y' t Z' remain parallel to X^Y^Z^ 0,$,$ = 
Euler angles. O = angular velocity of X t Y t Z frame 
relative to X lf Y Xt Z x . Sl yt Sl z = components of O 
along X t Y t Z. a = inertial-space acceleration of free 
particle m. a x> a y> a s — components of a along in- 
stantaneous directions of X t Y, Z. a 0 = inertial-space 
acceleration of O. 



Determination of a x , a y , a z . 



Pig. 9-2 
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X 1 =- X Q H-flJan + V<x 2l + Za 31 

where, as indicated in the figure, oc n9 a 12 ,a 13 are direction cosines of X, etc. Differentiating 
the above twice with respect to time, we have 

5?, = X Q + Xa n + ifa 21 + 2a 31 + Xa n + jfa,, + Za n + 2(ia n + 2/« 21 + Za 31 ) (1) 

Corresponding expressions follow for yi and z u Hence a Xi a y , a Zf as defined above, are given 

a x = *i«ii + yi a u + Vi8» etc - 

These expressions can be put into final useful form, (9.6) below, as follows. Let Euler 
angles be measured relative to X\ Y',Z f as shown in Fig. 9-2. Hence direction cosines 
a iv a 12 , a 1Q of X etc. can be written in terms of ^, <j>, 0 by Table 8.2, Page 158, and expres- 
sions for a v a v etc., may be obtained by differentiation. 

Now eliminating Xi,yi,Zi from (94) by (l) t etc.; eliminating the a%a%a's from the 
resulting equations and making use of the following relations (see equations (8.11), Page 157) 

Q x = \ sin 0 sin + 0 cos <£, Q y — \ sin 0 cos - 0 sin tf>, Q z — 4> + ^ cos 0 (9.5) 

equation (94) finally takes the form of (9.6a) below. In like manner (9.6b) and (9.6c) may 
be obtained. 

However, in order to simplify the trigonometric manipulations, without the loss of 
generality, we shall proceed as follows. Let us assume (as a matter of convenience) that 
at any moment under consideration the inertial X\, Y\>Z\ frame is chosen in a position such 
that 0 — 90° and ^ = <f> = 0. Note that in this case X is parallel to Xi, Y to Zi and Z points 
in the negative direction of Yu From Table 8.2 it is seen that a u = 1, a 12 = a 18 = 0, etc. 
Hence from (94), etc., 

a x = x u (ty = z u a z = -yi (2) 
It also follows that for these values of the Euler angles, 

«„ = 1, a n = 0, a n = + 

«2i = °- "21 = «a = (2^~?) (3) 

and from relations (9.5) it is seen that 

• ■ • 

Q x — 0, Qy = ty y Q z — 

* • ■ • • • • •••* 

n x = 0 + Qy = $ — 4>0 9 Q s = <j> — $9 



Finally, making use of (S) and (-4), the first of (2) can be written as (9.6a) below. (9.6b) and 
(9.6c) may be determined by the same procedure. 

i Ox — a Q x + x - x(o| + o?) + #(nxQy — n*) 

1 4- z(Q x Qz + Oy) + 2(zq s - £n*) ^ 

mk ay = aoy + y + ^(OxOy + n z ) - y(ai + n*) 

&b " • x 0/ . (&) (0.0) 



r 



a z — a 0z 4- 5: + a(n x Ojs — fig) + y(Q y Q z + Ox) 
- + +2(yQ x -xQ v ) 



(c) 



Components of a, the inertial space acceleration of m, Fig. 9-2, along 
instantaneous positions of the translating and rotating X, Y, Z axes. 
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The meaning of each symbol appearing in (9.6) must be kept in mind, a = acceleration 
of m, ao = acceleration of 0, O = angular velocity of the X, Y, Z frame; each measured 
relative to an inertial frame. a x , a y , a z = components of a, ao x , a 0y , ao z .= components of ao, 
^x'toy'^z " components of Cfc; in each case taken along instantaneous directions of the trans- 
lating and rotating X, Y, Z axes, x, x, etc., are components of velocity and acceleration of 
m relative to X, Y,Z (as measured by an observer riding this frame). 

In vector notation, equations (9.6) are equivalent to 

a = r*o + ai + 2« X v + A X r + a X (« X r) 

where a is the inertial space acceleration of m, r 0 = the position vector measured from 
Oi to 0, ai = ix 4- iy + kz = acceleration of m relative to X, Y, Z, r = position vector 
measured from O to m, v = ix + jy + kz = velocity of m relative to X, Y,Z, i, j,k = unit 
vectors along X, Y, Z. See Chapter 18. 

For another approach to the derivation of (9.6) see S. W. McCuskey, Introduction to Ad- 
vanced Dynamics, Addison- Wesley, 1959, pp. 31, 32. Also see Problem 9.2, Page 197. 

The basic nature and importance of (9.6) may be seen from the following example. 
Example 9.1. 

Referring to Fig. 2-21, Page 22, let us determine a xt a y the components of the inertial-space accelera- 
tion of m t along instantaneous directions of X 2j Y 2 respectively. Note that = w y = 0, w Z2 = $ x + 6 2 . 
By elementary considerations a 0xf a 0yj the components of the inertial-space acceleration of the origin of 
the X 2t Y 2t Z 2 frame along X 2 and Y 2 respectively, are seen to be 

a Qx = ~se 1 cos e 2 -\- se x sin e 2 , a 0y — sb 1 sin e 2 + s$ 1 cos o 2 
Applying (9. 6), we obtain at once 

a x = ~se 2 cos e 2 + s6 x sin e 2 + x 2 — x 2 (&\ + h) 2 ~ V 2(^1 + 0*2) _ ^2(^1 + h) 
a y = 8e 2 sin e 2 + sex cos e 2 + y 2 — 2/2(01 + h) 2 + ^2(^1 + ^2) + 2£ 2 (*i + h) 

An observer riding D 2 and wishing to determine the motion of m relative to this moving disk would 
then write the equations of motion as ma x = f Xf ma y = f y where f x and f y are the X 2 , Y 2 components of 
force on m. 

Note the following: It easily follows that the kinetic energy of m is given by 

T = %m[se\ + (x 2 - y 2 p) 2 + (1/2 + ^) 2 + 2*J 1 (sc 2 - y 2 £) sin * 2 + 2se x (y 2 + a 2 £) cos <? 2 ] 

where £ = tfj + 0 2 . See Problem 9.2, Page 197. Applying the method of Section 3.9, Page 48, the reader 
should check the above expressions for a x and a y . > 

B. Form taken by equations (9.6) when m is a typical particle of a rigid body. 

Suppose that m, Fig. 9-2, is now the typical particle m\ Fig. 9-3. Assume, for sim- 
plicity, that X,Y,Z are body-fixed as shown. In this case x, y,z are constants. Hence 
x — y = z = 0, x ~ y — z — 0. The angular velocity tl of the frame is now the angular 
velocity <■> of the body relative to X\,Yi,Z\ (or to X', Y',Z') and Q x = o> x , etc., where 
t V t V tt) z ^present components of the inertial space angular velocity of the body along in- 
stantaneous directions of X, Y ,Z. Hence relations (9.6) immediately reduce to 

a x = a ox ~ *(-; + -;) + y(<*y<» x -k) + «(«A + i f ) (<*) 

a , = a w + *(-^. + y " + -i) + <Vz - k) ( & ) i 9 - 7 ) 

% = tt 0, + ~ %) + + -at) " + ( C ) 

The above relations are, of course, applicable to any body-fixed axes with origin at any 
point O. 

It should be noted that since a x , a Vf a z are components of a, the inertial space accelera- 
tion of ra', the component ao a of a along any line O a through 0 and having direction cosines 
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I, m, n relative to X, Y, Z is given by 

a 0a = dxl + ay m + <Wb (9.7 a) 

Indeed O a may be rotating about 0 relative to the body, in which case I, m, n are variable 
and (9.7a) gives a 0a along the instantaneous position of this line. 



9.5 Euler's Three Rotational Equations of Motion for a Rigid Body. General Form. 

We shall now derive the rotational equations of motion of the body, Fig. 9-3, to which 
external forces Pi, Pa, etc., are applied. 




Fig. 9-3 



As the body rotates and translates, any typical particle m' will in general experience 
some acceleration a (exactly as in Section 9.2), here regarded as measured relative to 
inertial space. This is due to a force f which is the resultant of forces transmitted from 
Fi 9 F% 9 etc., the direct pull of gravity for example, and forces of attraction or repulsion 
exerted by surrounding particles. In what follows the latter is assumed to cancel out in 
pairs. Letting a Xf Oy,a s and f x ,f y> fz indicate components of a and f respectively along in- 
stantaneous directions of the body fixed X, Y,Z axes, we write "free particle" equations 
of motion as 

m ' a x = f*> m '% = f,> m ' a z = /. (*) 
Multiplying the last of (1) by y, the second by -z and adding, we have 

m'(a z y-a y z) = f z y-f y z (2) 

(Note that insofar as the validity of (2) is concerned, y and z could be replaced by any ar- 
bitrary quantities. Hence (2) is, in a sense, a type of d'Alembert's equation.) From Fig. 
9-rbelow it is seen that f z y - f y z is the moment of f about x. Hence summing (2) over all 
particles of the body, we write 
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f = force applied to m'. t x , t v , t z = moments 
of f about X, Y,Z respectively. f z y — posi- 
tive and f y z a negative moment about X. 
Hence t x = f z y —f y z. Likewise r y '= f x z — 
f z x and r z - f y x~f x y. 



I Moments of f about X, Y, Z. 

— -y v 

Fig. 9-4 

Since the summation is over all particles of the body, r x represents merely the sum of the 
moments of all externally applied forces (including forces of constraint, if the body is in 
any way constrained) about X. Equation (9.8) and two similar expressions for r y and t z are 
the basic equations of rotation. They can be put into convenient useful form as follows. 

a>x t a y ,a z are given by (9.7). Eliminating a y and a z from (9.8) we obtain 
M(a Qz y - a 0y z) + £ a 2 ™'(V 2 + * 2 ) - v>* 2 ™'(* 2 "I/ 2 ) 

+ (o) x o> a - 2 - K% + 2 - K ~ w2 ) 2 = T z 

= sum of moments of all external forces about X> Fig. 9-3. 
But *2m'(y 2 + z 2 ) = = 

2m'(2 2 -^) = ^f 2 + ^)"(^ + l/ 2 )] = etc. 
Hence (0.0) together with expressions for r y and found in the same way, may be written as 



(a) 



• »*,v 

r 



o> to 



A General Form of Euler's Rotational Equations. 



(6) 



(9J0) 



9.6 Important Points Regarding (5.10). 

(a) Equations (0.10) constitute a very general and useful form of Euler's rotational equa- 
tions of motion. These together with (9.2) determine completely the motion of a rigid 
body. In Fig. 9-3, X, 7, Z — any body fixed axes, 0 located at any point. 

(6) A simple physical interpretation of (9.10) may be given as follows. Remembering that 
a x ,a y ,a z in equation (9.7) are relative to inertial space, m'a x , etc., are inertial forces, 
"inertial force" being defined merely as (mass) x (acceleration) relative to inertial space. 
Hence 2 m '( a *V ~ a v z ) is the sum of the moments of all inertial forces about X. And 
clearly the left side of (9.10) must have the same meaning. Therefore this equation is 
a statement of the following "principle of moments", 



/ Summation of moments of 
^ inertial forces about X 



/ Summation of moments 
^ applied forces about X 



-) 



(9.11) 



which is likewise true for moments about Y and Z or indeed any line. 
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(c) It is important to realize that in setting up the first three Euler equations, {9.2), Page 
177, the frame of reference there referred to need not be the same as the one employed 
in setting up the rotational equations (9.10). 

(d) As is evident from (9.7a), Euler equations of rotation can be written for axes which 
may be rotating about 0 relative to the body. See Problem 9.10, Page 199. See Ex- 
amples 9.8 and 9.9, Page 190. 

(e) Determination of t x> t , r 2 . Let F. indicate one of the forces applied at p., Fig. 9-3. 
X, Y,Z components of F 4 are fx^fy^fz^ Coordinates of Pi relative to this frame are 
x%, yi, Zu Hence 

t x = ItifziVi-fv^) . (9. It) 

If components (f x ,f y ,f g ) of Fi are given along, say, X\, Yi,Z u then 

f H = f H «u + Vi, + f H " a (9.18) 

(f) Simplified forms of (9.10). Assume 0 located at any point in the body and X f Y, Z body- 
fixed. Take X t Y,Z along principal axes of inertia through O. Then, since Ixy — Ixz — 
I yz — 0, all terms containing products of inertia drop out. 

If 0 is taken at cm., x = y = z = 0. Hence the first term in each of (9.10) drops 
out, even though X, Y, Z may not be body-fixed. 

If one point (any point) of the body is fixed in space (by means of a ball joint, 
for example) and 0 is taken at this point, the first term of each drops out since 

(L[)x — OLoy — (L$z — 0. 

Note that in the last two cases, relations (9.10) have exactly the same form. 

If O is either fixed in space or located at cm. and if, moreover, body-fixed axes are 
taken along principal axes of inertia, relations (9.10) reduce to the following important 
form. 

+ («) 

Jft + CS-Ov. = '„ ( & ) (M) 

(g) Equations (9.10) can be derived from Lagrange's equations. See Problem 9.9, Page 198. 

9,7 Vector Form of Euler's Rotational Equations. 

As shown in Section 8.2F, Page 147, torque can be treated as a vector r, rectangular 
components of which are t x — E f z V — f y z, etc. See equation (9.8). In like manner 
2 m f (a z y — a y z) is the X component of a vector due to inertial forces. 

For convenience let us write relations (9.10) as B x = r x , B y — r y9 B z — r z where B x 
is merely shorthand for the left side of (9.10a), etc. Hence it is seen that (9.10) are com- 
ponent equations of B — r (9 15) 

where components of B are B x , B y , B z and those of r are r , r , r . 

Taking components of B and r along any line Oa through O (which need not necessarily 
be fixed in space or to the body, see Examples 9.8 and 9.9, Page 190) having direction 
cosines l, m,n f it is evident that 

B J + B y m + B z n = T j + T y m + T * n = T Oa ( 9J6 ) 
Euler's Equation: Applicable to any line Oa. (For a 
more direct derivation see Problem 9.10, Page 199.) 
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9.8 Specific Examples Illustrating the Use of Equations (9.2) and (9 .10). 

Note. Many of the examples in this chapter are taken from Chapter 8. Hence the 
reader may make a direct comparison of the Lagrange and Euler methods. 

Example 9.2. Consider Example 84(1), Fig. 8-8, Page 150. 

Taking body-fixed axes as indicated, u x = a y = 0, « z — e. Inspection shows that F x — —Mg sin e + f xt 
F y — —Mg cos 0 + f yf F z — 0 where f x and f y are components of the reactive force at p along the in- 
stantaneous directions of X and Y. r x ~r y — 0, r z = —Mgl sin e. A x — le,A y ~ le 2 , A z — a 0x = a 0y — a 0z ~ 0. 
I xz = I yz = 0, I xy # 0. Hence equations (9.2) become 

Mle = f x — Mg sin o, Mle 2 = f y - Mg cos e (1) 

and relations (9.10) finally reduce to 1*8 — — Mgl sin e (2) 

For small motion, (2) may be integrated at once to give as a function of time. Thus f x and f y may be 
obtained from (1) as functions of time. 

Note that (2) can be obtained directly by the Lagrangian method. 

Example 9.3. 

For the purpose of bringing out basic principles and illustrating important techniques (at the cost of 
making the solution more involved) let us again treat the above problem, taking body-fixed axes as shown 
in Fig. 9-5. 

Again w x = a y = 0, w 2 = 6 and it is seen that 

F x = f x - Mg sin (fl + /3), F v = f y — Mg cos (e + p) 
T x ~ r v — °» r z — fy r sin P ~ fx T cos P + Mgy sin (e + /J) — Mfir£ cos (e -f /3) 
a ox — cos£ + rS 2 sin/3, a 0y = r£ 2 cos /3 — rV sin /? 
A x = lli cos a — le 2 sin a, A y = I e sin a + le 2 cos a 



Note that a 0x , a Qyt A x , A y are components of accel- 
eration, relative to an inertial frame, of points 0 and 
cm. respectively taken along instantaneous positions 
of the body-fixed axes. f x and f y are components of 
the reactive force on the body at the point of suspen- 
sion. Note also that these reactive forces appear in t z . 
x, y are known constants. 

Thus equations (9.2) become 

M(l 6 cos a — le 2 sin a) - f x ~ Mg sin (e + 

(1) 

M(l e sin a + Zff2 C os a) = f y - M$r cos (0 + /3) 
and equation (9.10c) reduces to 

M(a 0y ^ — a 0x y) + I z e = r z (2) 

Inserting expressions for a Qx , a 0y and r z into (2), the 
Euler equations are complete. 

With some, tedious work the reader can show that 
(2) reduces to (2) in the previous example. Note that l z , 
of this example is not equal to I z of Example 9.2. 

As an exercise the reader should determine the 0 
equation of motion by the Lagrangian method and com- 
pare with results above. 




Fig. 9-5 



Example 9.4. Consider Example 8.7, Fig. 8-11, Page 152. 

Taking X, Y, Z as body-fixed and regarding the rod as a uniform slender one of length L, y — ~ iL, 
x = % — 0, I y — 0, l x — I z , I xy = I xz — I yz — 0. It is seen that w x = — 6 2 , w y = 6\ cos # 2 > u z ~ 6 X sin e 2 
about the body-fixed axes. Also, a 0x — —R*d 1} = — Ro\ sin e%, a Qz — Rd\co^e 2 taken along .the in- 
stantaneous directions of X,Y,Z respectively. Components of the acceleration of cm. relative to inertial 
space and taken along the instantaneous positions of the body-fixed axes are found from (9.7) to be 
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A x = ~(R 4- y sin tf 2 ) *i ~ %Q\Hy cos # 2 

A y - -(R + £ sin 6 2 )o\ sin 6 % —e\y (1) 
A z - (R + y sin 0 2 )5f cos e 2 ~ e\y 

Hence equations (9.2) become 

—M[(R + y sin e 2 ) e\ + 2e 1 $ 2 y cos * 2 ] - 4 

+ y sin 0 2 )0i sin 6 2 4- - -Af# cos 6 2 + /„■ (2) 

Af[<.R + # sin 0 2 )*i cos 0 2 ~~ ff 2#] ~ ~Mg sin # 2 + fz 
where bearing forces f x , f y , f z acting at 0 are assumed to be in the instantaneous directions of X, Y, Z. 

Equations (9.10) reduce to 

MyRe\ cos e 2 — I x e 2 + iji sin e 2 cos e 2 = Mgy sin e 2 

(3) 

•••••• 

«j 4- sin 0 2 4- cos 0^ = t 2 , r y = 0 

where t 3 is the torque about Z due to bearing forces. 

The reader should set up the e 2 equation of motion by the Lagrangian method (see expression for T 
given in Example 8.7, Page 152) and compare with the first of (8). Assuming e t a known function of time, 
how can t zj f x , f y , f z be found as functions of time ? 

Example 9.5. Determination of equation of motion and forces of constraint acting on the disk, Fig. 8-12, 
Page 153. 

Considering body-fixed axes as shown, <a Xf w y , u z are as given on the diagram. Components of force on 
the disk are 

F x = ~Mg sin B sin <f> + f x + f H , F y - -Mg sin e cos <p + f yi + fy 2 , F z = -Af^ cos 0 + /. 

where fx 1 >fy 1 and fx 2 >fy 2 are baring forces at a and 6 respectively, assumed to be in the instantaneous 
directions of X and Y. 

T x = fy x h~fy 2 h> T y ~ fx 2 h~fx 1 h> T z ~ 0 

where l x and l 2 are distances Oa and 06 respectively. Assuming B fixed, a 0l — a 0j , = a 0z = 0, A x = A y = 
A 2 = 0, x = £ = z = 0. Hence equations are 

Mgr sin * sin ^ = + Mfir sin 0 cos £ = + / ffg , Mfir cos 9 - f z (1) 

and relations (£.i0) become, 



Vl 


fy 2 h 


(2) 


fx 2 h 




(S) 









+ * cos <?) = 0 

Multiplying (#) by sin # sin (3) by sin 0 cos <p, and adding, we obtain 

I X J sin 2 6> = (/ 3/j h - / Bj Jj) sin 0 sin <p + (/^ / 2 - f Xl h) sin 0 cos <f> (5) 

the right side of which is just the torque tending to change ^. Hence U) and (5) are just the <p and ^ 
equations of motion respectively. 

Neglecting the moment of inertia of the frame, is the torque applied to shaft cO by, say, a motor. 
Assuming tv, known, integrating (4) and (5), f Xl rfy lf fx 2 >fy 2 can be found as functions of time. 

To complete this example the reader should show that (4) and (5) may be obtained at once by an ap- 
plication of Lagrange's equations. See Example 8.8, Page 152. 

Example 9.6. Equation of motion and forces of constraint on disk D f Fig. 9-6 below. 

The edge of D rolls without slipping in contact with the inclined plane. A smooth ball joint at 0 
holds the end of the shaft in place. 
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Ob is in XY plane and 
parallel to face of disk 




all Joint 

i Inclined 



Oscillation of Disk on Inclined Plane 
Fig. 9-6 



Regard X ll Y li Z 1 as inertial. Take X l horizontally (normal to paper) and Y x directly down the plane. 
X, Y, Z (X, Y not shown) with origin at center of the ball are body-fixed. $ and 0 are Euler angles 
measured in the usual way. As a matter of convenience we shall introduce \p lt instead of $ as defined in 
Fig. 8-16, Page 156, where $ x is measured between Y x and the projection of OZ on the X X Y X plane. Hence 



^ = -f 180°. Also note the following: e = constant, sin B — r x /r 3t cos 6 = r 2 /r 3 , r 3 ^ 



I = distance from 0 to cm. of the system, e 
ponents of angular velocity along X, Y, Z are 

— ^ir~ sin 0> « 

r 3 



^x Iy> 



angle of the inclined plane, a 0x = a Qy = a 0z = 0, com 



- ^l~COS0, 



(1) 



From (9.7) or by elementary considerations it follows that 



(^ r i r 2/»a)^i sin 4> ~ (^ x /r 3 ) ^ cos 0 
(fri^a/fs) cos <f> — (lr x /r 3 ) ^ sin 0 



*y = 



Forces on the system are: Mg acting at cm. and having components Mg sine and — Mg cos e in the 
direction of Y x and Z x respectively; f b = a reactive force at b in the direction of Z x \ f b = a reactive force 
at 6 tangent to the circular path described by b and assumed to be pointing in the positive direction of 
increasing a reactive force on the ball at 0 with components f x ,f y ,f z along the body-fixed X, Y,Z axes. 
We assume that the total reactive force at 6 has no component in the direction of r 3 . 

Now writing F x as the sum of X x components of the above forces, etc, and F x the total X component 

of all forces, we have „ „ , „ „ 

F Xl = F x a xx + F y a X2 + F z a X3 (3) 

where (not including the reactive force at 0) 



— f b COS $ x , 



F H = 



■f b sin $ x + Mg sin e, F z 



f b — Mg cos e 



Thus finally 



fx + /b~ sin 0 + K cos 0 — Mg j^sin c ^ 

j^sin e ^ 

r 2 1 
COS e 

J 



cos <p sin \f/ x + — sin 0 cos ^ 2 



H cos e sin 0 

»*3 



fy + /t,— cos 0 

r 3 



/ b sin 0 + Mg 



sin ^ sin ^ cos <p cos ^ 

r 3 



COS e COS 0 



(5) 



f % + f b ~r+ Mg 

'3 



— sin € cos 
r 3 



With a simple model and a little patience these expressions can be verified directly. 

Equations corresponding to (9.2) can now be written at once from (2) and (5). No further details will 
be given. (Could equations of motion of cm. be written employing components of acceleration and force 
along the X 1} Y 1 ,Z 1 axes?) 

The rotational equations are found as follows. It is seen that the X, Y, Z coordinates of cm. and 6 
are (0,0, l) and (— r 2 cos 0, — r 2 sin 0, r) respectively. Note that X t Y,Z components of the individual forces 
may be read directly from equations (5). Thus applying the general relations r x — 2(/g2/ ™ f v %), etc., 
we finally obtain 
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T x — fb r i sin 0 ~~ fb r 3 cos 0 *~ Mgl [sin e /sin <f> sin ^ 1 — — cos <f> cos $ t j cos e cos 0 

L \ r 3 / r 3 J 



£sin e ^ 



*2 



cos 0 sin 0i + — sin 0 cos 0j 



T y — /b r i cos 0 + /b r 3 sin 0 - Mgl 

The reader may verify these relations by taking moments directly about X, F, Z. 

Equations (9.10) } which for this problem reduce to (9.16), are easily shown to be 



\^ • 1 

J + — cos e sin 0 I 



J x — ( 0! sin 0 — 0^ — cos 0 1 



r 3 \ 



r 2 r| 



*3 



**3 



*2 



1 



^— *i cos0 + 0f— sin0 ) + (I z -I x )—^^ sin0 = r y 



*V*3 



Multiplying (7) by sin 0, (5) by cos 0 and adding, we get, after eliminating f h by (9), the following equation 
of motion: „ 



t*3 \ rr 



which is just the equation of motion obtained much more easily and quickly by the Lagrangian method in 
Example 8.11, Page 154. 

The integral of {10), which for small motion is simple harmonic, gives 0j (and also 0, since r 3 0 1 = — r 2 0) 
as a function of time. Hence f b and f' b can be found as functions of time from, say, (8) and (9), The (9.2) 
equations can be solved for / x , f yi f z . Thus the motion as well as reactive forces have been determined. 

The above treatment involves various tedious details. However, the procedure brings out clearly the 
principles and techniques of the Euler method. It also illustrates, by comparison with Example 8.11, the 
superiority of the Lagrangian method for obtaining equations of motion. 

Example 9.7. Bearing Forces. 

Regarding X l9 Y l9 Z lt Fig. 9-7, as inertial we shall determine expressions for the forces exerted by 
bearings B t and B 2 on the shaft of the rotating body. 




X, Y,Z body-fixed 
X, Y remain in X 1 Z 1 plane 



Euler angles: 9 - 90°, * = 180°. ON (see Fig. 8-16) is here along 
(0 ls — X{) line. Hence $ is measured between ~X X and X. Bearings 
'B lf B & rigidly fastened to X{Y X Z X frame. f lx , f ly ; f^, f 2y — bearing 
forces in instantaneous directions of X and Y. X lt Y lf Z x are inertial. 

Pig. 9-7 

Choosing body-fixed axes as shown and measuring Euler angles as indicated, it is seen that u x == w y = 0, 
a z = 0; a Qx = = a Qz = 0. Also (by elementary principles or from equation (9.7)), 



A x = -(0V + 0 2 *), A y = £0-#02, 



0 



188 



THE EULER METHOD OF RIGID BODY DYNAMICS 



[CHAP. 9 



Forces and torques are given by 

Fx = fix + fix - Mg sin 0, F y =.. f ly + / 2y - J4? cos 0, F 2 = 0 

T x = Ay^2 — Aj/ *i + ^2 cos 0, r y — / la . ^ — f 2x l 2 — Mgz sin 0, 
r z — Mgy sin # — Mgx cos 0 + r m 

where r m is the torque exerted by the motor, and f\ xi f\ v and f% Xi fi v are components of bearing forces at i?j 

and B 2 respectively regarded as being in the instantaneous directions of X and Y. Thus equations (9.2) 
and (9.10) become 

-M($y + = f lx + / to - sin 0 (1) 

Af(?g - 0 2 £) = / ly + / 2y - cos 0 («) 

-hzi + - fzyh — fiyh + Mgz cos 0 (5) 

-lyzi - IxJ> 2 = /2^2 - ^2 sin0 (4) 

7 2 0 = Af#(?/ sin 0 — x cos 0) + r m (5) 

Relations (i) and (A) may be solved for f lx and / 2 x> giving 

Ax (*i + U = Mfft + 5) sin 0 - <MZ 2 £ + J yjB ) 0 - (Ml 2 x + (6) 

Ax (*i + h) = Mtftfi - *) sin 0 + - M Zjy) £ + (/„ - Ml x x)& (7) 

In like manner (2) and (5) can be solved for f ly and / 2ir For r m a known function of time, the integral of 
(5) gives 0 as a function of t. Hence all bearing forces can be expressed in terms of time. 

From the physics of the problem it is evident that bearing forces cannot depend on the location or 
orientation of the XYZ frame. The choice made above, is merely for convenience. 

Static and dynamic balancing: Consider the following two cases. 

(a) If cm. is on the axis of rotation there is no torque about this axis due to gravity and the body is said 
to be "statically" balanced. 

(b) Suppose cm. is on the axis of rotation and Z is a principal axis of inertia through some point O x on the 
rotational axis. Taking X and Y along the other two principal axes, (6) and (7) show that there are 
no bearing forces due to rotation. The body is now both statically and "dynamically" balanced. 

For a derivation which shows much more clearly the physical meaning of (6) and (7), see Problem 
9.17, Page 200. 

9-9 Examples Illustrating the (9.16) Form of Euler's Equations [together with (9.3)]. 

First, consider the following important and somewhat more general techniques than 
heretofore discussed or illustrated. Since Euler angles will be used throughout, the reader 
should review Sections 8.7, Page 156, and 8.8, Page 157. 

Regard the body, Fig. 9-8, as completely free to move under the action of forces Fi, F 2 , 
etc. Consider X lt Y h Zi as inertial and X,Y,Z as body-fixed. Dotted axes Xi, Y' u Z'u with 
origin attached to the body at 0, are assumed to remain parallel to X\ f Y\ f Z\. Euler angles 
0, indicated on the diagram and measured exactly as in Fig. 8-17, Page 157, determine 
the orientation of the body. Direction cosines of X f Y, Z relative to X' lt Y[ f Z[ (or Xi, Y lt Zi) 
are indicated by « n , a 12 , a 13 , etc. Expressions for the a's in terms of Euler angles are given 
in Table 8.2, Page 158. Let F x . indicate one of the forces, applied at point Pi having co- 
ordinates (Xi,yi, Zi), relative to the body-fixed frame. 

If 0 were taken at cm. and X, Y, Z along principal axes of inertia, (9. 3), (9.10) and (9.16) 
would be greatly simplified. However, for pedagogic reasons, we; shall assume 0 located 
at any arbitrary point in the body. Coordinates x,y, z of cm. relative to X, Y f Z are as- 
sumed known. 
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Inertia 



» = angular velocity of body relative to X x , Y X ,Z X . 

— X,Y,Z components of «. F lf F 2f etc. = 
applied forces. M = total mass. A = inertial space 
acceleration of cm. a 0 = inertial space acceleration 
of O. 8 f $,4> = Euler angles. a n , a 12 , <*i3 = direction 
cosines of X, etc. X, Y, Z are body fixed. 



Fig. 9-8 



Scalar Equations corresponding to (9.3) may be found as outlined in Section 9.3. If 
components of A are taken along the body-fixed axes, A x for example may easily be obtained 
from (9. 7a) by setting x = x and <o x = f sin 0 sin ; + 0 cos <£, etc. The quantities Oos, ao», &oz 
may be expressed in any convenient coordinates. Or we can write a 0x = x 0 a n + y 0 a ia + 5? 0 a 18 , 

etc. Writing /*., as the X, F, Z components of F f ,F x for (£.£) is given by F x = 2 
etc. 

Rotational Equations: Due to the vector nature of (9.15), three scalar equations of mo- 
tion corresponding to (0.10). can be obtained by projecting B and t along any three non- 
coplanar lines through 0 which are not necessarily fixed in direction relative to the body. 
Components of B and t are usually taken along ON, Z[ and Z. Note that ON and OZi are 
not stationary with respect to the body except at O. Applying (9.16), it easily follows that 
(see Table 8.1, Page 157) 

B sin 0 sin <j> + Z? sin 9 cos <t> + B v cos 0 — t^, 

(9.17) 



i? cos d> — Z? sin (£ = t« > 



where, of course, r^ 9 r e9 r^ represent applied torques about Zi,ON,Z respectively. Expres- 
sions for B x , By, B z are just the left sides of (9.10a, b, c). One way of writing T , t q , 7^ is as 
follows. (In certain specific cases it may be possible to express them in a more direct 
manner.) 



t = t sin 0 sin -f- t sin 0 cos <j> + r cos 0, 



7-cos</> - t sin<£, t. 



(9.18) 



where = *E(f z .Vt~ f y Zi), etc. 



Thus (£.17) are the three rotational equations of motion. As may be shown without 
difficulty (see Example 9.8 below) they are just the 8,$,<j> equations so easily obtained by 
the Lagrangian method. 

Again it should be emphasized that, with O .located at cm. (frequently, but not always 
convenient), both (9.3) and (9.16) simplify considerably. If X r Y,Z are taken along principal 
axes of inertia through cm., then (9.16) greatly simplifies. 
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Example 9.8. Spinni?ig top with tip in fixed position. 

Imagine the body, Fig. 8-16, Page 156, replaced by a top with the tip located at O. For body-fixed axes 
located as shown, x = y — 0, z — r. I x = I y , Ixy — I xz = I yz = 0. 

Following the procedure outlined above, we will set up the six equations of motion. 
Since O is fixed, a Qx = a Qy — a Qz — 0. Applying (9.7), 

* * • •• 

A x ~ r ($ sin e cos $ sin 0 4- 26$ cos 6 cos 0 4- $ sin 6 cos 0 — e sin <f>) 

A-y = r(ip z sm e cos 6 cos <f> — 26$ cos 6 sm 0 — $ sin 0 sin 0 — 0 cos 0) 

= -r(6 2 + J 2 sin 2 *) 

and it may be seen that 

F x — —Mg sin e sin 0 + Z^, ^ = — Af^r sin 0 cos 0 + / y , F s — —Mg cos 0 + f z 

where f xi f y , f z are components of the reactive force on the tip in the instantaneous directions of X, Y, Z. 
Hence the three equations for the motion of cm., 

F x = MA X , F y = MA y , F z = MA Z (1) 

can now be written out in full. 

Taking moments about ON, Z and Z f , equations (9.17) apply directly. For this problem B x , etc., (see 
equations (9.10)) are 

• • * * • 

B x = I x ( $ sin 6 sin 0 + 2$6 cos 6 sin 0 4- e cos 0 — $ 2 sin 6 cos 6 cos 0) 

... (2) 

4- I z ($ sin 0 cos 0 — 0 sin 0H0 + $ cos 0) 

* * *• . 

B y — I x ( $ sin 0 cos 0 + 2tf 0 cos 6 cos 0 — * sin <p + ^ 2 sin 6 cos 0 sin 0) 

— /z(i£ sin 8 sin 0 +■ 6 cos 0)(0 + ^ cos 6) 
B z = 0 + $ cos 0 — ^0 sin 0) U) 

From the diagram it is seen that r $ = Mgr sin 6, r$ = 0, = 0. Hence the three rotational equa- 
tions reduce to 

* ~~ $ 2 sin 0 cos 0) + 7«(^ 2 sin 0 cos 0 + ^0 sin 6) = M^r sin e (5) 
I x ($ sin 2 0 + 2$ S sin 0 cos 6) + cos 2 0 + 0 cos 0 — 29$ sin 0 cos 9 — 9$ sin 0) = 0 (0) 

I z ( 0 + £ cos e — $6 sin 0) = 0 (7) 
Relations (7) and (£) can each be integrated once, giving 

I z (4> + £ cos tf) = = constant, sin 2 0 + P^ cos 0 = — constant 

Thus (5), (6), (7) are just the 6, $ and 0 equations (8.1S), Page 159, which were obtained at once and with 
much less effort by the Lagrangian method. 

Note that, for 6,$,<p known functions of time, equations (1) give f x ,f y ,f z as functions of time. 

Example 9.9. Euler equations of motion of the gyroscope. (See Fig. 8-18, Example 8.16, Page 159.) 

The following is a brief sketch of steps leading to the desired equations. Taking body-fixed axes 
as shown, 

x = y ~ z = 0, I x = I yi I xy = I xz = i yz = 0, A x = A y = A z ^ 0, a 0x = a 0y = a- 0z = 0 

Let f x ,f v ,f z and f x ,f y J z be components (along instantaneous directions of X,Y,Z) of the reactive 

1 **i 1222 

forces at c 1 and c 2 respectively. Write Oc x — Oc 2 = 2. Then 

F x = / a . i + - sin sin 0, F s = f Vi + /„ 2 - M^r sin 0 cos 0, 
Fz = ^ + /s 2 - *ftr cos r 0 = (/ y2 - / yi )2 cos 0 - (f H - f X2 )l sin 0, 
T * ~ (/a 2 _ sin ^ sin 0 + (/xj - ^3)2 sin cos 9, = 0 

Expressions for B X) B y ,B z are just the left sides of relations (9 J0) r Page 182. Hence the translational 
and rotational equations can be written out in detail. 

The reader should show that the rotational equations reduce to the form given as by the Lagrangian 
method. 
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9.10 Equations of Motion Relative to a Moving Frame of Reference. 

The problem here treated by the Euler Method is exactly the one considered in Section 
8.10, Page 162, by the Lagrangian method. Hence the reader should review that section, 
paying careful attention to the meaning of all symbols used. Neither a statement of the 
problem nor Fig. 8-21 will be repeated. 

With proper care equations (9,2) are directly applicable. We must remember that 
A x , A y , A z are components of the acceleration of cm. relative to inertial space. Hence they 
must be expressed accordingly. Likewise, equations (9.10) or (9.16) are applicable provided 
o) xJ <o , o> z express the components of <» (the angular velocity of the body relative to inertial 
space) along the instantaneous directions of the body-fixed X, Y, Z axes. 

Assuming for simplicity that 0, Fig. 8-21, is located at cm., expressions for A Xl ,Ay 1 ,A Zl 
(components of the inertial-space acceleration of cm. along instantaneous directions of 
Xi, YuZx) may be found from relations (9.6), Page 179. That is, 

A Xl = ai x + xi - Xi(aly + n%) + yi(Qi y Qix - hi?) 

4- zi(a lx Qiz ~ hiy) + 2(iiQ ly - y&u) 

with similar expressions for A Vl and A Zl . Here Q\ x ,Q.\ y , Hi* are components of Q along the 
instantaneous directions of X u Y\,Z\. They are given by relations (8.11), Page 158; that is, 
Cl lx = ^ sin^ 1 sin<^ 1 4- 6 1 cos<f> l , etc. Writing a a as the inertial space acceleration of Oi, 
aia:,aiy,ai 2 - components of ai along instantaneous directions of X u Yi,Z u a lx = xJJ n + 
^2^12 \Pw> e ^ c - (Of course a ix , ai y , a Xz may be expressed in terms of other coordinates. 
See Section 2.12, (8), Page 29.) 

Hence the translational equations of motion of cm. are just MA Xl = F Xv etc, where 
A Xl is given by (9.19) and F Xl = sum of the Xi components of all applied forces, including 
forces of constraint. 

Proper expressions for <o x , <a , <a z may be found exactly as shown in Section 8.10. Thus 
rotational equations of motion have just the form of (9.10), without terms M(a 0z y — ao y z), 
etc., since 0 is assumed located at cm. If it is assumed that the motion (translation and 
rotation) of the XiYiZi frame relative to inertial space is known, then a lx , Q lx , etc., are known 
functions of time. Thus solutions of the first three equations give the motion of cm. 
relative to XiYiZi, and the second three determine the rotational motion of the body 
relative to the same frame. Of course (9.16) can be applied in place of (9.10) if so desired. 

9.11 Finding the Motions of a Space Ship and Object Inside, Each 
Acted Upon by Known Forces. 

The Lagrangian treatment is given in Example 8.22, Page 165. A sketch of the Euler 
method is given below. 

Referring to Fig. 8-23, Page 166, it is clear that six Euler equations for the space ship 
can be written in the usual manner. Then six equations for the rigid body can be set up 
exactly as outlined in Section 9.10. 

The twelve equations of motion involve coordinates Xi,yi,Zi; #2, #2, £2; B v xf/ v 0,^ f <j>. 
Thus solutions give the motion of the space ship relative to Z 2 , Y%, Z% and that of the body 
relative to the space ship. In the treatment of this problem one must not forget that, for 
every force exerted on M by a light device attached to the space ship, there is an equal and 
opposite force on the ship. 

Example 9.10(a). 

Axes X lt Y u Z lt Fig. 9-9 below, with origin at O x are orientated as described on the diagram. Assuming 
O x moves northward along a great circle (X lf Y u Z l attached to a train, for example) with constant velocity 
B l i f Y l remaining tangent to the great circle through the poles, let us determine the equations of motion of 
the particle m acted upon by a known force F. 
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X 2 , F 2 , Z 2 remain fixed in di- 
rection and are assumed in- 
ertial. 0 2 is fastened to cen- 
ter of earth. 




Fig. 9-9 

Expressions for a x , ., a x , components of a, the inertial space acceleration of m } along instantaneous 

directions of X u Y lt Z^ respectively may be found by a proper application of relations (9.6), Page 179. To 
this end (see Fig. 8-21, Page 163) note that 

Also, a 0x = — 2B 1 a e ^ 1 sin * 1( a 0y = R^ sin ^ cos * 1( a 0z ■= — J?j4>j — R^ cos 2 $> x 

[see equations (2.60), Page 29]. Thus applying (9.6a) t 

a x ~ — 2R 1 o> e $ 1 sin*! + x\ — sbjw* — 2« e * 1 (j/ 1 cos*i + z x sin *j) 
+ 2« e («i cos — sin 
with similar expressions for Oy , , Hence the desired equations of motion are 

wa Xi = F x , wa yj - F y , ma Zi = F z 

Note that solutions give the motion of m relative to the moving X^Y-^Zi frame. The same equations can 
more easily be obtained by the Lagrangian method. See Problem 9.7, Page 198. 

Example 9.10(6). 

Particle m, Fig. 9-9, is now replaced by a rigid body of mass M. We shall determine the equations of 
motion of the body relative to X 1 ,Y 1 ,Z 1 . Let O, the origin of body-fixed axes X,Y,Z be located at cm. 
X 1 ,Y 1 ,Z 1 coordinates of cm. are indicated by x u y l9 Zi. 

Now note that, merely replacing m by M and x 1 by x lf etc., in (9.20) and corresponding expressions for 
a y 1 > a z 1 > we nave tne three translational equations of motion of cm. (not repeated here). 

The rotational equations follow at once from the procedure outlined in Section 9.10. From equations 
(8.1Jf), Page 163, (see Fig. 8-21), it follows that components of » along the body-fixed X, Y,Z axes are given 

by « . . 

o> x — yj/ sin e sin 0 + 6 cos# — ^\<x.\\ + w e cos<£ja 12 + co e sin^a^ 

where Euler angles 6,i/,<f> determine, as in Fig. 8-17, Page 157, the orientation of the body relative to 
X 1 ,Y 1 ,Z 1 . a n = cos 0 cos $ — sin <p sin ^ cos e, etc, (see Table 8.2, Page 157.) Similar relations follow 
for o) y and w 2 . . - 

Finally, inserting os x , os y , os z in 

and in corresponding expressions for T y and r z , we have the desired rotational equations of motion. 

Example 9.11. Bearing Forces. Rotor mounted on Moving Frame. 

Suppose that the body, Fig. 9-7, is mounted in, say, a jet fighter plane which may be going through any 
type of maneuvers; to find the bearing forces. The X 1 Y 1 Z 1 frame and bearings are attached to the plane 
and hence move with it. 
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We shall assume that the motion of the plane relative to some X 2 Y 2 Z 2 frame (attached to the earth 
and regarded as inertial) is known. That is, the translational motion of 0 lf Fig. 9-7, and rotational motion 
of X lt Y V Z V each relative to X 2 , Y 2t Z 2 , are known functions of time. (The position of 0 1 and the orienta- 
tion of X 1 ,Y 1 ,Z 1 can be expressed in terms of x 2 ,y 2 ,z 2 and B\,^i,4*\, Fig. 8-21. See Section 8.10, Page 162.) 

Let a 0 be the inertial-space acceleration of 0 1 with known components a x , a 2 > a 3 along X lt Y lf Z x 
respectively. Hence a 0x , a 0y , a Qz , the components of a 0 along X, Y\ Z, are given by a 0x = H- a2 a i2 + 

a 3 a 13 , etc., where a u ,a 12 ,a 13 are direction cosines of X relative to X lt Y lt Z lt etc. But, since in Fig. 9-7, 
$ = 90° and v = 180°, a u = — cos^, a 12 = 0, a 13 — sin etc. (see Table 8.2, Page 158). Thus 

a ox ~ ~ a i cos <f> + a 3 sin <f>, = a x sin <f> + Og cos <f>, a 0z = a 2 (8) 

Let Sij be the inertial-space angular velocity of the plane with known components £Z lx , Sl lyt £Z lz about 
Xj, Y v Z x respectively. Then components of inertial-space angular velocity of the body along the body- 
fixed X, F, Z axes are 

w x = —£l lx cos <f> + £2 l3 sin 0, toy — S2 lx sin # + &iz cos w 3 — 12 ltf + 0 (9) 

Hence it follows from equations (9.7) that A x ,A y ,A z , the components of the inertial-space acceleration of 
cm. along X, F, Z, are 

A x = — ajcos^ + a 3 sintf> — ^wj + wg) + y(w y "x — tJ e) + ^"Vs + "y) 

with similar expressions for A y and A A . 

Writing Mg xs Mg yy Mg z as the X, Y,Z components of the weight (g x ,g y ,g z , components of g, may be 
expressed in terms of 0\,^\j4>\ t <f>), we have 

F x = fi x + f 2 x + Mg x , F y = f iy + f 2y + Mg y , F z = f z + Mg z (11) 

and from r x — 2 (f z V ~~ f y z), etc., it follows that, 

r x = ftyh ~ fiyh + _ T y = /i* z i ~ Z&rfe + Mff** - M 0z$> T z = Mg y & - Mg x y + r m (12) 

We are now in a position to write equations (9.2) and (9.10). The first of (9.2) is 

Af[a 3 sin 4. - a x cos 4 - *(«g + «f) +. + 2(«x w * + = / lx + / 2 i + .^x (**)' 

with similar expressions for the second and third. Equation (9.10a) becomes 
M(a 0z y - a Qy z) + / x w x + (I z -l y )w y u z + l xy (u x u z -l y ) 

™ ^aw( w z w y + «a) + ^yzfaz" w y) = f%yh ~ hyh + ~~ 

with similar expressions for (9.10b) and (P.iOc). 

It is important to note that, for a given motion of the plane, (x 2 ,y2,z 2 , B\ 9 ^\ t 4>\, known functions of 
time) equations (13) and (14) can be expressed in terms of t, Thus, as before, (IS) and (14) can be 

solved for the bearing forces. , , 1 



9.12 Non-Holonomic Constraints. 

In all examples thus far given, equations of constraint have been written out in simple 
algebraic form as indicated by (A- JO), Page 59. With these relations it has been possible to 
eliminate directly and without difficulty superfluous coordinates from T, V, etc. Constraints 
of this type are referred to as holonomic. 

There is, however, a class of problems (sometimes having considerable importance) for 
which the constraints cannot be expressed as above. Instead, they must be written gut as 
differential relations of a type which cannot be integrated. Such expressions may have the 
form 

c h 8qi + Ci 2 Sq 2 + ••■ + d N SqN = 0, < = l f 2,;..,* (9.21) 

where s — number of constraints and N — number of coordinates required, assuming no 
constraints of this form. The 6'$ are usually functions of the coordinates. Relations (9.21) 
are called non-holonomic constraints. 
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For s such equations there are s coordinates which are not independently variable. 
But since (9,21) cannot be integrated, they cannot be employed for the direct elimination of 
the s superfluous coordinates. Degrees of freedom, n - N — s. A detailed treatment of 
non-holonomic systems would require a separate chapter. However, th£ following example 
illustrates the above general ideas and how the Euler method may be employed to find 
equations of motion and reactive forces. 

Example 9.12. 




Fig. 9-10 



The uniform sphere, Fig. 9-10, is allowed to roll, without slipping, in contact with the rough XiFi 
plane which is inclined at an angle e with respect to the horizontal. The position of its center relative to 
X lf Y 1 ,Z 1 is determined by x,y,z (z = r = radius of sphere) and its orientation by Euler angles 
measured as shown. Since we assume no slipping, it may be shown (left to reader) that 

8x — r(S$ sin $ — S<p sin e cos ^), Sy = —r(Se cos ^ + 5^ sin 9 sin ^) (9.22) 

which cannot be integrated to give relations between $,y,0,$,$. Relations (9.22) are typical non-holonomic 
constraints. 

Euler's equations can, nevertheless, be applied to this problem as follows. Expressions (9.2) are 

M & ~ fx x + M 9 sin a, My ~ f y ^ y M'£ = - Mg cos a (1) 
where fx 1 >fy 1 >fz 1 ar e X 1 ,Y V Z 1 components of the reactive force at p. 
Relations (9.10) reduce to 

!a Xl = r Xl , Il> Vi = Ty i? Iu z - r Zi (2) 

where / = moment of inertia of the sphere about any line through its center and a x , a y , w 2l are components 
of the angular velocity of the sphere about the direction-fixed X[,Y[ f Z[ axes. The above form is conven- 
ient because I x = I y = I z = I = constant, regardless of the orientation of the sphere. Hence (2) may be 
written as 

^di C0S ^ ^ S * n 0 sm ^' = y i r 

l4i(6 sin ^ — ^ sin 0 cos#) = f x , r (3) 
at 1 

d • 

Z^fa + <f> cose) = 0 

By inspection of the figure (or regarding Sx, &y, etc., in (9.22) as displacements in time dt), we have 

£ = ros yi , y = —ra Xi , z ~ 0 (A) 
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the first two of which can be written as 

■ • •. • • • 

x — r\B sin ^ — $ sin e cos 4*), y = —r(e cos $ + $ sin e sin (5) 

From (1), (3) and (5) it follows at once that 

(J/r 2 + M) 3 = M# sin e, (7/r 2 + M) » = 0 
Hence 2 as well as f xt f y , f z can each be determined as functions of time. 

9.13 Euler's Rotational Equations From the Point of View of Angular Momentum. 

The development of Euler's rotational equations (Section 9.5, Page 181) and their 
physical interpretation [Section 9.6(6)] has been based on the "principle of moments" ex- 
pressed by relations (9.8) and (9.11). 

We shall now present a brief treatment of these equations in which the emphasis is 
placed on angular momentum and time rate of change of angular momentum. As far as 
classical dynamics is concerned, this adds nothing basically new to the results of previous 
sections. However, it is here given because (a) this approach represents another interest- 
ing point of view, (b) most texts treat Euler's equations in this way, (c) momentum is of 
importance in the development of Hamilton's equations, Chapter. 16, and (d) angular 
momentum plays an important role in certain phases of quantum mechanics. 

Referring to Fig. 9-11, regard X h Yi,Z\ as inertial. Assume X,Y,Z remain parallel 
to these axes. The origin 0 may or may not be attached to the body. Coordinates of the 
typical particle m f are x, y, z and xi, yi, Z\ which are related by xi = x 0 + x, etc. 




Fig. 9-11 

Regarding i(fx,f y ,fz) as the net force on m', we write free particle equations as 

fx = m f Xi, f y = m'y x , f z = m' z\ 

Multiplying the third by yi, the second by — Z\, adding and summing over all particles of 
the body, we have 

^m'Cz^-y^) = 2 (f z y x -f y z x ) = T-1 (9.23) 

where here t x is the torque exerted by the applied forces F*, F 2 about the X\ axis. But in- 
spection shows that (9.23) can be written as 

^ 2) m'(z l y 1 - y x z x ) = (9M) 
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We now define angular momentum or moment of momentum, Px v of the body about the 
inertial Xi axis as 

Likewise angular momentum Py v P Zl about Yi and Z x are defined. (As shown in Problem 

9.22, Pxj Py,Pz are components of an angular momentum vector P. In vector notation (see 

Chapter 18), P = 2 m '( r x *) where r is the position vector measured from Oi to m f . For 

a final expression for P x , see Problem 9.23.) Hence from (9.2U) it is seen that the time rate 

of change of angular momentum about Xi is equal to the torque of applied forces about this 

axis. That is, ... 

P Xl = r Xi , P tfl = V P Zl =r Zi (9.26) 

where in this case under consideration P Xl ,P yv P Zl are determined relative to inertial space. 
But t_,t ,t 2 are components of a vector t (see Section 8.2F, Page 147). Likewise 

• ••1*1*1 , v * A2 * 2 A2 

P Xv P Vv P Zl are components of P which is given in magnitude by P 2 ~ Pl l + P Vl + Pt 1 and 
in direction by PxJP, etc. 

The torque about any line 0±a having direction cosines I, m, n may be expressed as 

T = Pl + Pm + Pn (9.27) 

or in vector notation, r = P (9.28) 

Consider now the moving (but non-rotating) X, Y,Z frame. Eliminating xi,yi 9 Zi from 
(9,23) by xi = Xo + x, etc., we have 

r Xi = 2 ™'[(* + *)(yo + V) - (»o + y)(« 0 + «)] ^ 

Making use of r», = 2 [/*(!*> + ») - /»(«o + *)], w'?i = /„ etc., ^m'Zoy = Mz 0 y (where 
M = total mass, # = Y coordinate of cm.), (9.25) can be written as 

2 = M(ZoV-Voz) + 2^'(«V-^) (9.50) 

The term on the left is obviously t x , the moment of the applied forces about X (not Xi); and 
defining P x = ^m f (zy-yz) as the angular momentum about X, (0.S0) may be written as 



r x = M(z Q y-y 0 z)+P x , r y = M(i>- ^) + P B , ^ = Jf(if 0 « - i 0 y) + P, (9Ji) 

These relations are equivalent to (9 JO) and can be put in exactly the same form. (For the 
equivalent vector relation see Page 342.) 

Note that if O is fixed or moves with constant velocity, Xo — yo~ z 0 — 0. If 0 is located 
at and moves with cm., x — y = z = 0. Hence, in either case, (9.51) reduce to r x = P x , etc. 

As to a physical interpretation of Euler's rotational equations from the point of view of 
angular momentum, (9.27) states that the projection of P (a vector representing the time 
rate of change of the angular momentum of the body) on any line Oia is equal to the sum of 
moments of applied forces about this line. To some this interpretation may present a rather 
vague "picture" or explanation of what takes place physically. On the other hand, equations 
(9.8), Page 181, and (9.16), Page 183, which express the simple fact that the sum of the 
moments of inertial forces about any line is equal to the sum of the moments of applied 
forces about the same line, make quite clear the meaning of Euler's equations in terms of 
elementary basic physical and geometrical principles. From the second point of view, 
(9.16) is no more involved than, for example, f x = mx, etc. 
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9.14 Comparison of the Euler and Lagrangiait Treatments. 

The Euler method is one in which the body is regarded as "free" and forces of constraint 
must be included in equations (9.2) and (9.16). These relations lead to equations of motion 
as well as expressions for the reactive forces. 

Summarizing the Lagrangian method: if the body is regarded as free and T is written, 

d / dT \ dT 

say, in terms of x,y,z and the Euler angles 6,$ 9 '4> 9 then -tt( — r ) — = F x , etc., are just 

d /dT\ dT at \dx/ dx 

equations (9.2). Also, — ( — ) - — = F 0 — r ON , etc., are equations (9.16) and of course 

reactive forces must appear in F x , r 0N , etc. (See Problem 9.9.) But if all superfluous co- 

d / dT \ dT 

ordinates are eliminated from T, ^(^^"j Hq~ " ^ Qr are ^ e e< ^ ua ^ ons °^ m °tion free 
from reactive forces (assuming smooth constraints). 

This is by far the quickest and easiest way of obtaining final equations of motion, es- 
pecially when two or more rigid bodies are involved. 

The following resource letter contains valuable comments on certain phases of rigid body- 
dynamics as well as an excellent list of annotated references: Resource Letter CM-1, on 
the Teaching of Angular Momentum and Rigid Body Motion, by John I. Shonle, American 
Journal of Physics, Vol. 33, No, 11, November 1965, Pages 879-887. Remarks in the in- 
troduction are very pertinent. 



Problems 

9.1. Differentiating the following relation (see Fig. 9-2) 

x i — #o + xa u + V a 2i + Za zi 
with respect to t and making use of relations (3), Section 9.4, Page 179, show that 

for a free particle where v x is the component of the inertial-space velocity of m along the instan- 
taneous direction of X and v 0x is the component of the inertial-space velocity of O along X. Of 
course similar expressions follow for v y and v z . See equations {8.3), Page 142. 

9.2. (a). Referring again to Fig. 9-2, write 

T ' = ilfrox + x + - v z y) 2 + {vvy + y + si s x - a&y*. + (v Qz + « + o*» - ^) 2 ] 

where v Qx = x 0 a n + # 0 <*i2 + ^o«i3> etc. Now show (see Section 3.9, Page 48) that -yrl — r~ ) — 
BT " at \dx/ 

= a XJ where a x is the first expression in (9,6), Page 179. Note that in certain terms as 

^o(^u "~ <*2i n z + a 3i^y) tne coefficient of i 0 may be shown to be zero. The above is an easy way 
of obtaining relations (9.6). 

(b) Write T ~ + V? + a?) where x,y,z are the X lf Y lf Z 1 coordinates of m, Fig. 9-2, and 

x t = x 0 + scan + 2/ a 21 + ^ a 31 + x <*n + # a 21 + Za si> e *c- 

Write out 4" I ^— J — T~ and introducing Euler angles, show that after considerable tedious 

dt \dx / dx 
work the same expression is obtained for a x . 
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9.3. (a) Assuming, for example, that the motion of the rigid body, Fig. 9-3, is completely known, show 

that f x , the X component of the force f acting on the typical particle m', can be obtained from 

fx — ^'[^"o«ii + 2/o a i2-+ ^o«i3 ~ + wf) + y(u y o> x — u z ) -h z(u x o> z +£y)} 

Similar expressions follow for f y and f z . 

(6) A particle of mass m is glued to the periphery (and on the X axis) of disk D, Fig. 8-5, Page 146. 
Assuming $ and <f> are known functions of time, find the X, Y, Z components of force which the 
glue exerts on the particle. Express the results in terms of >p, <f>, and their time derivatives. 
See the following related problem. 

9.4. Referring to Fig. 8-5, Page 146, a particle of mass net is acted upon by a known force having com- 
ponents f x ,fy,f z along the X, Y,Z disk-fixed axes. Motion of the particle is to be determined relative 
to the moving X, Y, Z frame, assuming ^ and 4> are known functions of time. Show that equations 
of motion are 

m[a 0x + x — x(u>l + <4) + y(o> y u x ~ «*) 

+ z(u x u z + a y ) + 2(la) y - ya z )} - f x , etc, 

where u x = $ sin 8 sin <f>, w y — ^ sin e cos 0, w 2 — 4> + ^ cos 8, 

a Qx — $s sin 6 cos 4> + ^ 2 s sin $ cos $ sin <j>, 
a 0y — sm ^ sin 0 + ^ 2 s sin $ cos 8 cos <p, 

a Qz ~ ~~4 2s sin 2 e 

Determine the above expressions for a Qx , a 0y , a 02 by a direct elementary method and also by an 
application of (9.7), Page 180. 

9.5. Referring to equations (14.15), Page 287, note that the coefficients of m in these three equations 
are just the components a x , a y , a z of the acceleration of m relative to inertial space, taken along the 
instantaneous directions of Xi,Y i ,Z 1 respectively. Show that exactly the same expressions can 
be found at once by applying equations (9.7), Page 180. 

9.6. Referring to Example 8.7, Fig. 8-11, Page 152, determine expressions for A x , A y , A z in a straight- 
forward manner by the use of transformation equations. Compare results with (1) } Example 9.4, 
Page 185. 

9.7. Referring to Example 9.10(a), Fig. 9-9, Page 192, show that for the single particle, 

T = fyrn[(Rw e cos * + zw e cos * + x — yu> e sin 4>) 2 

4- (R& + y • + xo) € sin 4> + zi) 2 + (z — yi — xo) e cos $) 2 ] 
Applying Lagrange's equations show that (9.20), etc., Page 192, follow at once. 

9.8. Imagine the body shown in Fig. 8-16, Page 156, replaced by a spinning top with its tip fixed at O. 
Axes X, Y } Z are fixed to the top. Find expressions for the X, Y, Z components of the inertial space 
acceleration of a particle in the top (a) using relations (9.7), (b) applying the Lagrangian method 
(see equation (S.2U), Page 49). The particle is located at a normal distance r from the axis of spin 
and distance h, measured parallel to this axis, from the tip. 

9.9. Derive the Euler equation (9.10a), Page 182, by means of Lagrange's equation. 

Hints. With T in the form of (8.10), Page 148, write out the 8 equation ~ F Q> re ~ 

garding w x ,w y ,w z as functions of 8,$,<f>; e,$,#. (See relations (8.11), Page 157.) Since v 0x = 
io«n + Vo a i2 + h a i3> v ox is a function of the Euler angles. 

Now setting e = 90°, ^ = <f> = 0 and noting that for these values F e = r x , a n — 0, 
a 12 = $ = & yf a ls = ^ = etc., the above Lagrangian equation finally reduces to (9.10a). Of course 
(9.10b) and (9.10c) can be found in the same way. For the above values of 8,$,$, F^~r z and 

F * = ~ r y 

Considerable care is required in carrying through the steps of this problem. 
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9.10. Referring to Section 9.5, Fig. 9-3, Page 181, imagine axes X 2 ,Y 2% Z 2 with origin attached to the 
body at 0. Assume that these axes may be rotating about 0 in any manner relative to the body. 
Coordinates of m' relative to X 2 , Y 2i Z 2 are x 2 ,y 2 ,z 2 . For this problem take «nj a i2>«i3 a s direction 
cosines of the body-fixed X axis relative to X 2 , Y 2 , Z 2 , etc. Let a x a y , a z be components of the 

2 ^2 2 

inertial space acceleration a of m' along instantaneous positions of X 2 , Y 2 , Z 2 . That is, a x = 

a x a u 4 a y a 2 i 4 a z a 31 where a x , a y , a z — components of a along the body-fixed X, Y,Z axes (a x ,a yf a z 
are given by (9.7), Page 180). Then 

2 ™'K 2 2/ 2 - <V2> = r Xz , etc. (1) 

where r x = moment of all external forces about the instantaneous position of X 2 . Show that (1) 
can be written as 

«n 2 m'(a z y- a y z) 4 a 21 ^m r (a x z- a z x) 4 a 3 i 5 m'(a y x - a x y) (2) 

This is just relation (9.16). Moreover it shows that (9.16) is applicable to any line through 0, 
whether rigidly attached or rotating relative to the body. 

9.11. Referring to Section 8.2F, Page 147, Fig. 8-7, consider a typical particle m r at point p. Suppose 
that f represents the net force on m f . Then f x ~ m'a xt etc., where a x is the X component of the 
inertial-space acceleration of m'. Applying the method of this section to show the vector nature 
of torque, prove again relation (2), Problem 9.10. 

9.12. (a) Referring to Example 8.5 and Fig. 8-9, Page 150, show that equations of motion of the lamina 

as determined by the Lagrangian method are 

1*6 4 M[(yx — xy) cos $ — (xx 4- yy) sine] — Mg{y sin e — x cose] — r e 
M[x — *e(y cos e + x sin e) 4- e 2 (y sin e — x cos $)] =. F x = -Mg sin $ 
M[y 4 V(£ cos o — y sin e) — tf 2 (# sin e 4- y cos $)] ~ F y = — Mg cos e 
where we have assumed gravity only acting in the negative direction of Y v 

(b) Applying Euler's method, regarding X, Y t Z as body-fixed, show that 

I z 9 4 M(a Gy x — a 0x y) = Mg(y sin B ~ x cos 9) 
Ma 0x — M(9y + $ z x) — —Mg sine 
Ma Qy 4- : M(i& — $%y) - -Mg cos 9 
Show that equations in (b) are equivalent to those in (a). 

(c) Now employing non^rotating axes with origin attached to O, show that Euler's equations have 
just the same form as those given in (a). Notice how the equations simplify with O at cm. 

9.13. In Fig. 9-12 the rigid body pendulum is allowed 
to swing about the horizontal axis ab with no 
friction in bearings. Angle 9, measured from a 
vertical line through O, is positive in the direc- 
tion shown. Using body-fixed axes X, Y, Z as 
indicated, show that 

(1) M(Sz - e 2 x) = Mg cos 9 4 f ax 4 f ay 

(2) fay + hy = 0 

(3) -M(ex 4 9 2 z) = Mg sin 9 4 f az 4 f bz 

(4) -I xy e - I y J 2 = Mgy sin 8 4 (f az - f bz )s 

m a 

(5) l y 9 — Mgz cos 9 — Mgx sin e 

(6) I xy 9* - l yz e = -Mgy cos 0 - (f ax - f bx )s 

where f axf f bx , etc., are X, Y, Z components of 
bearing forces at a and b. 

Moments and products of inertia are for the 
entire system including rods ab and Op. cm. in- 
dicates the center of mass of the system. 




e measured between fixed vertical 
line and the X axis. . e positive for 
body displaced into paper. 

Fig. 9-12 
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Derive (5), the o equation of motion, by the Lagrangian method. Show that 8 0 , the rest angle, is 
given by tan d Q — z/x. Letting e = & Q + /?, (5) can be integrated at once for J3 small. Hence show- 
how fax> fbx> faz> fbz can De determined as functions of time. 

Write out the rotational equations taking body-fixed axes parallel to X, Y, Z with origin at cm. 
Is this advantageous? 

9.14. Imagine the rod Op, Fig. 9-12, hinged at O (door type of hinge) so that the body can now rotate 
about an axis through O perpendicular to the aOp plane; that is, Op can now swing through an 
angle a in the aOp plane as well as rotate about ab: Taking the body-fixed axes as in Problem 9.13 
(F no longer remains along Oa), show that components of angular velocity are given by 

_ * • • • 

oi x — 6 Sin a, u y = 8 COS a, 03 z — a 

Show that X, Y,Z components of the inertial-space velocity of cm. are (see equations (8.1), 
Page 140), 

v x = ez cos a — ay, Vy — ax — ez sin a, v z . — ey sin a — ox cos a 

Assuming x, y, z, I Xf I xy , etc. as known, write an expression for T. Applying Lagrange's equations, 
write the equations of motion corresponding to e and a. 

Find the same equations by the Euler method. Compare advantages of the two methods. 

9.15. The double pendulum, Fig. 9-13, consists 
of two thin laminae supported from a 
smooth peg at Pi. The bearing at p 2 is 
smooth. Outline steps (do not give all 
details) for finding the 0, $ equations of 
motion. Compare this with the Lagran- 
gian method. 

9.16. Consider a system such as shown in 
Fig. 8-26, Page 169. Outline steps (no 
details) for finding equations of motion 
of the entire system by the Euler method. 
Compare this with the procedure re- 
quired by the Lagrangian method. As- 
sume, for example, that the uniform rod 
bd has appreciable mass and that the 
vertical shaft has a moment of inertia 
I x about Z v 

9.17. Referring to Example 9.7, Fig. 9-7, Page 187, derive equations (6) and (7) from simple basic 
considerations. 

Hint. Inertial forces on any typical particle are — m'($y + $ 2 x) in the direction of X and 
m'($x — <f> 2 y) in the direction of Y. Sum moments of these forces for all particles of the body about 
an axis, say through B 2 and parallel to Y. Setting this equal to the applied torques about the same 
axis, (6) is obtained. This derivation lays bare the basic physical principles involved and also gives 
more meaning to products of inertia. 

9.18. (a) Assume that the body, Fig. 9-7, is perfectly balanced statically and dynamically. A particle of 

mass m is now glued to it at a point x y y y z. Find expressions for the bearing forces. 

(b), Imagine the particle replaced by a thin rod of known length and mass. The rod, one end at 
x, y, z and extending parallel to X, is rigidly glued to the body. Outline steps for finding bear- 
ing forces. 

9.19. The rotating body, Fig. 9-14 below, is mounted on a rotating table. The body is driven by a light 
motor (not shown) at an angular velocity ^ with 0 measured between the ~X X axis and the body- 
fixed X axis (see notes on diagram; also see Example 9.7, Page 187). The table is driven at an 
angular velocity fi about the vertical inertial Z 2 axis. Show that the bearing force f lx is given by 

A^i + h) = Ms x C/3z -h p 2 x) + I y (f$ cos ^ - hi sin <j>) + (I x - I z )^i sin <j> 

' + I yz (P 2 sin <p cos 0 — £) — I xy (2f3$ cos £ + /? sin <f>) 

+ I xz (k 2 \ sin 2 4> ~ P) .+ M[Si/3 cos <j> - x(j3 2 cos <j> + $ 2 ) 

+ y(js sin <f> cos <f> — £) -f zfi cos $]l 2 + Mg(l 2 + z) sin <j> 




Fig. 9-13 
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Fig. 9-14 

Note that if X, F, Z are principal axes of inertia and cm. is located at O, the above reduces to 
I y /3 cos <t> + (I x — I y — I z )f3<f> sin 0 -h Jf[si/ 2 £ cos 4> + gl 2 sin $j — / la . 

which shows that even if the body is statically and dynamically balanced on a stationary table, 
there are bearing forces when the table is rotating. 

Find expressions for the remaining bearing forces (see Example 14.11, Page 296). 

9.20. Consider again Problem 9.19. Take body-fixed axes X*>, Y p , Z*> along the principal axes of inertia 
with origin at the origin of X f Y f Z. Let huli^hz be direction cosines of X? relative to X,Y,Z, etc. 
Note that since X, F, Z and X*>, Fp, Z? are each body-fixed the direction cosines are constant. 
Numerical values of the Us as well as 1%, /£, can be found from values of I x> I xyt etc., relative to 
X, Y,Z (see Section 7.3, Page 119). 

Show that components of inertial-space angular velocity of the body about X*>, F*\ Z*> are 
given by 

u £ = Phi sin <f> + f3l l2 cos <f> + <f>l^ 

w y — Phi sm 0 + £*22 COS tf> + ^23 

• • • 

u 2 = Phi sm 0 ~f~ /^32 COS <f> + 0^33 

and that for these axes, 

a 0x = SjjSincos^ — ^^i^sin^ — /? 2 Siti3> etc. 

Show that the first equation of (9.2) is 

^[ s iPhi cos <f> — s x *pl 12 sin <f> — ^s^^ — £(wj; 4- w|) 

and that the first of equation (9.10) becomes 

M(a Qz y - a Qy z) + /£« x + (/£- Jj) WyMie = r x 

where in the above £, y, z are coordinates of cm. relative to the X*, Fp, Zv frame. The remaining 
Euler equations can be written at once. 



9.21. The gyroscope, Pig. 8-18, Page 159, is placed at the origin 0 lf Pig. 9-9, Page 192, with axis 
a t a 2 along Z v Let us assume that 0 1 moves northward along the great circle with velocity iM>, F 
remaining tangent to the great circle. Applying the Euler method, set up the 6, 0 equations of 
motion. See Problem 8.22, Page 173. 
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9.22. Referring to Pig. 9-15, let it be assumed that the body is free to move in space. The typical particle 
m' has a velocity v(x, y, z) relative to the inertial frame X, Y,Z. 




Fig. 9-15 



The "angular momentum" of m' about line O x a is defined as m'hv* where v' is the component of 
v normal to the O x am' plane. Following exactly the procedure outlined in Section 8.2F, Page 147, 
show that the total angular momentum, P 0l a» °* tne body about line O x a is given by 

Po x a - 1 2 m'(zy ~yz) + w 2 m\xz — zx) + n 2 m'(yx - xy) 

where I, m, n are direction cosines of O l a. Show from the diagram that 2 w*'(*y — yz) = P x is 
the angular momentum about X, etc. Hence 

P 0l a = P x l + P y m + P z n 

Thus P 0ia is the projection of a vector P (having magnitude P = (Pf + P$ + P|) 1/2 and direction 
P^/P, etc.) along 0^. 

Taking moments about O x a, prove in a similar manner equation (9.27), Page 196. 

9.23. Referring to Fig. 9-11 and assuming O located at cm. of the body, show that P x , the angular 

momentum of the body about X x (the component of the angular momentum vector along X x ) is 
given by 

P x x ~ M(2 0 yQ — yQZQ) + I x a x — I xy a y — I xz w z 

where « x , o> y , & z are components of the inertial space angular velocity of the body along X t Y, Z and 
I x , I xy , I xz are determined relative to the X, Y, Z frame. 

9.24. Taking O, Fig. 8-21, Page 163, at cm. and regarding X, Y, Z as principal axes, show that 

T = $Mv 2 0 + i(4 P w f + J>f + 114) 

where « x , u y , & z are given by (8.14), Page 163. 

Now write the Lagrangian equation corresponding to e, for example, and show that exactly the 
same relation is obtained by the second equation of (9,17), Page 189. 
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Small Oscillations 
about Positions of Equilibrium 







10.1 The Type of Problem Considered, 

In order that the reader may commence the study of "small oscillations" with some 
general understanding of and feeling for the type of problem to be considered, let us 
examine the various mechanical systems shown in Fig. 10-1 and 10-2. 

Considering Fig. 10-1 (a), suppose either m 1 or m 2 (or both) slightly disturbed. ("Dis- 
turbed" here means: the masses are given some slight initial velocities and displacements 
from rest positions.) Subsequently each mass oscillates about its equilibrium position. 
Assuming vertical displacements only, the motion of each, as soon to be shown, is composed 
of two simple harmonic motions which can be expressed by 

y 1 = A 1 co&fajt + <£j) 4- A 2 cos(o> 2 £ + <£ 2 ), V 2 = B x cos («jt + ^) + B 2 cos (o> 2 * + <£ 2 ) 

where o lf o> 2 and the phase angles $ v <}> 2 are the same in each relation, but corresponding 
amplitudes are not equal. Moreover, it will be seen that o> 1 and o> 2 depend only on values 
of m v m 2f k lf k 2 and not on how the motion is started. 

Now it is important to realize, as will be made clear in what follows, that the above 
remarks apply to every system shown in Fig. 10-1. Each has two degrees of freedom and 
two natural frequencies or "principal modes of motion". 

The systems shown in Fig. 10-2 have from % = 3 to n = 9 degrees of freedom. When 
slightly disturbed each part (mass, disk, bar, etc.) of a given system will, in general, 
oscillate with n frequencies f 1 = w^tt, f 2 — o> 2 /2tt, . . . , f n = v>J2n\ each part has the same 
n frequencies, values of which again depend only on constants of the system (masses, spring 
constants, dimensions, etc.). 

Considering Fig. 10-2(b), for example, the oscillatory motion of the disks may be 
written as 

9 1 = A 1 co&(& 1 t + $ 1 ) + A 2 cos (<a 2 t + <j> 2 ) + A 3 cos (o> 3 £ + <£ 3 ) 

with identical expressions for 0 2 and 0 3 except for values of the amplitudes. 

Hence the purpose of this chapter is to give somewhat detailed treatment of the 
oscillatory motions of the parts of systems of the above general type about their respective 
positions of static equilibrium. The methods introduced are applicable to a wide variety 
of problems in classical dynamics and may be extended to atomic and molecular physics. 
However, the treatment here given is subject to the following limitations. 

10.2 Restrictions on the General Problem. 

Following usual practice, we shall only consider oscillations for the restricted case in 
which velocities and displacements from rest positions do not exceed (except in special cases) 
very small values. In Sections 10.5 through 10.15 only conservative forces are assumed 
acting. In Sections 10.16 through 10.19 both conservative and viscous are considered. 
Dissipative forces other than viscous are not introduced. 
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(d) Double torsion (e) Single "particle", motion in a plane 

pendulum 




(/) Mass-pulley combination 



Fig. 10-1. Systems Having Two Degrees of Freedom and Two Natural "Modes of Oscillation". 
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(a) Assuming vertical 
motion, d.f. = 3 



U 



□ 



*3 



(6) Disks connected with flexible shafts 
Torsional constants = k v k 2 , k 3 ; d.f. = 3 





(c) For oscillations normal 
to paper, d.f. = 3 



(d) For motion in three dimensions 
d.f. = 6, six natural modes 



^^^^^^^^^^^ 




(c) Assuming vertical motion of masses, d.f. = 9 



Fig. 10-2. Systems with Three or More Degrees of Freedom. 



206 SMALL OSCILLATIONS ABOUT POSITIONS OF EQUILIBRIUM [CHAP. 10 



The reason for these drastic limitations, rather than considering the more general case 
in which oscillations may have large amplitudes and forces of any type may be acting, 
is quite simple. In the general case differential equations of motion are usually non-linear 
and so involved that general methods of integration are not available. Hence, except for 
solving specific problems with special techniques or with the aid of a computer, not very 
much can be done. 

However, by making use of "equilibrium coordinates 99 and imposing the above restric- 
tions, approximate expressions for T, V t P can (with few exceptions) be written in a form 
such that resulting equations of motion are linear with constant coefficients for which 
standard well-known methods of integration are available. 

To illustrate the above statements we give, without proof at this point, the following 
example. 

Example 10.1. 

The equations of motion of a double pendulum (see Fig. 2-10, Page 14, and Example 4.6, Page 66) 
with gravity and viscous forces acting and no restrictions on values of e and <p> are 

(m 1 + m 2 )r\ l 6 + m 2 r x r 2 $ cos (<t> — 8) — m 2 r x r 2 4^ sin {<f> — $) 

+ (m x + m 2 )gr x sin 6 + (b x + b 2 )r 2 1 e + b 2 r x r 2 $ cos (<f> - $) = 0 

(10.1) 

m 2 r$ + m 2 r x r 2 e cos (<& - e) + m 2 r x r 2 e 2 sin {<f> — e) 

+ m 2 gr 2 sm<f> + b 2 r\$ + b 2 r 1 r 2 o cos (0 — e) = 0 

These non-linear relations are clearly quite complicated. However, if motion is limited to very small 
values of 6 and <p t (10.1) may be replaced by the approximate equations 

(m x + m 2 )r\e + (b x + b 2 )r\*e + ( w i + m>2)9 r \9 + ^2 r i r 2^ + b 2 r x r 2 i> = 0 

.... i 10 - 2 ) 
m 2 r x r 2 e + b 2 r x r 2 $ + m 2 r 2 2 4 + b 2 r\<f> -f m^gr^ = 0 

which are linear with constant coefficients and can easily be integrated by methods soon to be presented. 



10.3 Additional Background Material. 

(a) "Equilibrium Coordinates" measure the displacements of the masses from their posi- 
tions of static equilibrium. They are usually so chosen that when the system is in 
equilibrium the value of each is zero. Examples are y x ,y 2 , Fig. 10-l(a), measured 
from rest positions of m l and m 2 respectively; 9 and <f> for the double pendulum of 
Fig. 10-1(&); e v 0 2 ,e 3 , Fig. 10-2(6), measured from rest positions of the disks. 

(b) Taylor's expansion for n variables. A well-behaved function of n variables, 
f(Q x >Q 2 > • • may be represented to any degree of accuracy desired (depending on 
the number of terms retained) in the neighborhood of the "point" q x - c v q 2 = c 2 , q n = c n 
by the following relation: 

f(Q v Q 2 , - . • , O = /K, c 2 , . . . , c n ) + 2 (|~)(<Z r - e r ) 

+ 3T ? ? ? U r ag s aJ (g - " c ^ " * " c i) + * • ■ 

Partial derivatives must be evaluated for q x — c v q 2 = c 2 , etc. Hence the first term 
and all partial derivatives are constants. If q l9 q 2 , are equilibrium coordinates 

and the expansion is about the equilibrium positions, then e x = c 2 = • • * = c n = 0. 
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(c) An approximate expression for T in equilibrium coordinates. In rectangular co- 

ordinates, T = — 2 m.(x\ + y\ + zf). Applying (10. S) to the transformation equa- 

. * i=i 

tions x. = x.(q v q 2 , . . ,,q n ), etc., (in which no moving coordinates or constraints are 
assumed and q v q# . . .,q n are just the number of equilibrium coordinates required 
to represent the configuration of the system), we get 



+ 



Now, if it is assumed that the displacements and velocities are so small that terms 
containing q r q s , etc., may be neglected, it follows that 

A /dXi\ • 

n n n 

which we shall write as i. = 2 a ir#r- The square of this is if = 2 Sv^A' 

r=l ' r-1 1=1 

Similar expressions hold for £f and z\ . Hence the original expression for T becomes 



4 r I L i 



2 r , 

where a ri = jj) m.(a a . + iS^ft, + It is important to note that since all values 

of a rl are constant, T is a quadratic function of the velocities with constant coefficients. 

(d) An approximate expression for the power function for viscous forces. As shown in 
Chapter 6, the power function for p particles, assuming viscous forces, may be 

1 p • • • 

written as P = — - T + ifi + where k. is the coefficient of viscous drag 

& i-i 1 

on the ith particle. Following the exact procedure outlined above, P may be written as 

P = -IttKiWi (10.5) 

& r I 

where the b rl are exactly the same as the a rl with the m. replaced by h.. Hence having 
found T by (104) for a particular system, we can immediately write down the cor- 
responding P. 

(e) An approximate expression for V in equilibrium coordinates. Since V is a function 
of coordinates only, it can be expanded directly. Thus 

1 A A / d 2 V 



I + 



But since we assume that q 1 = 0, q 2 — 0, etc., are equilibrium positions, the generalized 
forces, —dV/dq r , are zero at these points. Hence the second term above is zero. 
Moreover, F 0 is a constant. Hence as a first approximation we retain the third term 
and write inn 



where c = ( -J^—) = constant. These partial derivatives, each evaluated at 

q 1 — 0 J q 2 — 0, etc., must be obtained from an exact expression for V written in terms 
of equilibrium coordinates. (Note that a rl = a lr , b rl ~ 6 lr , c rI — c ir .) 
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Summarizing this section, we write 

T = oZ a rM (104) 

P = -||)6 rt Mi (10.5) 

v = IJc^g, (io.6) 

Approximate expressions for IT, P, V where a rif b rh c rl are constants. 

Example 10.2. 

To illustrate the above results consider again the double pendulum, Fig. 2-10, Page 14. In rectangular 
coordinates, - - - 

T = ^(^ + £2) + %m 2 (xl + %) (1) 

Transformation equations relating rectangular and the equilibrium coordinates B and <f> are 
%i = x Q 4- r x sin 6, Vi = y Q — r 1 cos e 

W 

x 2 = %o + r x sin 0 + r 2 sin y 2 = y 0 — r x cos $ — r 2 cos tf» 
But for any system having only two particles and two degrees of freedom, 

a rl - m i^ 3 ^ a ^ dq r dqj ™ 2 V 5 ?r dq r dqj 



Thus reduces to 

= J m x 



+ 



+ f.[(g) a+ (l)>-[(S) a+ © ! l 



Let us regard q x as 0 and q 2 as From (2), ( — — ) = r v ( ) = 0, etc. Substituting these quantities 

in (3), we get V a# 7« ^ ^/o 

^ a p prox . = i[(m 1 + w 2 )r?i2+ 2m 2 r 1 r 2 5£ + w^r 2 **] (4) 

the terms of which are quadratic in the velocities with constant coefficients. 

Let us assume that m 1 and m 2 are acted upon by viscous forces the magnitudes of which are b x v x and 
b 2 v 2 respectively. Replacing m 1 and m 2 in (4) by 6 X and & 2 , 

= -i[(&i + &2)^ 2 + 26 2 r x r 2 ^ + 6 2 r|^] (5) 

The exact expression for V is 

V — (m 1 + m 2 )5 r r 1 (l — cos 0) + w*2flT 2 (X — cos (0) 

From (JOiff), ^approx. = i(cn* 2 + ^VlH + <^ 2 ) 

where c u = ^ J = (m x + m 2 )gr v c 12 — 0, C22 .= Waffr*. Thus 

^approx. -= _i[(i»i + «ijr 1 #« + Waflrr 2 02] ( 7 ) 

Note that since cos 0 ■= 1 — -|<? 2 ■ + Jff 4 "• ■ it- is seen that, for small angles 1 — cos 6 = 
Hence, in this simple case, (7) follows at once from (6). . 
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10.4 The Differential Equations of Motion. 

Applying Lagrange's equations to the "prepared" expressions for T, P and V, equa- 
tions of motion follow at once. Assuming for the sake of simplicity three degrees of 
freedom, the following equations are obtained. 

anffi + b n qi + CnQ\ + a U 02 + 61292 + Ci 2 tf2 + auft + bi S q 3 + c 13 qs = 0 

0*1?! + &21<?1 + C 2 l9l + 022% + &2l'$2 + ^22^2 + O2S0S + &23#3 + C 2 3<?3 = 0 (-^0.7) 
asi^l + &3l<7l + C 31<?1 + a32(?2 + &32<?2 + C32?2 + <X33<73 + &33#3 + ^33^3 = 0 

Conservative forces in these equations are represented by c n q t , c 12 q 2 , etc., and viscous 
forces by b u q v b 12 q 2 , etc. 

10.5 Solutions of the Equations of Motion; Conservative Forces Only. 

In the following treatment it is assumed that conservative forces only are acting. 
Reasons: (a) pedagogic, (b) the assumption is justifiable in many branches of theoretical 
and applied physics. For this case equations (10.7) reduce to 

an2i + c n qi + ai2<Ja + Ci 2 tf2 + aisffs + c ls qB = 0 

a21^1 + C 2 1<?1 + a22(?2 + <?22<?2 + ^23(7*3 + ^23^3 = 0 (10.8) 

asi'qi + CbiQi + aa2^2 + c 32 q2 + (tszQz + £33(73 = 0 

We shall solve these equations and give a somewhat detailed treatment of the most 
important mathematical and physical considerations which they embody. 

In the usual way let us assume the following solutions 

qi = A cos (o>< + <f>), q% — B cos (&t + $), q$ = c cos (<*>t + <£) 

where A,B, C,<o,<£ are unknown constants. Substituting into (10.8), it follows at once that 

(a u «* - c n )A + (a 12 <o 2 - c l2 )B + (a 13 a> 2 - cjc = 0 

(a 2 y - c 21 )A + (a 22 » 2 - c J« + (a^ 2 - c 28 )c = 0 (10.0) 

K" 2 - c 81 )il + (a 32 <o 2 - c 32 )£ + (a 33 a> 2 - c 33 )c = 0 

It may be shown that values of A,B,C (other than zero) which satisfy (10.9) cannot be 
found unless the determinant of their coefficients is zero. Hence we write the determinant: 







c u 


«i2» 2 - 


C ,2 




C 13 






D = 


a 2 y- 




«22» 2 - 


C 22 




C 23 


= 0 


(10.10) 




a 31 <o 2 - 


C 31 


a 32» 2 - 


C 32 


0 *»* - 


C S3 







Fundamental Determinant D 

(No dissipative forces acting) 
Note. The above can be written down directly from T and V; (104) and (10.6). 

The great importance of the above "fundamental determinant" will soon become 
strikingly evident. Indeed there is contained in this "small package" almost everything 
that can be known about the free oscillatory motions of systems of the type under 
consideration. 

Relation (10.10) when expanded leads to a third degree algebraic equation in o> 2 . For 
any specific problem in hand, numerical values of the a's and c*& are known. Hence this 
equation can be written out with numerical coefficients. 
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At this point it is important to realize that several methods are available for finding 
approximate, yet quite accurate, values of the roots of any nth degree algebraic equation. 
For this purpose the "Graeffe root squaring method" is highly recommended. It is easy 
to apply, results are good and the time required is relatively short. For an excellent 
treatment of this see: R. E. Doherty and E. G. Keller, Mathematics of Modern Engineering, 
Vol. I, pp. 99-128, John Wiley, 1936. 

Let us assume that the three roots © lf &> 2 , o> 3 of (10.10) are each real and distinct. 
(It may be shown that if V is "positive definite", positive for all values which the g's may 
assume, all values of *> are real.) 

Now inserting say <n 1 in (10.9), the reader can show that these relations determine 
only relative values, A v B v C v of the constants. That is if, for example, A 1 = 3.5, B 1 = -9.2, 
Cj = 7.6 satisfy (10.9), they are also satisfied by A t = Z.5c f ^ = -9.20, C^LGc where 
c is any constant. Moreover, it is not difficult to show with a simple example that the 
relative values of A 1 ,B 1 ,C 1 are just the cofactors of the first, second and third elements 
respectively of any row in (10.10), each multiplied by an arbitrary constant. ("Cof actor" 
defined: Strike out row r and column c of a given element, leaving determinant M rc , called 
a "Minor". Cof actor of this element = D rc = (-l) r+c M rc .) That is, from row* one, we 
can write 



a 2 X - c 22 a^l - c 23 



a 32 W l ™ C 32 S^l 



33 



B 1 = - Cl 



~ C 2l a 22»l - C 22 
a 3l W l " C 31 a S2*l ~ C 32 



(10.11) 



For brevity we write the above as 

Ai = Cidn, Bi = C\d,2\ 9 Ci — C\dzi 

where, for example, d 21 is the cof actor of the second element of any selected row, with a> t 
inserted. That is d 21 — D r2 (containing ©J, where r may be either 1, 2, or 3. (The above 
notation is convenient because it shows the element number in a row and the w number. 
The row number is immaterial.) 

Finally, it is clear that the following satisfy (10.8): 

<h = Cidn cos (©J* + ^J, q 2 = Cid 2 icos(< } > 1 t + ^ 1 ) J qs = Cidsi cos (o^t + ^) 

In exactly the same manner, two other sets of solutions are obtained corresponding to 



w 2 and <v 



3 . Adding these to obtain the general solution, we have 

qi — Cidn cos (wji + + c 2 c£i2 cos (a> 2 £ + <£ 2 ) + c 3 di3 cos (o> 3 £ + <f> 3 ) 

#2 = Ci(Z 2 l COS^t + + C 2 d 2 2 COS (ft) 2 f + $ 2 ) + C 3 d23 cos (<a 3 t + <£ 3 ) 
</3 = Cid 3 l COS (©jt + ^) + C 2 d32 COS (<* 2 t + <f> 2 ) + C 3 d33 cos (a> 3 £ + <£ 3 ) 
Integrated Equations of Motion. 



(10.12) 



in which the arbitrary constants c l9 c 2 ,c z ,^> v ^ 2f ^ s can be determined from known initial 
conditions. Inserting initial displacements, (10.12) can be solved for c 1 cos<f> v c 2 cos<£ 2 , 
c 3 cos<£ 3 . Differentiating (10.12) and inserting initial values of velocity, 0 q vo q 2J(i q 3J the 
resulting equations can be solved for c x sin <j> l9 c 2 sin <j> 2 , c 3 sin <j> 3 . Hence values of c and <j> 
follow at once. A simpler method of evaluating these constants is given in Section 10.15, 
Page 224. 
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10.6 Summary of Important Facts Regarding the Above Type of Oscillatory Motion. 

(a) When slightly disturbed, every component of the system, in general, oscillates with 
n natural frequencies or principal modes of motion. For example, in Fig. 10-2(e), 
n-=9, there are nine values of « and each mass or pulley oscillates with nine cor- 
responding frequencies. 

(6) Frequencies are given by f 1 = ^/2tt, etc., where <* 19 <o 2 , . . ,,<o n are roots of a funda- 
mental determinant having the form of (10.10). Note that this determinant can be 
written down directly from T and V without writing out equations of motion. 

As seen from (10.10), the o's depend only on constants of the system. 

(c) Relative amplitudes of a particular harmonic term appearing in expressions for 
q v q 2 , . . .,q n are determined entirely by cof actors and not by initial conditions. 

Considering the oscillation corresponding to say in solutions (10.12), relative 
amplitudes of cos(o> 1 i + in g v g y q 9 are clearly just d lV d 21 ,d zl , since c 1 is the same 
in each. 

(d) Since constants c v c 2 , c 3 are determined by initial conditions, it is evident that actual 
amplitudes of motion such as c x d iv c x d 2V c Y d zl depend on how the system is started. 

Note that, if the motion is properly started, any one or more of the arbitrary 
constants c x , c 2 , :.,,c tt may be zero. Hence the system can oscillate with any one 
frequency alone or with any combination of the n. 

An experimental method of exciting any one mode alone is given in Section 10.20, 
Page 228. 

(e) Assuming say w, only excited, (10.12) gives 

qi = Cidn cos (w^ + q% — C\d%\ cosOoji + ^j), £3 = Cidsi cos^i + <£ 2 ) 

The algebraic signs of d n ,d 2l ,d 3l may be either positive or negative. Hence the 
above motions may be exactly in phase or exactly out of phase. 

Consider Fig. 10-10, Page 230. For vertical motion only, there are three fre- 
quencies. The table to the left indicates how the masses move when either 
alone is excited. Such phase relations are determined entirely by the algebraic signs 
of the d's. However, it is seen that for a given « excited, each of m v m 2 , m s passes 
through its equilibrium position at the same instant. Likewise, maximum values are 
reached simultaneously. 

(/) One final word. If one is concerned with values of the natural frequencies only, as 
is often the case, no work other than finding roots of the fundamental determinant 
is required. 

10.7 Examples Illustrating Results of Past Sections. 
Example 10.3. 

Consider the system shown in Fig. 10-l(a), Page 204. Assuming vertical motion only and letting 
y x and y 2 represent the displacements of m 1 and m 2 respectively from equilibrium positions, 

r = i<»i*i + «*SS) 

^exact = -iMVi + 'i) 2 + ^2(^2-2/1 + 52) - ™>i9Vi ~ m&y% 

where s t is the difference between the equilibrium and unstretched lengths of the first spring and s 2 
has the same meaning for the second spring. But since y 1 and y 2 are measured from rest points, 
dV/dy 1 = dV/dy 2 — 0 for y x = y 2 = 0. Hence the reader may show that "F e xact above may be replaced 
by y — -h ^k 2 (y 2 — y t ) 2 . Hence equations of motion are 

m 1 y 1 + (k 1 -\-k 2 )y 1 — k 2 y 2 = 0, -k 2 y t + m 2 y 2 + k % y 2 ~ & CO 
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Comparing with (10.8) and (10.10), we write 

ra^ 2 — (k 1 +■ k 2 ) ^2 

.= 0 (2) 

k 2 m 2 <o 2 — k 2 

from which m 1 m 2 w 4 — [fc 2 m i 4- (fe 1 + fc 2 W u2 + ^1^2 — 0 (#) 

For m 1 — 400 grams, m 2 — 300 grams, fcj = 6 X 10 4 dynes/cm and fc 2 = 5 X 10 4 dynes/cm, it follows 
from (3) that «i=8.16, « 2 = 19.37. That is, f 1 = l.Z0 and / 2 = 3.08 oscillations per sec. 

Hence, following (10.12) we write (after inserting proper cofactors and dividing out a factor of 10 4 ) 
the general solutions as 

y x = 6.25c x sin (19.37$ + <t>\) - 3c 2 sin (8.16* + <f> 2 ) 

(4) 

y 2 = — 5ci sin (19.37* + 0j) — 5c 2 sin (8.16£ + <p 2 ) 

Note the following, (a) For this simple case T and V already have the forms of (104) and (10.6). 
(h) For «! only excited, m 1 and m 2 oscillate in phase with relative amplitudes of 3 to 5. With <o 3 excited 
the motion is exactly out of phase with relative amplitudes of 6.25 to 5. (c) For any given initial con- 
ditions, c lf c 2 , <p lf $2 can be evaluated at once. 



Example 10.4. 

The mass m, Fig. 10-3, is free to move in a plane under the action of the springs and gravity. 
(In an actual experiment m consisted of two rather heavy disks fastened together with a short thin rod 
through the center of each over which wires from the springs were hooked. This effectively eliminates 
rotation of the disks, and hence m is treated as a particle.) 




l[ = 11.9 cm, l x = 23.5 cm 
li = 18.7 cm, l z = 31.2 cm 



Fig. 10-3 



For this arrangement T is merely ±m(x 2 4- y 2 ). Assuming small motion from the equilibrium 
position, an approximate expression for V is given by (see equation (5.11) 9 Page 89), 

- 1 [(*■ ♦ *• - fe*. ~ ft) - * (*■ + ~ k 4"> - v) >° 

/k x l[ kX \ 1 

which has the form V = ^(c n a? 2 + 2c 12 xy + c 22 y 2 ) 

Hence, following exactly the steps outlined in the preceding example, equations of motion can be set up 
and integrated at once. 

It is suggested that the reader, making use of values of m lt k u etc., given on the figure, compute the 
two periods 'Pi, ^2 anc * compare with the given experimental values. It will be seen that the agreement 
is very close. 

Note that for (^n + c 22 ) 2 = &(c n c 22 — cf 2 ), «i = <o 2 . Is this physically possible? Why is gravity 
not considered in this example? 
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Example 10.5. 

Consider the double pendulum, Fig. 10-1(6). See (4) and (7), Example 10.2. It is left to the reader 
to show that the basic determinant (which, of course, can be written out without writing equations of 
motion) is 

(m x + m 2 )r 2 u 2 — (m 1 + m 2 )g m 2 r 1 r 2 a 2 

m 2 r 1 r 2 a 2 m 2 r\u£ — m 2 gr 2 

From this point on the solution follows exactly as in the previous example. (See Prob. 10.1, Page 229.) 



Example 10.6. Small oscillations of the three bars suspended from strings as shown in Fig. 10-4. 



r x — 15 cm 



m x — 250 grams 



r., — 12 em 



r 3 = 20 cm 




(a) Three Bars Suspended by Cords. 




6.48 




2.66 




(6) 



(d) 



Fig. 10-4 



The reader may show without much difficulty that r apP rox. is given by 

^approx. - U( m i + m 2 + m z )r\e\ + m 2 rle'l + m 3 rf *f + 2m 2 r 1 r 2 e 1 i 2 + 2m B r 1 r s 0 1 i s ] {1) 
where 0 v e 2 yB z are angular displacements of m lf m 2t m 3 respectively. 

m^r^l - cos Oj) + ^[^(1 - cos^) + r 2 (l - cos e 2 )] + ^[r^l - cos By) + r 3 (l - cos# 3 )] 



V 



exact 



Writing 1 — cos e x = A^i, etc., 



approx. 



From an inspection of (1) and (#), we write 
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(m 1 4- m 2 4- m 3 )(r,<o 2 — g)r x m^r^ 2 

m 2 r i r 2<>> 2 m 2 r4x2f* 2 — ff) 



0 

w 3 r3(r 3W 2 - g) 



= 0 



(S) 



Expanding and inserting numerical values given in the figure, we get 

w 6 - 451<o 4 + 37,616a) 2 - 784,327 = 0 



(4) 



which is cubic in « 2 . Applying GraenVs method, «, = 18.71, o 2 = 8.21, a) 3 = 5.72; After evaluating 
cofactors, the general solutions become 

$ x = 2.78c, cos (18.71* +00 - 0.88c 2 cos (8.21 * + tf> 2 ) + 2.75c 3 cos (5.72* + 0 3 ) 
&2 = -4.54c x cos(18.71i + 0 1 ) - 5.70c 2 cos (8.21* + 0 2 ) + 2.30c 3 cos -(5.72* 4- <p 3 ) (5) 
0 3 = -2.43c, cos (18.71* 4- 0,) + 2.34c 2 cos (8.21* + tf> 2 ) + 4.16c 3 cos (5.72* + * 3 ) 
For given initial conditions, c x , c 2 , c 3) tf> u <p 2 > <t>s can be determined. 

For a, only excited, it follows from (5) that m 2 and m 3 oscillate in phase and out of phase with m v 
Their relative amplitudes (relative maximum angular displacements) are 2.78, 4.54, 2.43 for m u m 2i m z 
respectively. The three "modes of motion" and their relative amplitudes are shown in Fig. 10-4(6), (c), (d). 

It should again be emphasized that, as clearly shown by the above example, (a) the natural frequencies 
of the system, (b) the phase relations between oscillations corresponding to any one frequency, and 
(c) the relative amplitude of motion are all found from the basic determinant and thus depend on 
constants of the system. 

Example 10.7. 

A consideration of the oscillatory motion of the three "particles" connected with springs as shown 
in Fig. 10-5, illustrates most of the basic points regarding small oscillations and gives the reader a good 
overall picture of the general subject. 
















X v V, = fixed axes, with origin at the rest position of m t 

Fig. 10-5 



Considering motion in a plane, the system has six degrees of freedom and hence six natural frequencies 
of motion. Let us assume that all values of the k% unstretched lengths of the springs, equilibrium 
positions of m v m 2 ,m 3 , positions of p v p 2i p z , etc., and equilibrium lengths of springs are known. 



Let x l9 yi\ % 2 ,y 2 \ x z , 
particles. Hence 



3 represent rectangular equilibrium coordinates of m v m 2 ,m 3j regarded as 

T > Jm^ + ft 4- Jm 2 (^ + ^ 2 ) + £m 3 (£ 2 + £ 2 ) 
Extending the principles outlined in Section 5.10, Page 89, V may be put in the form 
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^approx. = ¥ C ll X l + C 22#i + c 33^ + + C &5^3 + C 662/f) 

+ c 232/i a; 2 + c 242/i2/2 + CasJ/j^a + c 26 2/i?/3 + c M x 2 y 2 

+ c 35 a; 2 a;3 + c 3G x 2 y 3 -f c 45 2/ 2 ^3 + c 4aV2Vz + c 56^32/3 

Determination of the c's. is straightforward but in an actual case requires considerable tedious work. 
This having been done we are in a position to set up the fundamental determinant of the system, roots 
of which give a l9 a 2 , . ..,u 6 . Finally, solutions have the form 

Xi — c x d n cos ((di* 4- 0i) + c 2 d 12 cos (<u> 2 t + $ 2 ) + ■ • ■ + c 6 d 16 cos (to 6 £ + 0e) ? 
etc., for 2/1, x 2 ,y 2 ,x z ,y z . 

For a general disturbance of the system, each particle oscillates with the six frequencies given by 
f 1 = Wl /2?r, etc. If any one frequency alone is excited, amplitudes of motion of m u m 2 , m 3 are not in 
general the same; moreover, the particles do not oscillate along parallel lines. (See Section 10.14, Page 222.) 

Note that if motion out of the plane of the frame is permitted, d.f . — 9. Hence the system has nine 
natural modes of oscillation. It can be treated exactly as outlined above. 

10.8 Special Cases of the Roots of D, 
(a) Multiple Roots. 

Consider the arrangement shown in Fig. 10-6. Suppose the frame attached to a smooth 
horizontal table. Assume all springs identical and that, with m at rest, the springs have 
an angular spacing of 120°. 

For this case (see equation (5.11), Page 89), 

T = $rn(x 2 + y 2 ) and V 

Hence the fundamental determinant may be 
written at once. Expanding this it is immedi- 
ately evident that the two roots of D are equal, 
that is, oi 1 ~oi 2 . The equations of motion show 
that the general motion of m may be regarded 
as compounded of two simple harmonic motions 
at right angles, each having the same period. 
But this is only true for the special arrange- 
ment considered above. If the fc's are not 
quite equal and/or the angular spacing is 
slightly changed, ^ and o> 2 will be distinct. 

Other systems can be found which, for 
special values of the constants, fall into the 
above class. However, truly equal roots are 
rare. When this is the case the "degeneracy" 
can usually be removed by a slight change in 
the constants of the system. 




(b) Zero Roots. 

The basic determinant for each system shown in Fig. 10-7 has one zero root. Consider 
Fig. 10-7 (a), for example. A detailed treatment of the motion for 6 small, is given in 
Example 4.4, Page 64, and as seen from the equations of motion 

(mi + m2)w 2 m 2 ro) 2 
D - 0 
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from which (m 1 4- m 2 )(m 2 r 2 o> 2 — m 2 gr) — 0. Hence one o>, say <a v is zero and 

o> 2 = [(m 1 + m 2 )g/r} 1/2 . The zero root means an "infinite period" or more precisely a 
term vt, in the final solution, indicating motion with constant velocity. Note details of 
the solutions, Page 65. 
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(a) Cart free to move along horizontal line 



(6) C0 2 "molecule" free to move along- a line 
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(c) Disks connected with flexible 
shaft. Torsional constant = k. 



(d) Assume m 1 = m 2 
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z l ,x. l measured relative to cart. No friction assumed. 

(e) Cart free to move along horizontal track 



Fig. 10-7. Systems for which the Fundamental Determinant Has One Zero Root. 
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The reader may easily write T and V for the disks, Fig. 10-7(c), and show that D has 
one zero root and another which is not. Physically this means that the motion of each 
disk is compounded of an oscillatory term ; plus another representing constant angular 
velocity. (See Problem 10.9, Page 230.) 

An example of a system, the determinant of which has two zero roots, is shown in 
Fig. 10-14, Page 232. For details see Problem 10.18. 

Example 10.8. The "C0 2 molecule", Fig. 10-7(6). 
Assuming motion along the X axis, 

T = ^(m 1 x\ + m 2 xl J tm^l) t V = \k[(x 2 - x t - l 0 ) 2 4- (# 3 - x 2 - l 0 ) 2 ] 
where l 0 is the unstretched length of each spring. Letting 

q x = x t + V ?2 = x 2> Qz ~ x 3~ l o (■*) 
T = i(m 1 ql+m 2 qt + m 1 %), V - $k[{q 2 - <y t ) 2 + (g 3 " Q2) 2 } (*) 
which now have the forms of (104) and (10.6) respectively. Hence 

m^ 2 — k k 0 

k m 2 to 2 — 2k k 

0 k Wjto 2 — k 



D 

Expanding D, we have 



0 . (S) 



(m lW 2 - k)[(m 2 a 2 - 2k)(m x <» 2 — k) — k 2 ] - k 2 (m^ 2 - k) = 0 

from which Wl = (—J , W2 - 0, * 3 - [— J^Tj 

Therefore D has one zero root. 

The reader may show by direct substitution into the differential equations of motion that 

q x — — c x k 2 cos 4- <f>i) 4- c z k 2 cos (w 3 £ 4- 0 3 ) 4- 4- 6 

g 2 — — 2c 3 k 2 — cos (w 3 t 4- # 3 ) 4- 4- 6 (4) 

g 3 = Cj/c 2 cos {oiit + ^j) + c s k 2 cos (w 3 £ 4- 0 3 ) 4- u£ + 6 

are solutions where constants c lf c 3 , v must be determined by initial conditions. 

The term vt obviously indicates linear motion with constant velocity. It may be shown that v is just 
the velocity of the center of mass. 

10.9 Normal Coordinates, 

For systems of the type thus far considered, it is possible to determine a set of "normal 
coordinates" g v g 2 ,--*,g n (each linearly related to the usual equilibrium coordinates 
Q v Q 2 > • - - j Q n ) such that when the ^'s are replaced by g's, T and V take the very simple forms 

t = Hit + h\ + ■ • • +3*), v = u^gl + <* 2 fft +-••+ 

(Advantages and uses of normal coordinates are listed in Section 10.12.) 

(a) Defining the g's. 

Consider, for example, a system having only two degrees of freedom and for which 
the integrated equations of motion are 

q x — adit cos (a^t 4- ^j) 4- c 2 dn cos («> 2 t 4- $ 2 ) 

, (10.18) 
q 2 ~ cidii cos (wjt 4- 4ii H- cos (« 2 t 4- <j> 2 ) 



218 



SMALL OSCILLATIONS ABOUT POSITIONS OF EQUILIBRIUM 



[CHAP. 10 



As a matter of convenience in what follows, let us replace c 1 by c 1 A 1 and c 2 by c 2 A 2 where 
A 1 and A 2 are now regarded as arbitrary constants and c v c 2 will later be determined to 
meet certain desired conditions. We must remember that c v c 2 are now not regarded as 
arbitrary. 

Defining the quantities g v g 2 by g x - A 1 co^(< i y l t + <j> 1 ) and g 2 = A 2 cos («> 2 t + <j> 2 ), 
relations (10.13) become 

<7i = Cidugi + c 2 di2£f2, <?2 =■ Cid 2 i£i + c 2 d 22 0 2 (10.14) 

Note that the quantities g v g 2 may be regarded as a new set of coordinates. Thus 
(10.14) are transformation equations relating the <fs and £/'s. As will be seen from what 
follows, g v g 2 are the desired normal coordinates. 

(b) Expressing T in normal coordinates and introducing "orthogonality conditions". 

Differentiating (10.14) and substituting in 

T = i(auql + 2ai2<7i<72 + a 2 2q\) 
we get T = \[c\(a n dn + 2a i2 diid 2 i + a^dl x )g\ + c\(a n d\z + 2ai 2 d 22 + a 2 2dt 2 )gl 

+ 2cic 2 (aiidndi 2 -f ai 2 dnd22 + a 2 idi 2 d 2 i + a 2 2c£ 2 i(i 22 )£i02] (10.15) 
Writing coefficients of g\,g\,g x g 2 , as N n ,N 22 ,N 12 respectively, it is seen that 

2 2 2 2 2 

Mi = Ci 2 andrtdn, Af 22 = c 2 2 andrtda, W J2 = CiC 2 2 a,ndridi 2 

rl rl rl 

or in more compact form, 

iVsfc = CsCk 2) (trldrsdik (10.16) 

rl 

Relation (10.16) is of paramount importance because, as shown for a general case in 
Section 10.10, N $k — 0 for s ¥= k. But N sk 0 for s = fc. Moreover (see paragraph (a) above) 
it is seen that by taking c as 

r 2 -i-i/2 

Cs = ^ a rldr S dls\ (10.17) 

N u = l. Hence it follows (assuming for the moment the truth of the above statements) 
that T = Ud\ + 9t)- 

(c) Expressing V in normal coordinates. 

A general expression for V for the case under consideration is 

V = |(c u g 2 + 2ci 2 gW2 + c 22 g 2 ) 

Inserting (10.14), 

V = %cl[(cudn + ci 2 d 2 i)dn + (c 22 (Z 2 i + Ci2dn)d2i}g\ 

+ |c 2 [(cndi2 + 012^22)^12 + (C22d 2 2 + ciad^J^jfl'a (10.18) 
+ icic 2 [2(ciidi 2 + 012^22)^11 + 2(c 22 d22 + Ci 2 di 2 )d 2 i]^i^ 2 

If it is assumed that only one principal mode is excited, say « ir 

qi — OidnAi cos (w^ + #2 — Cid 2 iAi cos (©^ + ^) 

Putting these into the original differential equations of motion (which have the form of 
(10.8)), it follows that 

Ciidn + 012^21 = w 2 (andii + ai 2 d 2 i) 

o 2 idn + o 22 d2i = tt> 2 (a 2 idii + ct 22 d 2 i) 

Likewise two more similar relations are obtained assuming w 2 excited. Substituting 
these four expressions in (10.18), we finally get 
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which, on applying (10.16) and (10.17), becomes V = K-Jff? + <*\g%). 

(d) TTie General Case. 

In like manner the above steps can be carried through for n degrees of freedom when 
T and V have the forms of (104) and (10.6) respectively. The solution corresponding to q 1 
may be written as q 1 = c 1 d n g 1 + c 2 d l2 g 2 + - 4- c n d ln g n , etc. Or in general, 

Q r = t^ rk 9 k (10.19) 
Expressions corresponding to (10.16) and (10.17) take the forms shown below. 

n 0 for s ¥* k 

1 for s = A; 

r n -1-1/2 

(a) = Orthogonality condition, (b) = Normalizing factor 

N sk is usually written as 8 sk and called the Kronecker delta. 
In the general ease T and V have the forms 

T - $(g\ + gl+ •■• +£) 

(10 JM) 

7 1 and V expressed in normal coordinates. 

The above development has been carried through assuming solutions of the form (10.12). 
However, it is a theorem of algebra that when T and V have the forms (10. i) and (10.6), 
suitable linear relations between the q f s and- fir's can be found which transform T and V 
to the form (10.22). 



10.10 Proof of the Orthogonality Relation. 

Before continuing further let us prove the important relation (10.20). 

Consider a system having n degrees of freedom. Assuming only one oscillation <a 3 
excited, it is clear that 

?1 = C s d U C0S + ?2 '= C s d 2 S COS (*.* + etC * 

Putting these into any one of the original differential equations, say the rth, we get 

which may be written as n n 

2 C A = a X (*) 

i=i i=i 

Note that (I) represents ?i equations since r — 1,2, . . . 
Likewise assuming o> fc excited, 

1>a = «. 2 fc i«A ...(*) 

1=1 i=i 
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Now multiplying the first of (1) by d lk , the second by d 2k , etc., and adding, we obtain 

. I, r l,r 

In like manner we obtain from (2) 

But since a rl — a lr and c rI — c lr , we may replace r by Z and Z by r in (5) without affecting the 
value of the sum. Hence the left sides of (8) and (4) are equal. Thus 

n 

But for Hence 2 a r firs^ik = 0 ( e ) 

Furthermore it can be shown that for k-s the summation in (6) is not zero. Hence the 
validity of (10.20) has been established. 

10.11 Important Points Regarding Normal Coordinates. 

(a) It follows from (10.22) that 

£ + ^ = 0, g 2 + * z 2 g 2 = 0, 2 tt + *&7 n = 0 (i0.«5) 

These greatly simplified equations of motion integrate at once to give # x = 
' A x cos(<o l t + <t> x ), etc., (which are indeed just the original expressions given in Sec- 
tion 10.9). Thus from (10.23) it is seen that: 

(b) Principal modes of motion corresponding to o v o 2 , are entirely independent. 
That is, one mode of oscillation in no way influences or is influenced by other 
oscillations. The system is reduced, mathematically speaking, to n completely unre- 
lated harmonic oscillators. (But note (c) below.) 

(c) If properly started, the system will oscillate with any one of the fundamental fre- 
quencies alone (as previously mentioned) or in any combination. However, one must 
not lose sight of the important fact that, if any one mode is excited, every component 
part of the entire system will, in general, oscillate with this particular frequency. 
For example, if © 5 , Fig. 10-2(e), .Page 205, were excited, each of the six masses and 
three pulleys would oscillate with frequency f 5 — o) 5 /2tt. 

(d) Inspection of (10.22) shows that D in normal coordinates (assuming n = S for con- 
venience) has the form 

a, 2 ~<4 0 0 

= 0 (10.2k) 







2 2 

(!) <Oj 


0 


0 


D 




0 




0 






0 


0 


O) — 



D is said to be "diagonalized". 
10.12 Advantages of Normal Coordinates. 

(a) A consideration of normal coordinates leads to a better understanding of the physics 
as well as the mathematics of small oscillations. A more complete "picture" of what 
takes place is obtained. 
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(b) The treatment of systems of the above type to which external forces are applied is 
considerably facilitated by the use of normal coordinates. (See Section 10.18.) 

(c) The determination of constants of integration in solutions having the form of (10.12) 
is considerably simplified by use of the orthogonality condition (10.20). See Section 
10.15, Page 224. 

(d) Normal coordinates can be employed to considerable advantage in various theoretical 
considerations without the necessity of first finding actual expressions for the g's. 

(e) Normal coordinates are extensively used in the study of molecular vibrations, vibra- 
tions, of atoms in crystals, etc. 

However, it should be kept in mind that, except in very simple cases, actual expressions 
for the g's of a given system can only be found (see Section 10.13) after having determined 
a l9 & 29 . . .,<o n and the cof actors d rs (frequently a laborious task) as outlined in Section 10.5. 
Moreover, it is clear that in applied problems where the «/s only may be required, normal 
coordinates offer no advantages. 

10.13 Finding Expressions for Normal Coordinates. 

Expressions for normal coordinates may be obtained by solving (10.19) directly for 
the g's in terms of the g's. However, the solution may be considerably simplified by 
employing the orthogonality condition (10.20). 

Multiplying (10.19) through by c s a rl d u and summing over r and I, we have 

rl k rl 

n 

Hence g s = c s 2 Q T a T i d is- (10.25) 

rl 

where c s is determined by (10.21). 

For any particular problem in hand, numerical values of a Tl and d u are known. Hence 
specific expressions for g v g 2 , . . .,g n in terms of the q's can be written. (See Examples 
below.) 

Example 10.9. Normal coordinates for the system shown in Fig. 10-1 (a). 

Referring to Example 10.3, Page 211, let us write the solutions there given as 

y l = 3(^4.! cos (8.16£ -h <p t ) - 6.25c 2 A 2 cos (19.37* + 0 2 ) 

(1) 

y 2 = hc x A x cos (8.16t + <pi) + 5c 2 A 2 cos (19.37* + 0 2 ) 

where A{ and A 2 are arbitrary and c 1} c 2 are to be determined by (10.21). Hence we write 

Vi = ^c 1 g 1 — 6.2f>C2ff 2 , V 2 ~ $ c i9i + %>c 2 g 2 (2) 

Now expressions for g t and g 2 may be determined either by solving (2) or applying (10.25). Note that 
for this problem a 14 = m lf a 22 = m 2 , a 12 = 0, c£ n = 3, d 12 — — 6.25, etc., from (1). c t — (9m 1 -f 26m 2 )~ 1 ^ 2 , 
c 2 = (6.25 2 m 1 + 25m 2 )-i/2. Hence finally, 

g x = 11.390! 4- 14.24J/2, 9% = -16.4%! -f 9My 2 ($) 

As a check the reader may show that, differentiating (2) and substituting into T — ^(m x y\ -f m 2 ^), 
we get, as would be expected, T = \(g\ 4- g%). Likewise, putting (2) into the original expression for V, 
we get V = i^lsl + <4g 2 2 )- See Problem 10.5, Page 229. 

Example 10.10. Normal coordinates of the triple pendulum, Fig. 10-4, Example 10.6, Page 213. 
Equations (10.19), Page 219, may be written as 
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= 2.7$e 1 g 1 - 0.88c2fir 2 + 2.75c3^ 3 

e 2 = —4.540^1 - 5.70^2 + 2.3OC303 (I) 

fls = -2ASc 1 g 1 4- 2.34^ + 4.16e^ a 

Applying relation (10.21), cf* = 694.03, c 2 l = 1309.18, c~i = 2478.69. Solving (i) f or g x , g 2 , 9* or, 
more easily, applying (10.25), we finally get 

0! = 126.29^ - 43.82*2 - 59.26fl 3 

fif 2 = -108.88*! - 149.41*2 + 154.580 3 ($) 
g z = 379.42*i + 67.70* 2 + 307.59* 3 

As a check the reader may show that, differentiating (1) and inserting into the original expression 
for T, we get T = + ^ + $p m Likewise, V = ^(w^ + ^ + w 2^2) may be obtained by 
inserting (1) in the original expression for V. 

10.14 Amplitude and Direction of Motion of Any One Particle When a Particular Mode 
of Oscillation is Excited. 

By way of introduction, suppose that any one (and only one) of the six natural fre- 
quencies of the system shown in Fig. 10-5, Page 214, is excited. In what direction 
(along what line) and with what amplitude would, say, m 1 be oscillating? The following 
is a treatment of this type of problem. 

Consider the relatively simple system shown in Fig. 10-8. A dumbbell, consisting of 
particles m l and m 2 connected with a light rod, is supported by springs as shown. Its 
equilibrium position is O x O r Assuming motion in a plane, displacements of m 1 and m 2 
from rest positions are x v y x and x v y r Here n = 3 and we use as generalized coordinates 
Q v Q 2 > Q s where q v q 2 are rectangular coordinates of cm. and q 3 = 0. Thus x x = x 1 (q v q v q s ), 
etc., which could easily be written out in explicit form. 




Fig. 10-8 
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Assuming small displacements, we write (see Section 10.3(&), (c)), 

or ' x 1 - a xl q x + <* 12 <Z 2 + a 13 q 3 (1) 

and likewise y x = fi 11 q l + fi 12 q 2 + fi 13 q 3 

where all as and ^'s are known constants determined by the geometry of the system. 

Now considering solutions corresponding to (10.12) and supposing only one mode, say 
m v excited, 

qi ~ Cidn cos(«> 1 t H-^j), q* = Cidai cos (©ji + <?3 = Cid 3 i cos^i + ^ 
where c t is here determined by initial conditions, not by (10.21). Hence 

Likewise, y 1 = (p n d n + P 12 d 21 + pjL^ye t cos (a^t + ^) (2) 

-or for brevity, = CiAn cos (» t t + $ t ), 2/1 — cos + 4^) 

Hence it is clear that, for o> 1 only excited, m i oscillates with amplitude Cj(A 2 n + B*J in 
along a straight line through O x having a slope of B n /A lV In like manner the amplitude 
and direction of motion of m 1 may be found assuming <a 2 or o» 8 excited. 

Considering expressions for # 2 ,2/ 2 , motions of m 2 corresponding to <o lf « 2 , « 3 may be 
found in the same way. 

Thus we have a detailed "picture" of the motion of each particle when any one mode 
is excited. 

Obviously the above treatment can be extended to a general system of p particles 
having n degrees of freedom. 

Note that the actual path traversed by, say, m 1 when all modes are simultaneously 
excited, may be drawn by inserting relations (10.12) in (1) above and plotting y v x 1 for 
equal values of time. 

Example 10.11. 

Let us determine the line along which point p> Fig. 10-16, Page 233, oscillates when ^ only is excited. 

Taking x pt y p as coordinates of p, x,y those of cm. and e the angular rotation of the rod measured 
from its rest position (that is, x y y,e are convenient equilibrium coordinates), it is seen that 

x v = x + I cos {e + e Q ), y p = y + I sin (e -f e 0 ) 

where I is half the length of the rod. Thus for small motion (retaining zero and first order terms), 

x p = x + I cos 0 O — (I sin e 0 )9 

Vp ~ V + I sin $0 + (I cos $ 0 )e ^ ^ 

Now for only excited, 

x — Cidn cos (&it + fa), y — c 1 d 21 cos (ait + fa) 9 e = Ci<2 31 cos (o>i£ + fa) 

Hence x v — I cos £q = Ci(d n — ld 31 sin e 0 ) cos (o^i + fa) 

y v — Z sin e 0 — o 1 {d 21 + ld 3l cos 0 O ) c <> s + fa) 

x p — I cos 0 O and y v ~ I sin # 0 are clearly displacements of p from its rest position. Hence p oscillates 

d 21 + £d 31 cos 0q 

along a line making an angle a with X where tana = -= — — j-z : , and with an amplitude A 

determined by d n ~ l<t zl sm 8 0 

A = c x [(d n - U u sin (? 0 ) 2 + (d 2 i + W» sili ^o) 2 3 1/a 
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Of course, c t must be found from given initial conditions. 

For details of the motion of this system, for given values of the physical constants, see Problem 10.23, 
Page 233. 

10.15 Determination of Arbitrary Constants With the Help of 
Orthogonality Conditions. 

Values of the c's and </>'s in (10.12), which, of course, depend on initial displacements 
and velocities, can be determined as outlined in the last part of Section 10.5. Or having 
replaced c t by e t A v c 2 by c 2 A 2 , etc., as in Section 10.9 (where the c's are now not arbitrary 
but determined by relation (10.21)), the A's can be evaluated in the same way. However, 
the following method is more advantageous. 

Putting known or assumed displacements for t = 0, Q q l9o q 2 , . . 0 q n , into solutions 
having the form of (10.12), we have 

o*i = c 1 d n A 1 cos <t> t + c 2 d 12 A 2 cos <j> 2 + + c n d ln A n cos <j> n 

(10.26) 

0<?n = C ,V, C0S f + C 2 d n2 A 2 C ™<l>2 + " ' + C n d nn A n <*» <t> n 

n 

Now let us multiply the first of (10.26) through by c s a iA^ the second by 
c s J) a> i2 d is > e tc, where s can be any integer from 1 to n. Adding the resulting equations 

i— 1 

and making use of (10.20), it follows that 

A s cos<f> s = c s X 0 Qr a iA s ( 10 -%7) 

ir 

In like manner, for given values of velocity 0 q v 0 q 2 , . . . , 0 q n , at t = 0, it can be shown that 

A, Bin*. = ~^ftoi a iAs {10 M) 

Thus all values of A s and </> s are determined by (10.27) and (10.28). 

Note that if the system is displaced slightly and released from rest, all values of 0 g r = 0. 
Hence all values of the phase angles are zero. . 

10.16 Small Oscillations With Viscous and Conservative Forces Acting. 

As background for this section the student should review Sections 10.3(d) and 10.4. 

(a) Equations of motion and their solution. 

Assuming as before three degrees of freedom, the equations of motion, including 
viscous forces, are just (10.7), Page 209. 

Solutions may be obtained by assuming 

q t = A xt , q 2 = B Kt , q z - C* 
where A,B,C,X are, as yet, undetermined constants. Substitution into (10.7) gives 

A(anA 2 + 6iiA + en) + S(ai 2 A 2 + b 12 X + c 12 ) + C(ai 3 A 2 + bisk • + Ci 3 ) = 0 (10.29) 
and two more similar relations. Following the steps leading to (10. 10), we write 

ctnA 2 + bnk + cu 0,12k 2 + b t2 k + C12 ai 3 A 2 + &13A + c i3 
D = (Z21A 2 + 621A + C21 0,22k 2 -f 622A, + C22 a^k 2 + 623A, + €23 
a 3 iA 2 ■+ 631A H- c 3 r a32^ 2 + &32A + c 32 a 33 A 2 -f &33A +.C33 



= 0 (10 JO) 
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Expansion of this new form of the fundamental determinant leads to a sixth degree 
equation in A. Roots of the equation again can be found by the Graeffe or other methods. 

Let us assume that the six roots A t , A 2 , . . .,A 6 are distinct. Inserting values of, say, 
into {10.80), relative values of A V B V C 1 are given (see Section 10.5) by cof actors of 
the elements of any row. That is, 

<?i = cidne^*, q 2 — Cid 2 ie Xlt , Qs = cidsie^ (10.31) 

Similar solutions are obtained by introducing A 2 , A 3 , . . . , A 6 . 

Adding the six sets of solutions, the general solution takes the form 

qi = Cidue Xlt + c 2 di2e X2t + ••• + c 6 di 6 e X6 ' 

q2 — Cid 2 ie Xlt + c 2 d 22 e X2t +.■■*■ + c^e^ (10.32) 
qz — cidzxe^ 1 + 02^32^2* + • • ■ + c^dz^e^ 
Values of the arbitrary constants c v c 2 , . . ,,c 6 depend on initial conditions. 

(b) Nature of the \'$. 

The roots of D may be real, complex or pure imaginary. 

For the important case in which V is positive definite, it has been shown that under 
the following additional conditions: 

(1) P = 0 (no viscous forces): All roots are pure imaginary. This is the case treated 
in previous sections. 

(2) P^O but viscous forces small: Roots are complex, they occur in pairs as 
A = fj.± u, and fi is negative. That is, A 1 = ^ + i<o v A 2 = ^ — u v etc. 

(3) Viscous forces large: Roots are real and negative. 

If V is not positive definite, positive real roots may occur. In this case it is seen from 
solutions (10.32) that each coordinate increases indefinitely with time. Hence the assump- 
tion of "small motion" is quickly invalidated. The system is "unstable". 

(c) Form taken by (10.32) when the roots are complex. 

This is the most important case. 

Let Aj = /Aj + iwj, A 2 = juj — iwji A 3 — > 2 + io> 2 , K = /A 2 ~i«v etc. Considering, for the 
moment, only the first two terms of the first equation in (10.32), we write 

cidneM + c 2 di2e x 2 f = e^&idne^ + c 2 di2e~ i&>lt ) (10.33) 

But d n , the cofactor of the first element of any row of (10.30), is complex. We write it 
as d n — k u +ihn, where for any specific problem in hand k n and hn are known constants. 
Moreover, a little effort will show that d 1% — kn — ifi n . Since c x and c 2 are arbitrary, we 
write them as c x ~ ^(b 1 + ib 2 ), c 2 = i(b l — ib 2 ). Hence, employing the relations 

= cos o>t + i sin at, e ^™ 1 = cos o>t — i sin U 

the right side of (10.38) takes the form 

e wt [6i(fcn cosw^ — hu sinwjf) — 62(^11 sin u> t t + hn cosw^)] 

which, with some manipulation, may be reduced to 

e^Rffii + h 2 n ) 1/2 cos(o,^ + S n + ^) (10 Ji) 

Here R t and ^ are arbitrary constants and tan.8 n — Ki^w 

Hence it is clear that if all roots of (10.30) are complex, the general solution for q x is 
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q 1 :,= R^k'u + h 2 u y' 2 e^ cos + 8 n + fi 2 (A4 + cos (<o 2 « + 8 12 + 0 2 ) 

+ i? 3 (fc? 3 + /4) 1/2 ^ f cos («,« + 8 1? + 4> 3 ) m35) 

with exactly similar expressions for q 2 and q r R 1 ,R 2 ,R 3f <j> 1 ,<j> 2 ,<j> 3 which appear in each 
of the solutions corresponding to q v q 2 , q 3 , are the six constants of integration to be 
determined by initial conditions. 

The quantities n v /x 2 , /i 3 (which are a result of the viscous forces) are negative. Hence 
solutions having the form of (10.85) indicate damped harmonic oscillations. 

Considering motion corresponding to only, 

q 1 = iJ 1 (fc? 1 + ^ 1 ) 1/2 ^ t cos(a, 1 i + 8 11 + 0 1 ), q 2 = R^kt, + h 2 21 ) 1/2 e^ cos { nj t + 8 21 + ^), 



10.17 Regarding Stability of Motion. 

If after the masses of a system are given some small initial motions they never depart 
very far from their equilibrium positions, the motion is said to be stable. As can be seen 
from (10.32), positive real roots of (10.30), or complex roots with positive real parts, mean 
terms in the solutions which increase indefinitely with time, hence instability. For stability, 
real roots or real parts of complex roots must be negative. Pure imaginary roots mean 
stability in that they indicate oscillations with constant amplitudes. 

To find whether or not a given system is stable, one of the two following procedures 
may be followed. 

(a) Determine all roots of the fundamental determinant in the usual way. Examine the 
roots to see if all real parts are negative. 

(&) Apply the Routh-Hurwitz test, which does not require finding the roots. The test is 
not reproduced here. 

For details of the above as well as considerably more information on the subject of 
stability, the reader may consult the following references. 

(1) A. Hurwitz, Math. Ann., Volume 46, 1895, Pages 273-284. 

(2) R. N. Arnold and L. Maunder, Gyrodynamics and its Engineering Applications, Page 
453, Academic Press, 1961. 

10.18 Use of Normal Coordinates When External Forces Are Acting. (No viscous forces.) 

In the treatment of conservative systems on which externally applied forces are acting, 
normal coordinates (found as in Section 10.13) offer real advantages and although it is not 
our purpose to consider this long and detailed subject, we indicate below how equations 
of motion in the #'s may be found. 

Basically the method of setting up equations of motion is just the same as has been 
used throughout. It is only that here we propose to use coordinates g v g 2 , . . .,g n . 




Having expressed T and V in the form of (10.22), we apply 
and obtain the following very simple equations of motion, 




(10.36) 
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The generalized force F 9r , which involves only externally applied forces, may easily 
be found as follows. Employing q v q 2 , . . q n , BW t0tsil is written in the usual way (see 
equation (£.12), Page 61). Now eliminating q's in favor of g's by (10.19), $W total can be 
put in form 

***** = + [••■].*». + + ['-'L^n (10.37) 

Hence i*^ = [• - - ] v etc. The advantage of this procedure is, of course, due to the sim- 
plicity of (10.86). 



10.19 Use of Normal Coordinates When Viscous and External Forces Are Acting. 

For this typ^ of problem normal coordinates still offer advantages. Neglecting, for the 
moment, viscous and externally applied forces, normal coordinates can be found as usual and 
T and V expressed as in (10.22), Page 219. Note that the w's found above are not the natural 
frequencies of the system when the viscous forces are acting. 

Unfortunately the P function cannot, in general, be written as P = b x g\ + b 2 g\ + 
• • - + b n g*. However, making use of (10.19), (10.5) can easily be put in the form 

p = -ItpM WW 

* ri ' 

Hence, applying Lagrange's equation, the equations of motion become 

g r + <**g r - vj x - p 2 J 2 - v zr 9 z p nr 9 n = Fa r ( 10 * S9 ) 

The generalized force F 9r , which involves external forces only, is determined exactly as 
explained in Section 10.18. "Viscous coupling" still exists but, even so, equations of 
motion in the g's are simpler than in the <7's. 

Example 10.12. 

The following is a brief outline of the above method as applied to the triple pendulum of Fig. 10-4, 
Example 10.6, Page 213, assuming that it is suspended in a viscous fluid; no external forces. Here we write 

t = + v = + + «**§)- 

where <a t = 18.71, <o 2 = 8.21, « 3 = 5.72. 

Referring to Section 10.3 and to equation (1) of Example 10.6, it follows that 

P = + h + + b 2 r*il + b z r^e\ + 2b 2 r 1 r 2 e 1 B 2 + 2b s r 1 r z B 1 h} 

where b u 6 2 , b B are coefficients of viscous drag on the bars. Now making use of 6 1 = 2.7Sc 1 g 1 — 
O.88c 2 0 2 + 2.75c 3 sf 3 , etc., (see Example 10.10), P can easily be expressed in terms of £i,£ 2 ,?s« 

Hence g x + — dP/dg r , etc., are the equations of motion. Note that Pi = 2ir/<a lf etc., are no 
longer the periods of motion of the system. If viscous forces are not too great, oscillations are established 
and the periods of oscillation depend somewhat on the damping factors. 

Example 10.13. Viscous and external forces acting. 

Referring to Example 10.3, Page 211, and Fig. 10-l(a), imagine vertical forces f x = A x sin (a t t + 8 1 ) 
an( j f 2 =z A 2 sin(a 2 £ + 6 2 ) acting on m 1 and m 2 respectively. Also assume a viscous force —b&x acting 
on mi and —b 2 y 2 on m 2 {b t and b 2 must be known from experiment). We shall set up equations of motion 
in normal coordinates. Here 

T = \(g\ + g\), V = %{«r\g\ + <%g\) (D 
where Wl - 8.16, w 2 = 19.37 and (see Example 10.9, Page 221), 

Vl - Sctfi - 6.25flr 2 , 2/2 = 5c i0i + 5c 2ff2 

(2) 

Cl = (9w 1 + 25m 2 )-i/2, C2 - (6.25^ + 25m 2 )~ 1/2 
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The P function is merely * : ? ■ 

Making use of (#), 

p - -^[6 1 (3c 1 ^ 1 -6.2^ 2 )2 + b M (toJ 1 + &w&] W 
Writing 3TP total = f x By x + f 2 8y 2 and applying (£), 

STFtotai = «i(S/i + B/i)^i + c 2 (5/ 2 - 6.25/^2 . . (*) 

Hence = CjCS/j + S/a) and the final equation of motion corresponding to g x is 

9i + + + 256 2 )P! + c x c 2 (25b 2 - 18.756^2 = 0i(8/ r + 5/ 2 ) (tf) 

with a similar relation corresponding to g 2 . The applied forces f x — A t sin (<*i* + 8i), etc., (or those 
having any other desired form) can now be written into the equations of motion. 



10.20 Suggested Experiments. 

The field of "small oscillations" is replete with a wide variety of interesting and 
instructive experiments. In most cases the required apparatus is easily constructed. 
Nothing is very critical about values of masses, spring constants, etc., to be used. Many 
of the arrangements shown in this chapter can be set up in a short time from materials 
to be found in almost any laboratory. 

Experimental work includes a determination of (a) the natural periods of motion, 
(6) the phase relations between various parts when a given mode is excited, and (c) relative 
amplitudes of motion for a given mode. Of course, constants of the system such as masses, 
spring constants, etc., must be determined by preliminary experiments. Finally (and this 
is, of course, the payoff) the above results are to be compared with computed values. 

Experimental results are not difficult to obtain. Any one of the natural frequencies 
(if within certain limits) can easily be excited manually. Consider, for example, the 
arrangement shown in Fig. 10-l(a), Page 204. For vertical motion only, this has two 
natural frequencies f 1 = m 1 /2tr i f 2 = <o 2 /2-rr. Let us apply with the finger an oscillatory 
force to, say, the top of m v making it as nearly simple harmonic as possible. Now if the 
applied frequency is equal to or even close to either f 1 or / 2 , the amplitude of that 
particular mode builds up rapidly. When the finger is removed, the oscillation continues. 
Of course, each mass oscillates with this one frequency. A rather accurate numerical 
value of the period can now be found by timing, say, 100 oscillations with a stop watch. 

For either or «2 

excited, the phase relation between the motions of m 1 and m 2 
(that is, whether at any instant they move in the same or opposite directions) can be 
observed directly. At the same time the amplitude of oscillation of m 1 compared with 
that of m 2 can be roughly estimated. 

The above technique is applicable to a wide variety of systems having two, three or 
even four natural periods of oscillation. When the applied frequency is near one of the 
natural frequencies, this fact becomes evident at once since the force required to cause 
the oscillation to build up is noticeably small. After some practice, little difficulty is 
experienced in exciting any one of the natural modes alone. With reasonable care in the 
determination of the constants of the system and experimental values of the periods, 
excellent agreement between computed and experimental results may be expected. 

Below are listed several systems, any one of which is quite suitable for a quantitative 
experiment or for classroom demonstration. 

(a) Fig. 10-l(a), (b), or (d), Page 204. Easily constructed; results excellent. 

(b) Fig. 10-4, Page 213. Easily duplicated as shown. Hence all results given in Example 
10.6 can be checked. 
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(c) Fig. 10-10, Page 230. Easily constructed; results excellent. This makes a striking 
experiment. 

(d) Fig. lG-7(c), Page 216. Must use good ball bearings to reduce friction. 

(e) The following systems are especially recommended for classroom demonstrations: 
Fig. 10-1(6) and (d); Fig. 10-10; Fig. 10-13, Page 231; Fig. 10-16, Page 233. 

Experiments of this type are very effective indeed as a means of arousing interest, 
giving physical meaning to the theory and greatly broadening the student's understanding 
of the subject. 



Problems 

A. Systems Having Two Degrees of Freedom. 

10.1. In Fig. 10-l(a), Page 204, a third spring (constant k 3 and unstretched length is attached to the 
bottom of m 2 and directly down to the floor. This spring is under tension when the masses are at 
rest. Find ail expression for a lt u 2 of the system. Compare results with those found in Example 10.3, 
Page 211. 



10.2. 



10.3. 



10.5. 



10.6. 



10.7. 



Show that for the double pendulum, Fig. 10-1(6), ta t and u 2 are given by 
«i>«i = te(»h + W2)(ri + r 2 ) ± tf^+maXwa^+r^ 

Show that for m 1 ~ m 2 ~m and r x = r 2 — r, ^ = l.&5(g/r) 1/2 , « 2 = .77(p/r) 1/2 and that normal 
coordinates are 

g x = %[(4-2V2) 1/2 S - (2-\/2) 1 ^](mr2)i/2 
g 2 - _£[(4 + 2V2)"2<? + (2 + V2) 1/2 96](mr2)i/2 

Show that for the double torsion pendulum, Fig. 10-l(d), q 1 and « 2 are given by ( 

IJ) + I 2 a ± VUift + h<W ~ «Acl 1/a 



«1j w 2 



where a = k x + k 2 , b = k 2 + k& c — k x k 2 



2hh 
k-^kii I k 2 k^ . 



0 



Show that for Ii — I 2 = I and k x — k 2 = & 3 = fc, 



3&/J, 



&// and normal coordinates 



are 



ffi = iH + HWW 2 , 9 2 = (* 2 -*i)(W 2 



10.4. Find ui, io 2) fifj, # 2 for the system shown in Fig. 
10-1(/) for m 1 = 300 grams, m 2 = 500 grams, 
fcj = 3 X 10 4 dynes/cm, k 2 = 4 X 10 4 dynes/cm, 
5 cm and / — 2000 g-cm 2 . Take x l7 x 2 as 
displacements of m lf m 2 respectively from rest posi- 
tions, coi = 17.60, « 2 = 6.41; g 1 = 12.158] - 18.3^ 2 . 



Prove in detail the statement made at the end of 
Example 10.9, Page 221. 

Referring to Example 10.8, Page 217, show that 
normal coordinates for the "molecule" are 



ffi = (93 - tfi) 



"2/ 



#2 = 



(m 2 + 2%) 1/2 



5-3 



(m 2 + 2m 1 )i/2 ^~~2~y 





















Af ^ 












\\ p 






K 2/ 










/ a 

/ \ 













Check in T and V. 

The frame A, Fig. 10-9, is supported by tightly 
stretched piano wires as shown. Disk D is likewise 
supported in the frame. Let k x be the total tor- 
sional constant of wires supporting A, and k 2 the 
corresponding constant for those supporting D. 
Show that 



Fig. 10-9 
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Note that these are valid for any values of 6 lt B 2 so long as the elastic limit of a wire is not exceeded. 
Show that and w 2 are given by 



a U K 2 + ± VKi« 2 + *a*i) 2 - 4«ije 2 (/i + Ms 2 + 4 cos 2 a)'z' 

" ~ ~~ 2(4 + AM + 4 cos2 «)4 

where a n — / 2 + Ms 2 + / a cos 2 ** + I z sin 2 a. 

The above arrangement, which is not difficult to construct, works out well as a quantitative 
experiment and especially so since bearings and their unavoidable friction are eliminated. 

10.8. In Fig. 10-7(c), Page 216, let I x = 4000 g-cm 2 , I 2 = 3000 g-cm 2 , k = 10^ dyne-cm/radian. Show 
that = 0, 6)2 = 7.65. What is the physical meaning of the zero root? 



10.9. 



Show that for the system in Fig. 10-7(<2), Page 216, 

■fc(w 1 + m 2 + //i2 2 ni/2 



«i = 0, 



= P 



m^mx + I/R 2 ) 



'I 



Show that y ~ A cos (<o 2 * + <p) + (g/2M)(m 1 - m^t 2 + Bt + C where A, B, C are arbitrary and M = 
+ m 2 + //i? 2 . 

B. Systems Having Three or More Degrees of Freedom. 

10.10. Referring to Fig. 10-10, the masses and spring constants (taken from an actual experiment) have 
the values shown. Compute the periods and compare with the experimental values given. 

The arrows in the chart to the left indicate experimentally observed directions of motion of 
m v m2,m 3 corresponding to wi, u 2 , u 3 . Verify these directions from the cof actors of the funda- 
mental determinant. 



'////a 



k x = 11.56 X 10 5 dynes/cm 
m 1 = 11,765 grams 




k 2 = 11.91 X 105 dynes/cm 
m 2 = 9724 grams 

& 3 = 3.65 X 10 5 dynes/cm 
j m 3 = 3289 grams 



Directions 
of motion 
corresponding to: 










m x 


1 


1 


1 


m 2 


1 


1 


1 


m 3 


1 


t 


I 



Periods in seconds (experimental): c P l = 1.09, C P 2 = 0.54, <P 3 = 0.* 
Fig. 10-10 




Fig. 10-11 



10.11. Show that normal coordinates for the above system are 

g x - 50.0a?, + 68.3x 2 + 32.3ar 3 , g 2 = -57.0a?! - 30.0« 8 + 45.7o; 3 , g 3 = 79.8^ - 65.4a; 2 + 13.0x 3 

where x lt % 2 , x s represent vertical displacements of m lt m 2 , m s from their rest positions. 

Show that when the above are introduced into equations (10.22), Page 219, the original forms 
of f and V are obtained. 

10.12. The disks D u D 2j Fig. 10-11, are coupled to their respective shafts by torsional springs as indicated. 
The vertical shaft is also connected to base B by a similar spring. 



CHAP. 10] 



SMALL OSCILLATIONS ABOUT POSITIONS OF EQUILIBRIUM 



231 



Torsional constants are k v k 2 ,k 3 . Angles 8 V 6 2 are measured relative to the respective shafts, 
$ 3 relative to B. Write expressions for T and V. Note that exact expressions are, without 
approximations, in the form of (10.4) and (10.6), Page 208. 

10.13. Referring to Problem 8.7, Page 168 and Fig. 8-26, suppose besides the springs shown, rod bd is 
coupled to D with a spring (torsional constant Cg) just as Di and D 2 are coupled to their supporting 
rods in Fig. 10-11, Page 230. (Neglect mass of bd.) 

Show that T and V are given by 

^exact = i[((afP + /«)coa»* 2 + / 1 + /,Bin»* a )i} + (MP + J X )*£ + 7^ + 2/ 2 ^ 2 sin(? 2 ] 

^exact = |[¥i +c 2 (/3-fl 2 ) 2 + ^] + Mgl sin 0 2 

where /? is the value of 8 2 for which the c 2 spring is undistorted. 

Now assuming that when the system is at rest 8 2 = 8 0 and writing e 2 = $ Q + a, show that for 
small motion, 

^approx. = i[WP + I x )co&e 0 + Ii + I z i&TL 2 eQ)el + (MP + Zji* + j^j + sin ^] 

^approx. = + C 2 « 2 + 0 s fg) 

Write out the fundamental determinant and find its roots. 

10.14. Four equal masses,, Fig. 10-12, connected to exactly equal springs, rest on a smooth horizontal 
table. The unstretched length of each spring = Z 0 ; equilibrium length = I. Assuming motion 
along the line ab only, show that 

^exact = + x l + ^3 + x l - x l x 2 ~ X 2 X 3 ~ x Z x <d 

where x u z 2j x 3 ,x 4 are displacements of m u etc., from rest positions. 

Taking m = 300 grams and k = 2 X 10 4 dynes/cm, compute u^t^ug,^. Make a chart 
showing the directions of motion of each mass corresponding to each w. (See Fig. 10-10.) 

Making use of expression (10,25), Page 221, find the normal coordinates 0i,02>03'04- Show by 
direct substitution into original expressions for T and V that they take the form of (10£2), Page 219. 




10.15. (a) Write T, V for the triple torsion pendulum 
shown in Fig. 10-13. Here ki,k 2 , «r 3 ,K 4 are 
torsional constants for the various sections 
of piano wire. Find g u g 2 , g%. 

Now suppose that, due to a surrounding 
fluid, viscous torques —b-fii, — b 2 6 2t — b 3 $ 3 act 
on the dumbbells respectively. Show that 
P = -%(b x e\ + b 2 e\ + b 3 %\). Show how this 
can be expressed in the normal coordinates 
found above. 

(b) Imagine the three dumbbells replaced by n 
exactly equal ones which are equally spaced 
along the wire. Show that 



10.16. Referring to the triple pendulum shown in Fig. 
10-2(c), Page 205, and.r 2 are strings support- 
ing m v m 2 . The rigid rod, the mass m 3 and 
arms c, d have a total moment of inertia I about 



L 



, 


K 2 




*3 




K 4 



Fig. 10-13. Triple Torsion Pendulum. 
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axis ab. r 3 is the distance from the cm. of the entire system (not including m 1 ,m 2 ) to ab. 
Show that for small motion approximate expressions for T and V are 

^approx. = U m l^l +.«Vi«2 + ( w l«f '+ m 2*2 + + ^h 8 l r Jlh + «W2*2*8] 

where 0\,8 2 ,d 3 determine the angular displacements of r lt r 2 , r 3 respectively, each measured from 
a vertical line. M is the mass of the entire system, not including m x and ra 2 . Write out D. 

The above pendulum is easily constructed (use hardened point bearings at a, b) and works out 
well for demonstration or as a quantitative experiment. 

10.17. Imagine viscous forces —b^, —b 2 v 2 , —b 3 v 3 acting on the spheres m 1 ,m 2 ,m 3 , Fig. 10-2(c), Page 205. 
Making use of the results of the above problem, show that 

p - -iPi*^? + b 2 riel + (61*1+ bj$$\ + 26 1 « 1 r 1 J 1 ^ 3 + b 2 s 2 r 2 e 2 e 3 + b 3 R^] 

where R = distance from center of ra 3 to axis ab. 

Determine, for example, F &1 first by applying F $1 = dP/d&i and again from SW 01 = F$ &9 • 
Compare results. 

10.18. Referring to Fig. 10-14, m l and ra 2 move along smooth horizontal tracks. The two large wheels 
roll, without slipping, in contact with the upper surface of m t . Show that 

T = |[(m! + m 2 )x\ + (m 2 + 2llr*)q\ + mg £2 _ 2m 2 x x q 2 ] 

V = ^k[x\ + q\ + x\ — 2a? 1 a? 3 + 2x 3 q 2 — 2a? 1 g 2 ] 

where q 2 = constant — x 2 , w 2 is the total mass of the two wheels plus that of the rods on 
which they are mounted, / is the moment of inertia of each wheel about its axle. 

Write D and show that it has two zero roots. Show that the one period of oscillation of the 
system follows from 

m 3 [m 1 m2 + (Wj + m 2 )(2//r 2 )]o? 2 = /b[m 1 w 2 + m 1 m z + (m 1 + w 2 + m 3 )(2//r 2 )] 




Fig. 10-14 

10.19. Show that one root of the determinant for the system shown in Fig. 10-7(e), Page 216, is zero. 
Find a general expression for the two periods of oscillation. 

10.20. The five disks, Fig. 10-15 below, are geared as shown. The springs represent flexible shafts having 
torsional constants k u k. 2 ,k 3 . Show that 

T - ^[(/ 1 + 6^ 5 )^ + / 2 tf|-h(/ 3 +6?/ 4 );2] 

V = + b%K 3 )e\ + (kjl + K 2 )e\ + (k 2 + b\K 3 )el - 2 Kl e 1 e 2 - 2k 2 b 2 b 3 - 2k 3 6 1 6 2 (9 1 (9 3 ] 
where 84 = 0 5 = & 2 *i- 

Show that for 6 2 = 6 2 » on e root of the determinant is zero. 
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Pulleys geared at a and b and coupled 

by springs , having torsional constants 

K U K 2> K i (springs indicate flexible shafts). "*! 



«3 



IHMM 




«2 ff 



J 3 



^^^^^^^^^^^^^^^^^^ 
Fig. 10-15 

Referring to Problem 5.14, Page 95 and Fig. 5-20 and assuming small motion, find V a pprox. ^ or 
the entire system, including gravity. Note that gravity does not drop out of the final equations 
of motion. Determine a u a 2 and compare with same in Problem 10.2. 

This arrangement is easily set up. and constitutes a good experiment. 

10.22, Assume the "particles", Fig. 10-12, Page 231, can move about in any manner on a horizontal 
plane (see Problem 10.14). Assuming small, motion, write expressions for T and V. Assuming a 
viscous drag of — bv on each mass, write P. 

10.23. Data on the uniform bar and springs shown in Fig. 10-16 (taken from an actual experiment) are 
as follows: k t = 2.01 X 10 4 dynes/cm; k 2 — 1.77 X 10 4 dynes/cm; with springs unstretched, 
lengths pd — 20.0 cm and ab = 19.0 cm; with bar in its equilibrium position, pd 32.3 cm 
and ab = 44.4 cm; mass of bar = 384.8 grams; J about a line normal to bp and through 
cm. = 1.2 X 10 4 g-cm 2 ; length bp = 25.8 cm. With rod in rest position, angles measured from 
horizontal lines are e 0 — 15.4° > $ x — 60.5°, $ 2 = 52°. Experimentally determined values of the three 
periods of the system (motion in a plane only) are 9^ = 1.0, ^2 — ^3 — - 33 sec. 

Using the above data, compute the periods and check with the experimentally determined 
values. Use coordinates x,y,e, shown in Fig. 5-21 (see Problem 5.15, Page 96). 




Fig. 10-16 

10.24. For the system shown in Fig. 10-8, Page 222, 

where the g's and «'s can be found in the usual way. Assuming viscous forces 
on m x and m 2 respectively, write an expression for P in normal coordinates. 

Further assuming an external force f = A sin (at + S) applied vertically to m lt write out 
equations of motion in normal coordinates. 



■biV Xr ~b 2 V2 acting 
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Small Oscillations 
about Steady Motion 



11.1 Important Preliminary Considerations, 
(a) Physical meaning of steady motion. 

Consider the following three simple examples. 

The pendulum bob, Fig. 114, properly started, will rotate in a horizontal circle 
with 0 and $ each constant. The top, Fig. 11-2, will under certain conditions move 
so that 0, ^ each remains constant. The arrangement shown in Fig. 11-3 may be 
started in such. a way that r,0,#- do not vary. 




Fig. 11-1 Fig. 11-2 

When the above conditions prevail, each system is said to be in a state of "steady 
motion". In each case certain coordinates and certain velocities remain constant. 

(b) Nature of L for systems of this type. 

(In what follows the reader should refer to Examples 11.1, 11.2, 11.3.) The 
Lagrangian L for the pendulum contains 0,0, f but ^ is absent. For the top, L 
contains 9,0,$,$ but <j> and ^ are not present. For the system, Fig. 11-3, L contains 
r, f, 0, 0, ^ with ij/ missing. 

A common feature of the above Examples is that certain coordinates as well as 
their velocities appear in L while velocities only corresponding to others are present. 
Coordinates of the first type are referred to as "noh-ignorable" and those of the 
second as "ignorable". (This terminology stems from the fact, shown in the follow- 
ing section, that ignorable coordinates can be completely eliminated from the equations 
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Fig. 11-3 



of motion.) Hence we define, in accord with the examples given, a state of "steady- 
motion" as one in which each non-ignorable coordinate remains constant and the 
velocity corresponding to each ignorable coordinate is constant. 

(c) The momentum corresponding to an ignorable coordinate is constant 

Consider again Fig. 11-3, Example 11.3. Clearly f is ignorable. Applying the 
Lagrange equation, 

A/*£V = o or = [m(L+ rsin0) 2 + /]^ = p. = constant 

at \ dip / d$ 

That is v^f the momentum corresponding to $ f is constant. (Note that dL/dq r = p r 
is the usual definition of momentum corresponding to q r .) p^ is constant for any 
motion of the system whether or not it is steady motion. Moreover, if any existing 
motion is disturbed (certain forces momentarily applied and then removed) p^ is 
changed from its original constant value to a new value, also constant. 

It is clear that the above remarks apply to ignorable coordinates in general. And, 
of course, BL/dq T = p r is not constant for the non-ignorable coordinates. 

(d) Establishment of oscillations about steady motion. 

Imagine the bob of the pendulum, Fig. 11-1, tapped very lightly with a hammer 
while rotating with steady motion. As soon to be shown, it now oscillates with simple 
harmonic motion about its steady motion path or about a new steady motion path 
close to the first one. Of course, f is no longer constant. It now varies with time 
in a manner which can be determined. After the blow p^ is constant but usually 
with a value slightly different from the original one. 

As a second example, suppose the steady motion of Fig. 11-3 slightly disturbed. 
In this case both 0 and r oscillate in magnitude about their steady motion values in 
a manner similar to .the way any two-degree-of -freedom system (see Chapter 10) 
oscillates about equilibrium positions. 
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11.2 Eliminating Ignorable Coordinates from the General Equations of Motion. 
Method A. (Steady motion not assumed.) 

Consider a system, having n degrees of freedom, the motion of which can be determined 
by k non-ignorable coordinates q v q 2 , . . .,q k and s ignorable coordinates <5 fe+1 , 3 k+2 , . 3 n 
(n ~ k + s). Thus L contains the a's, q's and the c4's but the J's are absent. 

A matter of basic importance in the treatment of this subject is that, for any system 
of the above type, the s ignorable coordinates can be eliminated from the k equations of 
motion corresponding to the non-ignorable coordinates. 

In order to make clear the various steps involved let us carry through for fc = 3> s = 2, 
n = 5. Assuming no moving coordinates or moving constraints, the reader can show 
(see equation (2,56), Page 27) that a general expression for T takes the following form 

T = Muffifli + Aj 2 q 2 + Aj 3 q 3 + 2Aj 1 q 2 + 2Aj 1 q 3 + 2Aj 2 q 3 ) 

+ <9MJl+ A J2 + A sA) + A( A Jl + A 25*2 + A 3 5<U t«J) 

+ U A ,JJ 4 + 2AjJ h + A 5 JJ 5 ) 
where the A's are functions of q v q 2 , q 3 only. Likewise V = V(q v q 2 , q 3 ), not containing 

Applying Lagrange's equations, the following relations, valid for any general type of 
motion, are obtained, 

(A rl ?1 + A r2 q 2 + A r3 q 3 + A r4 3, + A r5 3 5 ) + q x \~q^Qi + ^-fl. + ) 
. /3A.. 5A^ # dA^, \ . /3A dA r3 . 5A r ■ \ 

+ J + ^<7 + d ~^q) + 3 (^q + ^<7 + — ^ = 0 



where r = 1,2,3. Note that the above contains 3 A ,3^ 3 5 , 3 



Now since L contains no ignorable coordinates, ^ (^j) " ^* That is, dL/d3 4 = J> 4 = 
constant, 6L/J 5 = p 5 = constant. Writing these in full and rearranging, we have 

A 44^4 +A 45^ 5 = 2>4 - A lA ~ A *A " A 34<7 3 
A 54^4 + A 55^5 = ^5 ~ A 15<*1 ~ A 2&2 ~ A 35<?3 

It is seen that (1 1. 5) can be solved f or J 4 and i 5 in terms of p 4 , p 5 , ff lf d 2 , tfg. Hence 
the J's and Jf's can be eliminated from (II.#), ifews leaving three equations containing 
non-ignorable coordinates only. It is as if the system were now reduced to one having 
only k degrees of freedom. (3 A and 3 5 have been "ignored.") 

If the general motion of the system is desired, integrals of the above relations give 
Q v Q 2 >Qs as functions of time. Then returning to {11.8), 3± and 3 5 may also be found as 
functions of t. 



11.3 Elimination of Ignorable Coordinates Employing the Routhian Function. Method B. 

Regarding L as a function of q v q 2 > » - * : r*^** ^h+v A+v a sma11 

variation in L is expressed by 
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= ± & Qr + ± ^8q r + ± ^sj, (114) 

r-l dQ r r r=l dq r r t = fc+l d3. 

But dL/dS^p, and p t B3 t - 8<p 4 J.) - -i5 4 8p r Hence (ii 4) may be written as 

\ i = fc+l. / r=l VQ r r=l 3g r i = fc + l 

Let us now define a "Routhian" function by 

R - L - 5) p 4 J. 

i - fc+1 

Assuming that the 3's have been eliminated from R by relations having the form of 
(11 j), ,R = R(q%q%p'&). Thus 

« = i + i f u, + i f », <».n 

r=l fy r r=l dq r i = k + l cf P i 

Comparing (-ZI.5) and it is seen that 

dR dL dR _ dL dR • 

Inserting the first two relations in the Lagrangian equation, we have 

s(f)"f ■ « * ««> 

which represents fe equations of motion /ree from ignorable coordinates. Equations (11.9) 
are the same as (11*2) after having eliminated the J's and J's. 

Important points: (a) The above treatment applies to any motion the system may 
have. It is in no way restricted to steady motion, (b) In order to obtain k equations of 
motion free from ignorable coordinates, the first method requires eliminating the J's and 
3 's from each equation of (11*2), whereas by means of (11.3) the entire elimination is made 
in one step merely by removing the J's from (IIS). 

For simple problems, Method A is about as convenient as Method B. But for general 
considerations and for the solution of applied problems where k and s are large, the 
R method is superior. 



11.4 Conditions Required for Steady Motion. 

In a state of steady motion (continuing to assume k--3, s — 2, n = 5), q= constant = 6 , 

Q 2 ~ b v Q d — Qi = Q 2 ~ #3 = ®> ^4 ™ constant, 3$ = constant; 3± = 3 6 = 0. Hence, as 
can be seen from (11.2) and the second relation of (11.8), conditions to be met for steady 
motion are 

(*k) = 0 or (***) = 0 (11.10) 
where the zero subscript indicates that steady motion values listed above are to be inserted. 

11.5 Equations of Motion Assuming Steady Motion Slightly Disturbed. 

To this end we set q x = b t + 8 v q 2 = b 2 -\rs 2 , q s = 6 3 + s 3 where b 19 b 2 ,b & are the steady 
motion values (determined by (11.10)) of the non-ignorable coordinates and s v s 2 ,8 3 repre- 
sent variable displacements from these values. Thus q t = s v etc. Substituting in the 
Routhian, we have 

R = R(bi + Si, 62 + S2, 63 + s 3 , &u s 2 , s 3 ) 
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Now assuming the s's and s's small, expanding R and retaining zero, first and second order 
terms, we get 

«„. = w > i (Jf * % (%)K 

where zero subscripts indicate that steady motion values are inserted. Note that the 
coefficients of s r , s r , s r s t , etc., are all constants. 

Equations of motion about steady motion are thus found by applying 

/ d fi ap P ros. \ _ Approx. _ 

which gives 

— ) =0. Hence the above general form of the equations of motion 
about steady motion may be written as 

£ (V, + V» - Wi) = ° 
where a rl = a ir , c rI = c, r but 6 rl = — 6 (r and 6^ = 0. 

For the case we are carrying through, these equations are 

anSi — CnSi + ai2*S2 + 612S2 — C12S2 + 01383 + 613S3 — C13S3 = 0 

O2101 + 621S1 — C2181 + O2202 — C2282 + O23S3 + &23S3 — C23S3 = 0 (11,18) 

O3181 4 63181 — C31S1 + 03282 + 632S2 — C32S2 + 03383 — C33S3 = 0 

As will be seen from Examples to follow, it frequently happens that the b's are all 
zero. (The 6 rl Sj are referred to as "gyroscopic terms".) 

Note, (a) In the determination of o n ,c u , etc., (see (11.11) above), R exact is differentiated. 
Hence in the treatment of problems by this method we must first write out # exact . 

(b) If so desired equations (11.13) can be obtained by writing exact equations of motion, 
(11.9), inserting q x = b x + s v etc., expanding and retaining only first order terms. (See 
Examples.) 



11.6 Solving the Equations of Motion. 

It is seen that the above equations are very similar to (10.7), Page 209. Solutions 
may be found following the same procedure outlined in Section 10.16, Page 224. Hence 
only a few details will be given here. 

Assuming as solutions s 1 = Ae xt f s 2 = Be xt , s 3 == Ce H , substituting in (11. IS) and fol- 
lowing the steps referred to above, we write 



D 



anX 2 — en O12A 2 + 612X — C12 , ai 3 X 2 + 613X — C13 
(I21A, 2 + &21A — C21 022A 2 — C22 a 2 3A. 2 + 623A, — C23 
a3iX 2 + 631X — C31 O32A 2 + 632A — C32 O33X 2 — C33 



0 (11.1b) 
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Important Notes: 

(a) Since (tir — Cbri , C%r — Cri and b it may be shown (see E. J. Routh, Advanced 

Rigid Dynamics, vol. 2, 6th ed., Macmillan, 1930, page 78) that D contains only even 
powers of A. The reader should expand D in (11.14) and show that terms containing 
A 5 , A 3 , A automatically drop out. 

(6) When T and V are each positive definite, A t = i& v A 2 = —i& v A 3 = io> 2 , A 4 = —ia 2 , etc., 
where the o>'s are real. As will be seen, this means that the motion is stable. 

Now assuming that condition (6) is met, a general solution for s lt for example, is 

11 1 2 Z o o 

with similar expressions for s 2 and s r For the general case (6 r[ ^ 0) solutions may be 
put in the form of relation (10.85), Page 226. 

When gyroscopic terms (b rl s t ) are absent from equations (11.13), solutions take the 
form of relations (10.12), Page 210, and normal coordinates can be found. When gyro- 
scopic terms are present normal coordinates cannot, in general, be found. 



11.7 Ignorable Coordinates as Functions of Time After the Disturbance. 

• * 

From the last relation of (11.8), or solving (11.3) for 3 { , we have S i — —dR/dp. — 
^(ff'Siff's). Replacing q 1 by b t + 8 v q x by s v etc., and using solutions of (11.13), we can 

write 3 K — <f>(t). Hence „ 

<?.(*) = J + c, 

For slight changes in J., JJ(£) can be found by expanding <^(s,s), retaining zero and first 
order terms. 



11.8 Examples Illustrating the Above Treatment. 
Example 11.1. 

Properly started, the pendulum bob of Fig. 11-1 will rotate in a horizontal circle in which $ = constant 
and $ = constant. For the pendulum, 

L = lm(r 2 e 2 4- r 2 sin 2 0^ 2 ) + mgr cos 0 (1) 



Quantities $, &, but not ^, appear in L. Thus ^ is ignorable. 



— — mr 2 sin 2 * £ = = constant (2) 
Applying and eliminating ^ by (#), 

2 

# = o mr 2 * 2 - o — o + m^r cos $ (8) 
2 2 mr 2 sin 2 * 

Applying (11.9), the general equation (not restricted to steady motion) corresponding to 6 is 

+ — sine = 0 (Ii) 



m 2 r* sin 3 £ r 



• 



(It is suggested that the reader obtain this same equation by Method A.) For steady motion, e — 0 = 0, 

e ~ e 0 , = Co, i> = £o ~ constant. Thus from (4), or just as well applying (11.10), the condition for 
steady motion is 

<?5 cos *o £ 

m 2y4 gm 3 ^ 0 r 



= — sin 6 0 



which may be put in the form cos0 o — —rr (£) 
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• 2 

Hence steady motion can exist at any angle $ for which rj/ 0 > g. (Taking r = 100 cm, g = 980 cni/sec 2 , 

(5) is satisfied for ^ 0 ~ V9J8 rad/sec or greater and, for example, letting £ 0 = 4 rad/sec, cos 0 O — 9.8/16.) 

Now suppose that the bob (moving with steady motion) is very lightly tapped with a hammer. 
Assume, for the moment, that the impact is such that p$ is left unchanged. Writing B = $ Q + a and 
inserting in (4), we have 

cos (0 O + a) c£ a 

« a 4 ■ a/« -l x + £ sin *„ + «) = 0 (*) 

m¥ sin 3 (0 O + «) »* 

Assuming that a remains very small, expanding and retaining only zero and first order terms, 

(6) becomes 



+ 



cl fl + 2 COS 2 6 \ g 1 f fig COS $ Q g \ 

H — cos d ft « — 0 . — sin d 0 

r J ^mV 4 sin 3 0 O r u / 



= 0 (7) 



(This relation can be obtained by expanding It and retaining second order terms. See Problem 11.1.) 
But by (5) the last term is zero. Hence a + w 2 « = 0 or a — A sin (wi + <f>) where A and are arbitrary 
constants. Thus the bob oscillates about the steady motion path with a period 



f" Co fl + 2cos 2 * 0 \ o "1 
Making use of (#) and (5), the period may be written as 



1/2 



r / cos d 0 \1 
ff ^1 + 3cos 2 * 0 /J 



1/2 



The manner in which ^ changes with time after the blow, is determined as follows (see Section 11.7) 

c 0 r dt 

mr 2 J sin 2 (0 o + o:) 



1 1 2 cos e 0 

Expanding ' sin* (*„ + *) = ^T 0 - + 



Hence 



2c o cos0 o r 



Since a — A sin («£ + 0), the integral can be evaluated at once and we have an approximate expression 
for ^ as a function of time. 

It was assumed above that the disturbance did not change the steady motion value of p^. Suppose 
now that it is changed from the constant value c 0 to a slightly different (but also constant) value Cj. 
Replacing c 0 by c t in equation (5) above, a new steady motion value $ = $' Q can be determined. Writing 
0 = 0 0 + a and continuing as before, it is clear that the bob oscillates with a period 



V Iff \1 + 3cos 2 <9 0 7J 



1/2 



about the new steady motion path. Hence it is usually assumed that the disturbance does not change 
the constant values of momenta. 



Example 11.2. 

Oscillations of the top (not vertical) about steady motion. (One non-ignorable, two ignorable coordinates.) 

The top, Fig, 11-2, if set spinning above a certain speed and properly released, will move with steady 
motion in which 8,4>,$ each remains constant. (The top precesses with constant angular velocity ^, 
without nutation.) 

(a) General equations of motion and conditions for steady motion. As previously shown (see Example 
8.14, Page 159), 

L = %[I X (6 2 + ^ 2 sin 2 *) + 7 Z (0 + £ cos f) 2 ] - Mgr cos 0 (1) 
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It is seen that e is non-ignorable and $ y <p ignorable. Hence 

p$ = I z (<p + $ cos e) — c lt p$ = I x $ sin 2 8 + Cj cos e ~ c 2 (2) 
Here R — L — p^ — and eliminating £ and $ by (2) we get (no approximations) 

r> 1 f *o 1 (^2 ~ <?1 COS g) 2 1 C? 

Applying (11.9), the following equation of motion is obtained: 



(C % — Cj COS B \ 2 T . /C 2 — Cj cos A 

49 - (, 4 sin** ) h w cose + f-j-^—Jc^me - Mgrzme 



U) 



Note that (4) is valid for any general motion the top may have. No approximations have been made 

For steady motion, (11.10) takes the form cos e 0 — c t ^ 0 + Mgr = 0, where the zero sub- 

scripts indicate steady motion values. Solving for 



Ci ± y/c[-tf x Mgr cos <9 0 
00 ~ 27^0 (5) 

2 * 

Hence for values of c x such that C! > AI x Mgr costf 0 there are two distinct values of ^ 0 for which e 
remains constant. 

(6) Oscillations about steady motion assuming a slight disturbance such that Cj and c 2 remain unchanged. 
Writing e — e Q + a, inserting in (4), expanding and retaining first order terms, we finally get after 
some manipulations 



Fjs _l f M 9 r \ % 2Mgr cos 6 0 ~ ] 



(6) 



Hence as the top precesses, the point d t for example, oscillates with simple harmonic motion about 
the steady motion path abc f with a period given by 



I~. 0 /Mgr\ 2 2Mgr cos e 0 l 



1/2 

(r) 



The manner in which <f> and ^ change with time can be determined as follows. Applying the 
third relation of (11.8) or merely solving equations (2), we get 

. _ <a (c 2 — c x cos e) cos e . c 2 — c x cos * 

* = h I x sin 2 * ' * = / 3 sin 2 » (5) 

Inserting * = ff 0 + a, expanding and retaining the first two terms, 

. /<? 2 + <? 2 COS 2 (9 0 - COS0 O \ 

* = *.+ ■(- — z^in^ — r (P) 

and since a is a known function of t from (0), (9) can be integrated to give <p as a function of £. 
In like manner $(t) can be found. 

Additional facts regarding this example: (a) Relations (2) correspond to (11.3). (b) Equation (4) 
can be obtained by Method A. (c) Equation (6) can be obtained by first expanding R and then 
applying (11.11); see Problem 11.2. (d) No gyroscopic terms appear in (6). 

Example 11.3. One ignorable and two non-ignorable coordinates. 
Referring to Fig. 11-3, 

L = hnir* + r 2 * 2 ) + %[m(l x + r sin o) 2 + Jty 2 + mgr cose - %k(r - r^ 2 (1) 

where r 2 is the value of r when the spring is unstretched. It is seen that ^ is ignorable while e and r 
are non-ignorable. 
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Applying (11.10), conditions for steady motion are 

$%(h + r o sin 0q) cos 8 q — g sin e Q 

k 

'^l (h + U sin e Q ) sin e 0 = — (r 0 - r % ) - g cos e 0 

from which it follows that ^ = — ~— ($) 

h + r i sin 0 O + -jr- tan e Q 

which, for an assumed value of e Qt (3) may be solved for or for a given value of ^ 0 can be solved 
graphically for 8 Q . Thus r 0 may be found from (2). 

Following the usual steps, R is 

R = X m (r 2 + r 2 'e 2 ) _ ^&[m{l x + r sin 6>) 2 + /] " 1 + mgr cos (9 - £fc(r - r±) 2 (4) 
where 7?^ = c. Equations of motion, with no approximations, corresponding to r and 8 are 

mr — mre 2 — mc^m^ 4- r sin 0) 2 + J]~ 2 (l x + r sin 0) sin e — mg cos 8 + fe(r — r 4 ) = 0 (5) 
mr 2 V + 2mrre — mc^m^ + r sin d) 2 + J]~ 2 (Z x + r sin 0)r cos 0 + mgr sine = 0 (5) 

Note that (5) and (6) can be obtained by Method A. 

Writing r = r 0 + s, 0 = 0 O + a, expanding and retaining first order terms, we finally get 

a ll S + C 11 S + c 12 a — 0 
C 2 iS + «22<* + c 22 a — 0 

/3m(Z 1 + r 0 sin * 0 ) 2 - 7\ 

where a n = m, Ctt = mV^sin 2 e 0 — ^ — : : . , , T + fc , (see equation(li.il)) 

11 11 0 u \ m(Z x + r 0 sin e 0 ) 2 + 7 / 

"4w(Z 1 + r 0 sin e 0 ) 2 r 0 sin fl 0 cos 0 O 1 
m(Zi + ro sin , o) 2 + / ft + 2r 0 sin 0 O ) cos #J + mg sin * 0 



(7) 



c 12 = 



Corresponding relations for c 2 i> a 22> c 22 follow in a straightforward manner. (See Problem 11.3.) Since no 
gyroscopic terms appear in (7), solutions can be obtained by assuming s = A sin (w£ + 0), a = B sin (wi + 

For specific values (such as m i = 400 grams, # = 980 cm/sec 2 , — 2 X 10 5 dynes/cm, l x = 20 cm, 
r x - 40-20 + 10 = 30 cm, e Q = 30° (hence r 0 = 32.26 cm), / = 2 X 10 5 grams X cm 2 ), ^ 0 can be found 
from (3), the constants o n , c^, c 12 , etc., evaluated and the periods of oscillation determined. 

Example 11.4. Selection of Proper Coordinates. 

It sometimes happens that chosen coordinates do not contain ignorable coordinates, yet from the 
physics of the system it may be evident that steady motion is possible. In this case a set containing 
ignorable coordinates can usually be found by inspection. 

Consider the system shown in Fig. 11-4 below. The bar, spring and mass rest on the smooth horizontal 
XY plane. The bar is free to rotate about a smooth fixed vertical shaft at O. 

Choosing 8, <f>, r as coordinates, 

L = \ll 2 + \m\s 2 8 2 + f 2 + r 2 0 2 + 2rse$ cos (<p - 9) + 2sf S sin (<p - $)] - %k(r - r x ) 2 (1) 

Since 8, 8, r, f , <p, $ each appears in L, neither coordinate is ignorable. 

■ * • 

But introducing fi = <f> — 8, $ = {3 + 8, L may be written as 

! cosj8)J 2 + lmr 2 /3 2 



L = Imf 2 + i(7 + ms 2 + mr^ + 2mrs cos ^)J 3 + Imr 2 ^ 2 
+ msr-8 sin ^8 + w^r 2 + rs cos y8)J>S — ^k(r — r t ) 2 



Hence it is seen that 8 is non-ignorable. 

d L * • • • 

~ = Pe — (I + ms 2 + mr 2 + 2mrs cos j8)fl + m(r 2 /3 + rs/3 cos (3 + sr sin /3) = c (5) 

fhus S can be eliminated from the r and /? equations of motion or, of course, an R function can be found. 
Therefore, proceeding in the usual way, small oscillations about steady motion can be determined. 
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Example 11.5. Small oscillations of a top about its vertical position. 




Fig. 11-5 

Suppose the top (disk), Fig. 11-5, sleeping in a vertical position with axis Op x along Y l9 8 = 90° and 
/? = 0. (The vertical is taken as shown because, if treated as in Fig. 11-2 with Z\ vertical, $ is inde- 
terminate for e = 0.) Assuming this state of steady motion slightly disturbed, we shall find the subsequent 
motion of point p v Besides g acting in the negative direction of Y v let us assume that four equal 
springs are attached to a small smooth ring at p v With p x at p 2 tne springs are unstretched and in the 
horizontal plane abed, spaced at 90° intervals. As can be shown by equation (5.11), Page 89, "Firings — 
2k 

— (% 2 + z 2 ) for small displacements of p x away from p 2 - %tV>* are coordinates of the end of the shaft Op v 
Hence, referring to Example 8.14, Page 159, we write 

L = %I x (e 2 + ft sin 2 6) + %I Z ($ + j, cos (?) 2 - Mgr cos 5 - k{x 2 + z 2 ) (!) 

where r is the distance along Op t from 0 to cm. of the disk, S is the angle PtOp 2 and other symbols 
have the usual meaning. 

From the diagram it is seen that e + a — 90°, ^ + 0 — 180°, cos 5 = cos a cos /?, x — I cos a sin/?, 
z = I sin a, y — I cos a cos /?. Hence in the usual way we find 

R - %I x (lP + /3 2 cos 2 a) - e x p sin a — Mgr cos a cos fi +. hi 2 cos 2 a cos 2 /? (#) 

where ^ = dL/d$ = = constant, I = length of shaft Opj. The above expression is exact except for 
the approximation in "F spr i n gs- Certain constant terms have been dropped. Note that only one coordinate, 
tf>, is , ignorable. 
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Now assuming very small displacements of pj away from p 2 (« and /? always small), the reader may 
show (see Problem 11.4) that the equations of motion are (see equations (11.12)) 

l x a + c x p - (Mgr - 2kP)a = 0 

(3) 

I x p - CiS - (Mgr - 2kP){S = 0 

Note that in this case gyroscopic terms are present. 

Solutions may be obtained by assuming a = Ae iat 9 p = Be iat . It follows in the usual way that 

-(Z^ 2 + E) -Cjto 
ejto -(7^2 + K) 



D = 



= 0 (4) 



where E — Mgr — 2kl 2 ; and from U), 

^ (5) 
or ± U - ^-( Cl ± Vc 2 -4/^) 

It is seen that to is real for c\ + %I x kft > U x Mgr. Also for £ cos 0 small compared with c t = and thus 
From (5) we write 



= ± |^-(^i+Vc 2 - 4/^)1 and « 2 =■■ ±r~-(c 1 -Vc 2 -4/ a ^) 



Hence solutions can be put in the form 

a = Mii^ + Afdu«" toi * + Agdu^ + Mm 6 "* 6 *' 

(7) 

which, making use of the fact that 

^11 — ^12> ^13 = ^14» ^21 = — ^22? ^23 = ~~^24 

(7) can finally be written as 

a = iS^/X + E) COS (o> 4 t + e x ) + R 2 (l x «£ + # ) COS (« 2 t + e 2 ) 

W 

/? = iSjCjooj sin (wji + ej) + R^c^^ sin (w 2 £-h e 2 ) 

where R lt R 2 , e l9 e 2 are arbitrary constants. The reader may show that, assuming a = A cos (u£ + e) 
and f3 ~ B sin (wi -f e), solutions (8) may be obtained at once. 

Note that for the disk hanging down (imagine a smooth ball joint at 0) and g, Fig. 11-5, reversed 
in direction, values of <o are always real. For more details regarding this type of motion see A, G. Webster, 
Dynamics, 2nd ed., Dover, 1959, pages 288-296. 

Example 11.6. Two ignorable and two non-ignorable coordinates. 

In Fig. 11-6 below the frame AC is free to rotate about a vertical axis as shown. The light rod ab 
is hinged at a and can thus rotate about a horizontal axis through angle 0. Disk D rotates about a 
smooth collar s which can slide along ab. Angular velocity 0 of the disk is measured relative to ab. 

Neglecting friction and assuming that the torque on ab due to the vertical springs is k 2 l 2 0, (l=ab), 
the Lagrangian is 

L - ^M(r 2 + r 2 (?2 + r 2^2 cog2 9 ) + £j^,2 + 1/^2 cog 2 e 4. J2) 

■+ i?z(<P + * sin 0)2 - ^k t (r- Z 0 )2 (Afety* - M^r sin 0 

where /j is the moment of inertia of the frame about the vertical axis, I x that of D about an axis through 
cm. and parallel to a face, l s that of D about a6, and l Q the unstretched length of the h x Spring. 
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Fig. 11-6 



From (1) it is seen that 0 and ^ are ignorable while e and r are non-ignorable. 



BL • • 

— r = = I 9 U> + ^ sin *) 
30 



— = P{}f = (Mr 2 cos 2 * + /t + /a- cos 2 0)^ + Oj sin 9 = 0 2 



(£) 



Eliminating 0 and £ from £ — e t 0 — c 2 $, we have K exact . Then, if so desired, exact equations of motion 
corresponding to r and $ are obtained at once by applying {11.9), Page 237. 

Equations of motion for oscillations about steady motion follow from (11.11), Page 238. As usual, 
care must be taken in the differentiation of # exact for the determination of a n , c n , etc. 



Steady motion conditions for which r, $, 0, J each remains constant are 



de/o 



{Mr* — Ig + IJfl sin $ 0 costf 0 — h^oh cos e 0 + k 2 l 2 e 0 + Mgr 0 cos e Q = 0 



(fr ) 0 ~ Mr °^ cos2 *° ~ fcl(r ° " ~ Mfir sin 9 ° 



(5) 



In an actual problem one could, for example, choose numerical values for the steady motion values of 
r and 6. Then, assuming all physical constants known, (£) and (5) can be solved for numerical values of 
0 O and Hence numerical values of a n , c n , etc., are known and finally roots of D can be determined. 
(Regarding stability, see Section 11.11, Page 248.) 



Example 11.7. Three ignorable coordinates; one non-4gnorable. 

In Fig, 11-7 below, a top pivoted at its cm. is mounted on a rotating table. It can be shown that 

£, = £(/ + MR$i\ + $[I X (6* + (*! + *) 2 sin 2 e) + 7,(0 + (ft + cos *) 2 ] 

Since ft, appear and ft,0, ^ are absent, these three coordinates are ignorable. But since both $ and 
0 are present, & is non-ignorable. (Notation same as in Fig. 8-33, Page 174.) 

For further details see Problem 11.13; also see Problem 11.5. 
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Three ignorable, 
one non-ignorable 
coordinates 



Fixed Base 

77Z 




0>$><P = Euler angles 



Fig. 11-7 



11.9 Oscillation About Steady Motion when the System Contains Moving Constraints. 

The small oscillations of a system involving a moving frame of reference or moving 
constraints may be quite important in certain applications. A few examples will make 
clear the nature and method of treating this type of problem. 

Example 11.8. 

In Fig. 11-8 the bead of mass m is free to slide along a smooth rigid circular wire which is forced 
to rotate with constant angular velocity w about Z. Here 

L = -|m(r 2 0 2 4- r 2 cos 2 0<a 2 ) — mgr sin $ 



from which 



5T 4- a 2 sin 0 cos 0 4- — cos e 
r 



Hence for steady motion sin $ 0 = — g/r<a 2 . Assuming steady motion disturbed, writing e = 0 O + <*» 
expanding and retaining zero and first power terms, it easily follows (making use of the steady motion 
condition) that a + a(« 2 — g 2 /r 2 ) — 0. Hence for w 2 > glr this represents simple harmonic motion. 

Example 11.9. 

Consider again the system shown in Pig. 11-3. Suppose the vertical shaft is driven at constant 
speed $ = a. The system now has two degrees of freedom and we write 

L = ^m(r 2 + r 2 b 2 ) + £m(Z, + r sin <?) 2 <o 2 + mgr cose - \k(r^r{fl (1) 

from which the following two equations of motion are obtained: 




"'////////////A 

Fig. 11-8 
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r — ' re 2 — a 2 (l x + r sin e) sin e — g cos e H (r — r t ) = 

r 2 0 + 2rr0 — w 2 (^ + r sin 0)r cos + r# sin e — 0 
Steady motion conditions (0 = 0 = 0, r = f = 0, = tf 0 , r = r 0 ) are 

" 2 (^i + r 0 sintf 0 ) sintf 0 + g co$e 0 (r 0 — r t ) = 0 

w 2 (li + r 0 sin 0 o ) r o cos fl 0 — gr 0 sin tf 0 = 0 



(5) 



Assuming steady motion disturbed, putting e = $ Q + a, r = r 0 + s into (#) and (#) we get on 
expanding (retaining zero and first power terms and making use of (4), (5)) the following approximated 
equations of motion 



s + s 



(Jm ~~ " 2 sin2 + ^ sin *° ~~ " 2 ^ 1 cos *° + 2r ° sin *° eos 9 °^ a = 0 
r 2 , a + aa 2 + r 0 sin 6 Q )r 0 sin * 0 — r 2 cos 2 0 O + ^ cos 0 O J 

+ so) 2 sin 6 Q — Z 2 cos 0 0 — 2r 0 sin 0 O cos 0 O J = 0 
which can be integrated without difficulty. Note that (£) and (7) do not contain gyroscopic terms. 



(*) 
(7) 



$ = constant 




Example 11.10. 

In Fig. 11-9, AB repre- 
sents a portion of a smooth 
horizontal rotating table. 
Axes X v Y x are fixed in space. 
X, Y are drawn on the table. 
Mass m is free to move about 
on the table under the action 
of the spring, one end of which 
is attached at p. Let us find 
the equations of small motion 
about the position of steady 
motion. 

It is easily shown that Fig. 11-9 

T = %m{i 2 + y 2 + [(x + r) 2 + y 2]02 + 2e[(x + r)y - yi]} (1) 

V = ±k(Vx 2 + y 2 -l 0 ) 2 (2) 

where l Q is the length pm when the spring is unstretched. The following equations of motion are obtained 
from (1) and (#), assuming e constant: 

1 m; 1 :\-rr 

(S) 



S-2«-(« + r)* = y + 2'ei-y'e 2 = 



l dV 



m dx 



m By 



Writing x = x 0) y = 0 as steady motion values of x and y, we set x = x Q + s, y = j/. Inserting in V, 
regarding s and 2/ as small quantities, expanding and retaining first and second order terms, we get 



' approx 

Hence equations (3) may be written as 



V- 2hy - (* 0 + r + S )9* +^(s + x 0 -l 0 ) = 0 y + 2e's - y6 2 + ~y = 0 



W) 



(5) 



But for steady motion, s — s — s = y = y = 0. Thus m(x 0 + r)9 2 = fc(a; 0 — 'o) an d 2/ — 0, which are 
obvious from elementary considerations. 

Hence final desired equations are 



(6) 



These equations have the same form as (3) in Example 11.5 and may be solved in the same way or merely 
by assuming solutions s = A cos (u£ + 0), 2/ = i?sin(w*+0). (See Problem 11.16.) 

It is interesting to note that the left sides of equations (3) can be obtained at once from equations 
(9.6), Page 179. 
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11.10 When the System Is Acted Upon by Dissipative Forces. 

Consider again the system shown in Fig. 11-6. Assuming forces due to the springs 
only, there are two non-ignorable coordinates (0,r) and two ignorable <£). But suppose 
there is a frictional and/or viscous drag at each of the four bearings. It is obvious that, 
regardless of what the initial motion of the system may be, all motion eventually stops. 
It is seen that p^ and p^ are no longer constant, and hence steady motion as defined and 
treated above does not exist. (Of course, equations of motion corresponding to each of 
the four coordinates can easily be found, but they are not of the type previously considered.) 

However, let us assume no damping at bearing B or between D and the collar s but 
that there is a viscous drag on the hinge a and a viscous force between collar s and the 
rod ab. This means that there are now generalized viscous forces F Q ~ -b x 6, F r — —b 2 r 
corresponding to 0 and r respectively, but no forces corresponding to ip and <£. 

Hence L for the system is still given by (1), Example 11.6, Page 244. P (j) = c 1 and 
= c 2 as before. Thus R can be written as in (-4), and equations of motion are given by 

d_ /dR\ dli __ • _d_ fdR\ dR h . 

dt\ae) M " 19 dt{ d r) dr ~ V 

Steady motion conditions are just those given by (4), (5). Hence the procedure from this^ 
point on is exactly as suggested in the above example. The final equations of motion may 
be integrated in the usual way and, for b x and b 2 not too large, lead to damped oscillations 
about steady motion. 

Certain rather general conclusions may be drawn from the above example. If general- 
ized forces are zero for each of the <3 k+v $ k +v - ■ •» ignorable coordinates, then 
dL/dJ { = Pi = c. and R can be written as usual (see Section 11.5). 

Now assuming viscous forces corresponding to the non-ignorable coordinates, we write 
a power function P - P(s v s 2 , . . .,$ k ). Hence final equations of motion about steady 
motion may be obtained exactly as outlined in Section 11.5 where the right hand side of 
each is set equal to dP/ds r . They may be solved by usual methods. 

11.11 Stability of Steady Motion. 

If, when steady motion is slightly disturbed, the particles or parts of the system never 
depart widely from their steady motion paths but merely oscillate about them or, on 
account of damping, slowly return to them, the motion is said to be stable. On the other 
hand, if a slight disturbance causes a wide departure from steady motion, the system is 
said to be unstable. 

A general solution of {11. IS) may be written as s 1 = A^M" + A 2 e Xa * + ■•• +A 6 e£ at , 
etc. for s 2 ,s 3 . As shown below stability depends on the nature of the X's (the roots of D, 
equation (11.14)). In general the roots have the form ^ = X 2 = ^ — ia^ etc., 

with the ju's and o/s real. However, the /s may be positive, zero, or negative. Moreover, 
it may be that the <o , s = 0 and thus the roots are real. Hence we note that: 

(a) If the ii 's are all negative and o's ^ 0, the motion is damped simple harmonic. If 
the X's are entirely real and negative, the disturbed system, gradually settles back to 
steady motion. In either case it is stable. 

(b) If the ix's are positive with o/s ¥= 0, or if the A's are entirely real and positive, the 
displacements increase exponentially with time, at least insofar as our approximate 
equations of motion are valid. Hence in this sense the motion is unstable. 
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Thus when roots of D have been determined (by the Graeffe or other methods) the 
condition of stability is immediately known. 

For further details regarding this subject about which much has been written, see: 

E. J. Routh, Advanced Rigid Dynamics, vol. 2, 6th ed., Macmillan, 1930, pages 78, 80. 

Horace Lamb, Higher Mechanics, 2nd ed., Cambridge University Press, 1943, page 250. 

E. H. Smart, Advanced Dynamics, vol. 2, Macmillan, 1951, pages 403, 404. 

L. A. Pars, Analytical Dynamics, John Wiley and Sons, 1965, pages 143-145. 

C. E. Easthope, Three Dimensional Dynamics, 2nd ed., Butterworth and Co., 1964, page 377. 



Problems 

11.1. Referring to Example 11.1, Page 239, show that on writing 6 = 0 0 + a, expanding in (3) and 
retaining second order terms, we obtain 

i . i r co v 1 + 2 cos2 g o\ i 

Approx. - g «wV ~ g )—£ [ gin4 , o J + mgr cos * 0 J «* 
from which (7) follows at once. Why not retain first order terms in the expansion? 

11.2. Referring to Example 11.2, Page 240, show that on writing 0 — 0 o + a f expanding in ($) and 
retaining second order terms, we get 

from which {6) follows at once. 

11.3. Referring to Example 11.3, Page 241, write r = r 0 + s, 9 = 9 0 + a, expand terms in (4), and obtain 
^approx. from which equations (7) can be obtained directly. 

11.4. Referring to Example 11.5, Page 243, verify equations {$). 

11.5. Consider that the arrangement shown in Fig. 11-7, Page 246, is so altered that 6 remains constant 
(all other angles still variable), (a) Show how this can be accomplished, (b) Prove that in this 
case the system has three ignorable and no non-ignorable coordinates. 

11.6. (a) Referring to Fig. 11-10 below, show that for steady motion, 

(I + r sin 0 o )v/p cos e 0 = g sin 9 0 
Assuming the motion of m confined to the abd plane, and writing 6 = e Q + a, show that 



1 i rAmr(l 4- r sin e 0 ) 2 cos 2 e 0 

Approx. = 2 -^ 2 - 2™^[ (/ + m(l 4- r sin 0 0 ) 2 ) z 



I sin e 0 + r (sin 2 e 0 — cos 2 6 0 ) 
+ (/ + m(l + r sin * 0 ) 2 ) 2 



~Ja 2 + [mgr 



where c — dL/d\p. Write out the equation of motion and find the period of oscillation for the 
following values: r — 50 cm, m — 300 grams, I = 20 cm, J= 2 JX 10* grams X cm 2 , e 0 = 45°. 
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For steady motion m rotates about ab in a hori- 
zontal plane with $ constant and ^ constant. 




Fig. 11-10 

(6) Show that the equation of motion obtained from # ap prox. above can also be found by approxi- 
mating the exact equation of motion (found by either Method A or B) and retaining only first 
order terms. 

(c) Assuming that ab is driven at a constant speed, $ = to = constant, find the period of 
oscillation of the pendulum about its steady motion position. 



11.7. The supporting string in Pig. 11-1, Page 234, is replaced by a coil spring of constant k and 
unstretched length l 0 . Writing e = $q + <x, r = r 0 + s, determine # a pprox. an d show that equations 
of motion about steady motion values are 



a + [ 



c 2 (3 cos 2 0 o + sin 2 0 o ) 



r 2 w sin 4 0 O 



+ mgr 0 cos 



" 2c 2 cos 0, 
mrl 



m 



1 COS 0 O 1 

l^v, + mg sin J 8 = 0 

r 3c 2 1 / 2c2 cos(? 0 \ 

s -f — 2 + fc s 4- — o f- mg sin o 0 J a = 0 

Lwr 0 sin 2 e 0 J \wr 0 sin 3 o 0 I 



mrQ sin 2 0q J \mr 0 sin 3 0 O 

where dL/d$ = = c and where r 0 and 0 O must satisfy the relations 

r 0 ^ 2 cos 0 O = g f wr 0 ^ sin 2 0 O + mg cos 0 O = /c(r 0 — l 0 ) 



11.8. The mass m lf Fig. 11-11, movel on a smooth horizontal plane. m 2 moves vertically under the force 
of gravity and the spring. Taking polar coordinates r, e for m x and I for m%, show that 

L = ^Wi(r 2 + r 2 0 2 ) + im 2 i 2 + m^Z - ^fc(Z + r-b) 2 

where b is the total length of string plus the unstretched length of the spring. Show that for 
steady motion 

w i r o^o = m ^ g and m 2fl r = fc ^o + r o ~~ &) 









r— — r — H 

^ avvwvw ^ 






J 


g 

Fig. 11-11 
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Writing r = r 0 + s lf I — l 0 + s 2 , determine # a pprox. an d show that 

m \H + (— \-kjs 1 + ks 2 = 0 

fesj + wi 2 fi 2 + fes 2 — 0 

and that a v « 2 are given by 



where ft 



a — 



3m 2 0 



Taking m 1 — 300 grams, m 2 = 400 grams, A; = 10 5 dynes/cm, b — 60 cm, g = 980 cm/sec 2 
and assuming r Q — 30 cm, show that approximate values of w are wj — 25.9, « 2 = 7.1. Note 
that the motion is stable and composed of two simple harmonic oscillations. 



11.9. The two masses, Fig. 11-12, attached to a spring as shown are free to slide in the smooth horizontal 
tube. The shaft ab, with tube attached, has a moment of inertia L r A = distance from cm. of 
wij and m 2 to center of shaft. r 2 — distance between m 1 and m 2 . 




mm>. 

Fig. 11-12 

Show that for steady motion, cm. must be on the axis of rotation; that is, r x — 0. 
Writing r 1 — r f + 8 lf r 2 — r 0 + s 2 , show that for slightly disturbed steady motion, 

«i - — (n>- W«i = o 

M' 0 

2 



fcfro-to) / 3 ^o-^ \ , & 
fi H — 9 . , J «2 H So — 0 



where /t = 



m 1 + m 2 



Is the motion stable? Discuss. (l Q = r z for spring unstretched.) 



11.10. Referring to Fig. 11-13 below, write R, determine the steady motion values of r u r 2f $ and check 
results by elementary principles. 

Assuming steady motion slightly disturbed, writing r A — l t + a l9 r 2 = + s 2 , show that 
approximate equations of motion are 



a, + 



"w 1 c 2 (3w 1 ij — m 2 Z 2 — 7) 
. (7 + m 1 l! + m s 2£)> 



+ fc x 4- fc 2 J «! 



+ 



4c^m 1 m 2 l 1 l 2 



= 0 



m 2 s 2 4- 



m 2 c 2 (3m 2 Z 2 — m^ — 7) "I r kc % m x m 2 lj, 2 



+ *2 82 + 777 ^7 — - fc 2 «i = 

J L(7+m 1 ? 1 + m 2 y 3 J 
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k x mi k 2 m 2 




Particles m x and m 2 connected 
with springs in a smooth hori- 
zontal rotating tube. 




X taken in the ABa plane. 



Fig. 11-13 



Fig. 11-14 



11.11. The frame BC, Fig. 11-14, is free to rotate about the vertical axis AB. The bar ae, hinged at a 
can rotate through angle $ in the plane of the frame. Take body-fixed axes X, Y,Z with origin 
at cm. of the bar. I x ,I y ,I z are principal axes of inertia about X, Y,Z respectively and l x = I y . 
Writing l x = Mr 2 + I y , I 2 = l' + l xt show that 



L - %l x h 2 + £[/ 2 + M(R + r sin $) 2 ]ft + Mgr cos $ - %k(^b - dcos* - i 0 ) 2 

where b = h 2 + s 2 , d = 2sft and Z 0 is the value of I when the spring is unstretched. 

Now writing $ = 0 O + a, show that (retaining first and second order terms in the expansion) 



^approx. = i*i« 2 ~~ \ Mgr sin e Q 4- ^fc<Z sin 0 O [1 — / 0 (6 — sin 0 O )~ 1/2 ] 

/Mrc 2 (R + r sin 0 O ) costf 0 \| 
" \[/ 2 + M(tf + rsin * 0 ) 2 ] 2 /J * 

— £ |^Mflfr cos 0 O + cos 8 0 — ^kl Q d cos 0 O (b — d cos 0 O )~ 1/2 
+ \kl Q d 2 sin 2 <? 0 (6 - d cos <? 0 )~ 3/2 

+ 2Mrc 2 [2Mr(R + r sin 0 O ) 2 cos 2 $ 0 (I 2 + Af(22 + r sin * 0 ) 2 )~ 3 ] 
- [r cos 2 * 0 - sin $ 0 (R + r sin *„)] [J a + M(R + r sin 0) 2 ] ~ 2 L a 2 



Determine the condition for steady motion. Show that when steady motion is disturbed the 
bar oscillates with simple harmonic motion about the e 0 position. Find an expression for the period. 

The above is a good example of how "simple" problems may become surprisingly involved. 



11.12. Employing 6, <p u <p 2 in Fig. 11-15, write L for the system and show that none of these coordinates 
is ignorable. However, using 0, p u f3 2t where p x = 0 X — 6, f3 2 — <p 2 — 0, show that 

L = \le 2 + \m x {&6 2 + S) a + 2sr 1 5()5 1 + i) cos^x] 

'+ %m 2 [s 2 6 2 + r\ (4i + 0) 2 + r 2 (£ 2 + 0)2 + 2sr 1 h(p 1 + tf) cos ft 

+ 2sr 2 *(ft + 0) cos ft + 2r 1 r 2 (/? 1 + J)(ft + &) cos (ft - ft)] 
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and hence that d is now ignorable, p u fi 2 non-ignorable. (r x and r 2 are constants.) 

Prove that for steady motion p x = 0 2 = 0 and that this is possible for any value of e. 



Double pendulum connected to end of a 
horizontal bar Oa which is free to rotate 
about a smooth vertical shaft at O. All 
motion of m 1 ,m 2 confined to a smooth 
horizontal plane. 




Fig. 11-15 



11.13. Referring to Example 11.7 and Fig. 11-7, Page 246, derive the given expression for L. See Problem 
8.24, Page 174. 



Show that (dropping certain constant terms), 

„ 1 7 - 9 1 (C 3 ^2 COSg) 2 

K ~ 2 1 * 6 2 J, Bin** 



where c 2 =■ — , c 3 = — 

d<p dip 



Writing 0 = e 0 4- a, show that the equation of motion is 



(c 3 - c 2 cos $ 0 ) 
sin 4 e 0 



[c 3 (l + 2 cos 2 0 O ) - c 2 (3 + sin 2 0 O ) cos 0 O ] > a = 0 



11.14. The uniform disk, Fig, 11-16, is free to rotate on the smooth collar as a bearing. The collar, 
attached to the spring as shown, is free to slide along the light, smooth rod. Gravity is acting 
along Y 1 as indicated, r measures the distance from the ball joint O to cm. of the disk. All angles 
are measured exactly as in Example 11.5, Page 243. Applying (11.11), Page 238, show that equa- 




Fig. 11-16 
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tions of motion in a, 0, s are (I x + mrjj)"a + cfj + m#r 0 a = 0, (I x + mr^) £ — ca 4- m^r 0J 5 = 0, 
m s + &s = 0, where r = r 0 + s. 

11.15. Referring to Fig. 11-17, write r 1 — r 10 + s ls etc., and show that the equations of motion about 
positions of steady motion are 

m l" s *l + (&1 + ^l^^o) S l + m l*2 + m l-^0 s 2 = °, W3V3 + & 2 S 3 = 0, 

(m 1 + m 2 ) s 2 4- (k 2 + Cj§)« 2 + ™i s "i + m 1 B^ 2 s 1 + & 2 s 3 = 0 
where A,B, C = constants. Is the motion stable? 




Fig. 11-17 

11.16. Referring to Example 11.10, Page 247, take m — 100 grams, Z 0 = 25 cm, fc = 4 X 10 4 dynes/cm, 
r = 20 cm, e = 10 radians/sec. Show that # 0 = 40 cm, (a x = 27.0, w 2 = 4.58. Write final integrated 
equations of motion. 

11.17. Assuming that m, Fig. 11-9, Page 247, carries a concentrated charge Q (not affected by the table) 
and that there is a uniform magnetic field normal to the table, show that (for the table stationary) 
the equations of motion have the same form as {6) in Example 11.10. 

11.18. The vertical shaft in Fig. 11-13, Page 252, is driven by a motor at a constant speed 0. Find 
equations of motion of m 1 and m 2 about steady motion positions. Compare results with equations of 
motion found in Problem 11.10. 



11.19. The bead of mass m, Fig. 11-18 below, can slide along the smooth, rigid cylindrical helix of pitch p 
which is attached to the frame as shown. The frame can rotate about the vertical axis AB. 
Moment of inertia of the entire frame, including the helix, about AB is /. Taking 6 and 0 as 
coordinates, show that 

L = %Ie 2 + %m[l 2 d 2 + r 2 (o + 0) 2 + 6 2 0 2 + 2lre(e + 0) sin 0] - mgb<j> 
where r = constant and b — p/2ir. Show that for steady motion, cos 0 O = . 

Assuming that AB is driven at a constant speed, 6 = w = constant, and writing 0 = <p Q + a } 

/Ww 2 sin0 o \ 

show that the equation of motion of the bead about its steady motion position is a + t r2 ^ ^ 2 ") a ~ ® m 
What is the period of oscillation? ' 

Now assuming the frame is free to rotate, note that e is ignorable. Show that 

[I + m(l 2 + r 2 4- 2lr sin 0)]0 + mir 2 + lr sin 0)0 = p 6 = c 

and that the equation of motion corresponding to 0 is 

(r 2 + rl sin 0) V + (r 2 + b 2 ) 0 — rle 2 cos 0 + gb — 0 

Complete the Routhian R = L — c$. 
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Fig. 11-18 



11.20. In Fig. 11-19 the X, Y axes are attached to a horizontal table which rotates with constant angular 
velocity e = « about a vertical axis through 0. The particles, attached to equal springs as shown, 
can move about on the smooth table. With m x at p lf etc., the springs are unstretched; that is, 
OVi = PiP 2 = — P3P4 — I — unstretched length of each spring. 




0 



Fig. 11-19 

Take x u y 1 as coordinates of m lf etc. For steady motion x 1 — x w , etc., and V\ — y 2 ~ ~ 0- 
For small motion about steady motion positions, write x x — x 10 + s x , x 0 = x 2 q + s 2 , #3 — £c 30 + s 3 , 

Vl = «4> 2/2 — s 5> 2/3 ~ s 6- 

Assuming steady motion slightly disturbed, set up equations of motion for the system. 
Hint. Rather than write out T and apply Lagrange's equations, it is convenient to use equations 
(9.6), Page 179, for a determination of the accelerations of w 1 ,m 2 , m 3 - 
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Forces of Constraint 



Newtonian, Lagrangian, and Euler Methods 



12.1 Preliminary Considerations. 

A. Forces of constraint defined and illustrated. 

Forces which are exerted on the parts of a dynamical system by physical con- 
straints and which do no work for arbitrary displacements 8q v 8g 2 , . . Sq n (H = 0) 
are here referred to as "forces of constraint" or merely "reactive" forces. "(See foot- 
note on Page -30.) The following are a few typical examples: the normal reactive 
force exerted on a particle by a smooth surface over which it is moving; forces exerted 
on m x and m 2 by the rotating tubes, Fig. 4-12, Page 75; bearing forces on a smooth 
shaft; the tension or compression in a rigid rod connecting two masses of a system; 
tensions in the non-extensible ropes of any mass-pulley system. 

It must be pointed out that frictional forces, although usually determined by a 
force of constraint and a coefficient of friction, are not to be regarded as forces of 
constraint. As a result of frictional forces, work is always done when sliding takes 
place. Hence they must be regarded as active applied forces. 

B. Regarding the Meaning and Use of Superfluous Coordinates. 

The meaning of "superfluous coordinates" (the term was introduced in Section 2.4, 
Page 18) may be made clear by the following simple example. Referring to Fig. 2-^9, 
Page 13, it is clear that, neglecting masses of the pulleys, T may be written as 

■ T ■= im x y\ + \m$\ +1™$ + $™$ (1) 

However, the system has, for vertical motion only, but two degrees of freedom. 
Hence (1) is said to contain two superfluous coordinates. 

Employing the equations of constraint, 

(?) V\ + V 3 = Ci (*> 2 S>3 * 2> 2 - y 4 = C 2 

and regarding, say, y 3 as superfluous, we can eliminate y 3 from T, leaving it expressed 
in terms of y v y 2 ,if 4 , hence containing only one superfluous coordinate. Of course, 
as has been done in previous chapters, all superfluous coordinates can be eliminated 
by equations of constraint (except the rather special case of "non-holonomic" systems). 
In the example both y 3 and y 4 , or just as well y v y 2 , can be eliminated from (1) by 
(2) and (S). 

In the general case, where a system contains p particles and has n degrees of 
freedom, T may be written so as to contain any number of superfluous coordinates, 
s, from one to, and including, 3p — n. 

For a system of N rigid bodies having n degrees of freedom, s may range from 
one to, and including, 6N — n. 

Superfluous coordinates play an important part in the determination of forces of 
constraint, as will immediately be evident. 
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An Introductory Example. 

As a means of making clear certain basic 
ideas on which this entire treatment is founded, 
consider the reactive force on the bead, Fig. 
12-1, as it moves along the smooth rigid para- 
bolic wire y~bx % . Assume gravity and an 
external force F acting/ 

Now regardless of the magnitude of F or its 
direction (both of which may vary with time), 
the motion takes place along the wire. In other 
words, the reactive force automatically and con- 
tinuously adjusts itself in magnitude and direc- 
tion as the bead moves so that the path is 

represented by y = 6a; 2 . Thus in treating this F,g - 12-1 

problem we may take the point of view that the bead "knows" nothing about the 

existence of the wire and that it only "feels" the forces F, mg and the reactive force. 

Hence considering the force of constraint as an externally applied force, m may 
be regarded as a "free particle" having two degrees of freedom. _ Therefore it is 
evident that either of the following two methods is applicable to finding the reactive 
force. 

Newtonian: We write two "free particle" equations 

(.4) mi = F x + f x (5) my = F y + f y -mg 

where F x ,F y are components of F, and f x ,f y components of the unknown reactive force. 

Now, if the motion of the bead is known either by experiment or from a solution 
of the following Lagrangian equation of motion (which contains no reactive force 
components; see Example 3.2, Page 44), 

mx(l +4b 2 x 2 ) + Amb 2 xx 2 = -2mgbx + F x + 2bxF y (6) 
then f x and / are determined as functions of time by (-4) and (5). 

Lagrangian: Suppose, for the sake of illustration, we represent the position of 
the "free particle" in polar coordinates. Thus, including one superfluous coordinate, 
T — im(r 2 + r 2 0 2 ), and applying Lagrange's equations, regarding both r and 0 as 
independent coordinates, 

mr - mrh 2 — f r — mg sin0 + F r (7) 

mr 2 0 + 2mrr0 = rf 9 - mgr cos 0 + rF Q (8) 

where f r , f e are the unknown components of the reactive force in the direction of r and 
increasing 0 respectively. F r ,F e are corresponding known components of the applied 
force F. 

Again for known motion, determined as mentioned above, f r and f e are determined 
as functions of time by (7) and (8). "From f r and f e the magnitude and direction of 
the total reactive force can be found at once. 

Note that, applying relation {A.10), Page 60, and making use of x-r cos 0, 

y = rsmO from which to determine #p ^> >Jq> 
containing / and / . may be written as 



equations (7) and (8), now 



mr — mrO 2 
mrO + 2mr0 



(/*+ F x) cos * + (f y -^-F y -mg) sine 



(9) 
(10) 



simultaneous solutions of which give expressions for / and / 
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Important points regarding the above solutions: 

(a) The system, in reality, has only one degree of freedom. But by introducing a 
superfluous coordinate and treating the reactive force as *an additional applied 
force, it may be regarded as having two. 

(b) On this basis two Newtonian equations (4), (5) or Lagrangian equations (7), (8) or 

(9), (10) have been written. In either set unknown components of the reactive 

force appear. Either set can be solved for these components. 

. 

(c) Expressions for the generalized forces in (7), (8) or (9), (10) were, in principle, 
determined exactly as outlined in Section 4.5, Page 61, where we consider both r 
and 0 as independently variable and the reactive force as a driving force. For 
example, to find the generalized force corresponding to r, equation (7), 8 is held con- 
stant and r increased to r + Sr. This can only be accomplished by a slight "distor- 
tion" of the constraint. Moreover, as a result of the distortion, the reactive force 
does work to the extent of f r Sr. Hence it is seen that 8 W Qr = (F r + f r -mg sin 0)Sr, 
from which the right side of (7) is obtained, 

(d) In order to find f x ,f y or f r ,f o as functions of time, the motion (determined as 
previously mentioned) must be known. 

12.2 General Procedure for Finding Forces of Constraint. (Constraints assumed smooth.) 

A. Newtonian method for a system of particles. 

Consider a system of p particles having n degrees of freedom. Regarding each 
particle as free, we write 

rriiXi = F x . + f Xv miVi = F y . + f H) mCii = F H + f H (12.1) 

where F Xv F Vi , F z . are known components of the total applied force on m i and f Xi , f Vi , f* x 
are unknown components of the force of constraint on m.. 

Now suppose that Lagrange's equations in their usual form, containing no forces 
of constraint, have been solved. Or perhaps the motion of the system is known by 
experiment. Each of the q v q 2 , . . . , q n generalized coordinates is a known function of 
time, that is, q r = q r (t). Hence by means of relations x. — x.(q v q 2 , . . . ,q n ; t), etc./ 
and (12.1), the reactive components f x ., etc., can each be expressed as a function of time. 

B. Lagrangian Method. (Particles and/or rigid bodies.) 

Consider a system having n degrees of freedom and c constraints. (For p particles 
c = 3p — n; for N rigid bodies c = QN — n.) Let us introduce s superfluous coordinates 
into T, where s may be any number from one to c. Thus 

Careful consideration of the derivation of equation (4,9) (at this point the reader 
should review Section 4.2, Page 58) will show that (as in the above example), for T 
containing s superfluous coordinates, n-\-s Lagrangian equations may be written in 
the usual way provided each of the n-\-s coordinates is treated as independently 
variable and forces of constraint, which enter wherever necessary to make a displace- 
ment $q not in conformity with constraints, are regarded as applied forces. 

For convenience we write these equations in the form 

^(f) -W, = F * +T <* ■-.»+• ^ 

where F is the part of the total generalized force due to known applied forces and 
f that which involves only unknown forces of constraint. 
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Whether dealing with a system of particles or rigid bodies, expressions for F Qr may be 
found by one of the methods outlined in Section 4.5, Page 61, introducing only applied 
forces and considering each of the n + s coordinates appearing in T as independently 
variable. For certain coordinates this will require a "distortion of constraints", as illus- 
trated in the example given above. 

dx. dy. dz. 

If equation (-4.10), Page 60, is to be applied to a system of p particles, — - — must 
be found from the following transformation equations r r r 

as, = ^(91.9* ■ -.,9,+.; t) 

= *) 
which contain, not only q v q % , . . . 9 q n , but also the s superfluous coordinates. 

Expressions for f are found in just the same way as those for F q , regarding each 
of the n-\~s coordinates as independently variable and introducing proper components of 
the reactive forces as unknown quantities. 

As previously mentioned, any number of superfluous coordinates up to a maximum 
of c may be retained in T. For example, considering a system of two particles for which 
n = 2 we can, making use of equations of constraint, write T in any number of coordinates 
from two (s = 0) to six (s = 4). In the determination of J? we always, in principle, find 
the work $Wq r done by forces of constraint for a change of +8q r in q r , all other coordinates 
and t held fixed. Hence it is clear that reactive forces will appear in SW Qr (and hence in f ) 
only when, on making the displacement +$q r , one or more constraints are distorted. Thus, 
for s less than c, in general, not all forces of constraint acting on the system will appear in 
the n + s equations, (12,3). ("Distort" refers to an infinitesimal deformation.) 

As a final step equations (12.3) are solved for the reactive forces which appear in the 
f ? s. Assuming the motion known, these forces may be expressed as functions of time. 

As examples will show, the most suitable choice of superfluous coordinates and the 
number to be retained in T depends on the problem in hand. It may frequently happen 
that by the introduction of a single properly chosen superfluous coordinate, a desired force 
of constraint can be found with little effort. 



12.3 Illustrative Examples. 

Example 12.1. 

Let us determine expressions for the com- 
ponents of reactive force exerted on the bead, 
Fig. 12-2, as it moves along the smooth spiral 
wire under the action of external forces F and 
mg. In order to illustrate basic ideas, various 
possible solutions will be given. Motion is as- 
sumed known. 

(a) Regarding the particle as "free" and apply- 
ing (12.1), we have 



rnx = F x + f x 

my = Fy + fy 

mz — F z + f z — mg 



F x ,F y ,F z are known components of F and 
f x , f y , f z are unknown components of the 
force of constraint. Hence for known mo- 
tion these components may be expressed as 
functions of time. 



\l f Components 




Applied forces: 
W, mg 



Fig. 12-2 
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(b) Using cylindrical coordinates, two of which are superfluous, T = ^m(r 2 + r 2 0 2 + z 2 ). Applying 
(12.8), we obtain 

mr — mr<t>* — r ~ — — r v — — £ _— — — — + /.. — — + /_ — 

r * dr B 3r z dr * dr Jy dr iz dr 

- F -£ - '.S - •»■.—>£ - '-I + /.S + /■£ 

Relations (124) are # = rcos0, 2/ = r sin and equations of constraint are r — constant = 0, 
z — b<p = 0. Applying the above to (2), 

—mr^ 2 — F x cos 0 - F y sin 0 ' = / x cos <f> + f y sin 0 

mr 2 }? + F x r sin <f> - F y rcos<f> - F z b = -f x r sin <f> + f y r cos 0 + / z fc (5) 
mz — F z + mg = / 2 
which, of course, can be solved for f x ,f y ,f z . 

(c) Again using cylindrical coordinates but introducing F r ,F^F z , (the r t $ f z components of F) and 
fr>f<t»f z ( tne corresponding components of the reactive force), equation (12.3) gives 

mr - mr£ 2 - F T = / r , mr 2 0 + 2mrr0 - rF^ = r/^, wi' - F z + mg = / z 

Hence using r = constant, z = b</>, the components f ri f^f z are known at once. 

Note that the above example illustrates well the meaning and necessity of "distorting constraints". 
In order to obtain the generalized force corresponding to r, for example, in either (b) or (c), basically 
we hold <f> and z constant and imagine r increased to r + Sr. But clearly this requires a slight distortion 
of the wire in the direction of r. Similar remarks may be made regarding generalized forces correspond- 
ing to <f> and z. 

(d) Eliminating z and writing T in terms of r,f, $ (that is, retaining only one superfluous coordinate), 

it easily follows that .„ 

-mr<p 2 = F r + f r 

m (r 2 + 6 2 )0 = (F z + f z -mg)b + (F^ + f^r 

from which f T may be obtained, but not separate values of f z and f$. 

Example 12.2. 

Refer to Fig. 2-10, Page 14 and equation (2,42), Page 24. Let us consider various approaches to 
determine the tensions in the strings of the double pendulum, assuming r x and r 2 are inextensible strings. 

(a) The tension r x in r^ Regarding r x only as a superfluous coordinate, (242) reduces to 

T = ^m x (r 2 + r i* 2 > + i m2 ^i + r i * 2 + *|^ 2 + cos 2r 2 fi0 sin (0 - &)] (1) 

from which, after putting fj = r 2 — 0, we get 

m 2 r 2 4 sin (<p — e) + m 2 r 2 $ 2 cos (0 — 6) + (w 1 + w 2 )r 1 fl 2 = r t — (m x + m 2 )# cos 6 (2) 

which, for known motion, gives t x as a function of time. The reader may show that equations 
corresponding to 6 and <p will not contain t x . 

(b) In like manner, introducing r 2 as a superfluous coordinate (^ = constant), r 2 , the tension in r 2 , can 
be found at once. 

Note. For "small motion", equations of motion of the double pendulum are easily integrated. 
Hence tj and r 2 can easily be expressed as functions of time. 

(c) As a variation of the above method, one can introduce both rj and r 2 simultaneously as superfluous 
coordinates and write two equations in accord with (12 J!) from which expressions for r lf r 2 may be 
found. The reader should verify this statement. 

(d) One can obviously find r x and r 2 by an application of (12 J): 
where f x = r % sin <p — sin 0. 
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Example 12.3. 

The rigid pendulum, Fig. 12-3, is free to swing in a vertical plane about a smooth, bearing at p. We 
shall determine an expression for the torque F$ tending to change the angle ft between r x and r 2 . 




Fig. 12-3 

Introducing p as a superfluous coordinate, 

T = + m 2 )r 2 6 2 + |m 2 [r 2 (* + p) 2 + 2 n r 2 cos p(e 2 + hp)] ' 

from which F$ — m 2 (r\ + r x r 2 cos ft) $ + m 2 r 1 r 2 e 2 sin £ + m 2 0r 2 sin ($ + p) 

Although this expression appears complicated, it can be verified by elementary considerations. 



Example 12.4. 

Referring to Problem 2.20, Fig. 2-29, Page 36, we shall determine expressions for the components 
of the reactive force on m and the reactive torque exerted by the wire on the vertical shaft. 

Introducing two superfluous coordinates, T may be written as 

T = *Ia 2 + ,i m (f 2 + r2 j2 + * Z 2) 

where a is the angular position of the shaft and 6 that of ra. Regarding all coordinates as independent, 
we write 

fa = r + r', mr — mr6 2 = f r , mr 2 9 + 2mrr0 = rf e , mz = f z — mg 

where r represents a known torque exerted on the shaft by, say, a motor, and r' that exerted by the wire. 

/e> fz are components of the reactive force on m. These relations together with z = ar 2 , 0 = a give 
fr> f&> fz as functions of t for known motion of the system. 



Example 12.5. 

Consider Example 9.6, Page 185. Let us determine f b and /£, Fig. 9-6, by the Lagrangian method. We 

write L as . . 

L = i[I x (e 2 + rf>l sin 2 e) + 1^(0 + ^1 cos 9) 2 } + Z sin e sin 0 cos ^ 

where 0 and say <p are superfluous. Writing e,^ lt <p equations of motion in the usual way and letting 
= — r 2 <p, $ ~ constant, etc., we finally have 

(e equation): *\ (^2) + I * r t> = ~ F e = sin e COs *i + /&r3 

equation): & js (** ~ **) = = ~ l ~ sin e sin *i + 'fb r * 



(<p equation): ^ ( — ^-)l z = — .— ~/b r 2 



where in finding F e ,F# ,F$, e,^ u <P were regarded as independent variables. 
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The last two equations give the equation of motion (same as (10), Page 187). Assuming this integrated, 
we then have and f b as functions of time. 

Example 12.6. 

In Fig. 12-4, the rigid body is free to rotate with angular velocity 6 2 about be. At the same time the 
entire rigid rod abc can rotate with angular velocity e t about a vertical axis. We shall determine the 
reactive moment r a about a horizontal axis through b (normal to the abc plane) which prevents a from 
changing. 




Fig. 12-4 

In order to clarify the following treatment imagine ab and be joined at b with a door-type hinge, 
axis of hinge normal to the abc plane. Thus, regarding a as variable, and taking body-fixed axes with 
origin at 6, as indicated, it easily follows that 

a x = $i cos a sin 6 2 — a cos 6 2 > w y = *i cos « cos #2 + « sin $ 2 , <o z = e x sin a + 6 2 

Hence, applying (8.10) and neglecting the mass of abc f 

T = ^[I X (0 X cos a sin e 2 — a cos 0 2 ) 2 + ly(Q\ cos a cos e 2 + a sin $ 2 ) 2 + I z (Qi sin « + h) 2 

— 2I xy ($ 1 cos a sin $2 — a COS tfgX^l cos a cos e 2 + « sin #2) 

— 2I xx (e 1 cos a sin 0 2 — « cos 0 2 )(^i sin « + ^2) CO 

— 2/^(5! cos a cos 0 2 + * sin ^2)^1 sm a + ^2)] 

where 7^, 7^, etc., are relative to the body-fixed axes. Note that we have introduced one superfluous 
coordinate. 

Applying (1$J) we get for the a equation, after setting a = a = 0, 

(I y — /,,.) COS Sin $ 2 COS 0 2 + Jj^COS 2 $ 2 ~~ SHI 2 ^)] 

+ I x b 2 sin a cos a sin 2 0 2 + 7 y J 2 sin a cos a cos 2 $ 2 — I z {&i sin a + 5 2 )0i cos a 

+ I xy [*(?! cos a(cos 2 $2 ~ sin 2 0 2 ) — 4& 1 5 2 cos a sin tf 2 cos 9 2 — 2$ 2 sin a cos a sin 0 2 cos 0 2 ] 

+ i^f^ sin a cos # 2 + 62 cos 0 2 — 2^^ sin a sin fl 2 — d\ sin 0 2 + 5 2 sin 0 2 (cos 2 a — sin 2 a)] 

— I yz [e\ sin a sin 0 2 + Jf 2 sin e 2 + 20^2 sin a cos 0 2 + 0 2 cos $ 2 + ffj cos 0 2 (sin 2 a — cos 2 a)] 

= r a — AffifS cos a 

which, for specified motion, gives r a . 

If a& were driven by a motor mounted on B, and the rigid body by another light motor fastened, say, 
at c, would this change the right hand side of (2)1 

Note that the above expression greatly simplifies if it is assumed that the rigid body is a uniform 
disk with be normal to a face and through the center. 
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12.4 Forces of Constraint Using Eater's Equations. 

As will be recalled from Chapter 9, Euler's equations {9.2), Page 177, and (9.10), 
Page 182, are essentially "free body" equations. F x , F yt F z and r x ,\ y ,T z in general con- 
tain all applied forces as well as forces of constraint. Hence these relations, as has already 
been shown in the examples of Chapter 9, may be solved for the reactive forces. Thus 
each is an illustration of the Euler method. 

Below are listed a few examples which demonstrate well the basic principles and tech- 
niques. (The specified equations refer to those given in the pertinent examples.) 

Example 9.2, Page 184. Assuming the solution of equation (2) to be known, equation (1) 
gives f x and f y each as a function of time. 

Example 9.5, Page 185. For known motion, all bearing forces can be found from 
equations (1) through (3). 

Example 9.6, Page 185. Forces of constraint f x ,f y J z on the ball joint and f h ,f' h at the 
point of contact b, are determined by equations (9.2) written in full and from (6) and (8). 

Example 9.7, Page 187, also illustrates well the Euler method of finding forces of 
constraint. 

Example 12.7. 

Referring to Example 12.6 and Fig. 12-4, let us determine r a by the Euler method. 
Referring to Section 9.7 and equation (9.16), Page 183, it is seen that 

T y sin fl 2 r x c o s e 2 — T a ~~ Mgs cos a (1) 

Where r x — I x w x + (I z — I y )a y a z + I xy (a x a z — « y ) - I xz (o> x u y + o> z ) + lyz(<*l~ w y) (*) 

Ty = 7 jA + ifx~h)^z ~ ?xy(<>>y<>>z + "x) + ~<^) + W 

Putting in proper expressions for a xi o> x , etc., (those given in Fig. 12-4), equation (1) finally, after con- 
siderable tedious work, becomes exactly the same as (2) in Example 12.6. 

Example 12.8. 

The rigid body, Fig. 12-5, is mounted in any manner in a rigid frame, here shown supported by, say, 
five points p lt p 2t • • -,P^ Assume that outside forces F lr F 2 , F$, etc., give the frame any known motion. 
Let us consider the reactive forces f v / 2 , etc., exerted by the points on the body. 




So far as the body is concerned, these are just driving forces. From the known motion, expressions 
for a x , a yi oi z and A x ,A y ,A z can be determined. Hence equations (9.2), Page 177 and {9.10), Page 182, give 
at once F X) F y1 F z) T xt r yf r z where F Xi for example, is the sum of the X components of /i,/ 2 , ...,/s and 
r x is the sum of the moments exerted by these same forces about X. For a given motion, F X9 r x§ etc., will 
always have the same values regardless of how the body is attached to the frame. Note, however, that 
if it is fastened at several points as indicated, not enough information is given to find individual values of 

/i»/2» • • -tfs- 
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12.5 Forces of Constraint and Equations of Motion When Constraints are Rough. 

Frictional forces are always present when one object moves in contact with and relative 
to another. The magnitude of a sliding frictional force F f is given by F f — pf where tx is 
the coefficient of friction and / the reactive force normal to the surfaces in contact. The 
direction of F f will be taken as opposite to that of the motion, 

Frictional forces must be treated as externally applied driving forces since, when 
sliding takes place, work is always done. Their existence usually introduces considerable 
difficulties, and no general treatment of the above topic will be attempted here. However, 
the following two examples may help to point out the type of problem which can arise. 

Example 12.9. 

Referring to Fig. 12-6, let us determine the reactive force / and the equation of motion of the bead 
sliding down the rough parabolic wire. 

Considering / as normal to the wire in the direction indicated and the frictional force fif tangent to 
the wire, we write 



mx = fif cos e — / sine + F x > m V ^ m/ sin e + / cose — mg -f F y 



CO 



But cos e 



dx 



\/dx 2 + dy 2 Vl + 4b 2 x 2 



and sine = 



2bx 



mx 



my = 



VI + 4b 2 x 2 
ft — 2bx \ 

f(2fibx + 1) 



Hence relations (1) become 



— mg + F. 



(2) 



Eliminating / between (2) and (8) and making use of the relation y = bx 2 , the following equation of 
motion is obtained: 

mx{l + £b 2 x 2 ) + 4mb 2 xx 2 = 2fibmx 2 + F x + fi(mg - F y ) + 2bx{fiF x - mg + F y ) (4) 
Note that a difficult non-linear equation is obtained for this apparently simple problem. 
Either (2) or (3), of course, yields an expression for the reactive force /. 



y = bx 2 




F = Externally 
applied force 




Fig. 12-6 



Fig. 12-7 



Example 12.10. 

A uniform rod of length 21 slides in a vertical plane down the inside of a rough cylinder of radius R 
as shown in Fig. 12-7. We shall find expressions for the reactive forces fi,/^ and the equation of motion. 
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Pretending that the rod is free to move in a vertical plane and using r, e,a as coordinates, 

T = iMtfs + r^a) + i/-2 

where M is the total mass of the rod and / its moment of inertia about a transverse axis through cm. 
Note that T contains two superfluous coordinates. 

Applying {12.3), regarding the reactive forces f lt f 2 and frictional forces fif lt fif 2 as driving forces, 
the following equations are obtained: 

Mri 2 + Mg cos 6 = (/ 2 + f 2 ) cos p + ^ 1 - f 2 ) sin p (1) 
Mr 2 9 + Mgr sin 9 = /*r(/, + f£ cos 0 + r(f x - f 2 ) sin p (2) 
I = + / 2 ) S i n /? - Z(/, - / 2 ) C os p (S) 

in which we have set r = r = 0. 

• • 

Now (J) and (#) can be solved for / 2 and / 2 . Substituting these results, together with a — 0, into 
(#) gives the equation of motion. 



Problems 

12.1. A bead, acted upon by an applied force having components F x ,F y is constrained to move along 
a smooth rigid wire, of any given shape, in a plane. Using polar coordinates show that regardless 
of the shape of the wire or the values F x and F yy general expressions for the components of the 
reactive force f x and f y are given by 

f x — —F x + m(r — re 2 ) cos e — m(r*6 + 2r$) sin 0 
f y = — F y + m(r — ri 2 ) sin 0 + m(rV+ 2r#) cos o 

12.2. In Fig. 3-9, Page 54, the vertical shaft is made to rotate in any manner. Angular displacement 
of this shaft is <f>. Show that the reactive forces exerted by the rod on m are expressed by 

f Q = —mr$ 2 sin 0 cos 0 — mg sin 6, f$ = rtvr sin 9 £ + 2wf 0 sin 0 

where these forces are in the direction of increasing 0 and <f> respectively. Hence for known motion, 
<p(t) and r(t), each reactive force is a known function of time. 

12.3. Show that the following equations are applicable to the above problem: 

—mr$ 2 sin $ cos 6 — mg sin $ = f x cos 9 cos 0 + f y cos 0 sin 0 — f z sin 0 
•mr 0 sin 9 + 2mf 0 sin 9 = —f x sin 0 + f y cos 0 

m r — mr$ 2 sin 2 0 + mg cos 9 — f x sin 0 cos 0 + / y sin 0 sin 0 + / a cos 9 

where f x , f y , f z are the rectangular components of the reactive force on w. Hence the rectangular 
components may be found instead of f e and 



12.4. 



12.5. 



12.6. 



The dumbbell, Fig. 4-3, Page 64, is moving in a vertical plane under the action of gravity. Show 

m,m 2 



that the tension r in the rod connecting wi] and m 2 is given by t = 



The two rods, Fig. 12-8, with upper ends rigidly fastened 

together are free to swing as a pendulum in a vertical plane. 

Show that the torque r a tending to change the angle a is 

given by _ .. . . 

r a = I 2 e + M^ra sin {$ + /?) 

For small motion about the position of equilibrium, determine 
9 as a function of time and hence r a as a function of t. 
(r 2 — distance from p to cm. of M 2 .) 

A bead of mass m slides down the smooth conical spiral, 
Fig. 3-5, Problem 3.5, Page 52, under the action of gravity. 
Using spherical coordinates write out equations from which 
the rectangular components of the reactive force f x , f y , f z 
may be obtained. Compare these with the equations given in 
Problem 12.3. 



m 1 + m 2 




Fig. 12-8 
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12.7. A particle ©f mass m slides down a great circle of a smooth sphere, radius r. Assuming that it 
starts from the highest point with a velocity re 0 (o measured from a vertical diameter downward), 
sliow that the reactive force f r exerted by the sphere on the particle is given by f r = Bmg cos 6 — 

mr&Q — 2mg and that it leaves the sphere at an angle given by costf = r 

6g 

12.8. The upper end of the bar, Fig. 12-9 slides down the smooth wall. The disk rolls along the floor 
without slipping. Neglecting bearing and rolling friction, show that f x , the force exerted by the 
wall on the end of the bar, is given by 

f x = {M 1 + 2M 2 + 2/ 2 /r2)(fr CO s 6 - ih* sin 6) 




Fig. 12-9 

12.9. Show that tension in r t , Fig. 12-3, is / = m 2 r 2 [$ sin (<f> — $) 4- 0 2 cos (</> — $) + (m 1 + m 2 ){r 1 e 2 + g cos e)\ 



12.10. Referring to Fig. 12-10, a particle moves in contact with the smooth surface . given by 



a b 

write out equations for the f x ,f y >f z components of the reactive force on m. 



z — A sin — sin -~, gravity acting in the negative direction of z. Using rectangular coordinates 

ct> b 




Fig. 12-10 
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12.11. The vertical shaft supporting the smooth wire, Fig. 2-29, Problem 2.20, Page 36, is made to rotate 
in any given manner o — 0{t). Show that the f r ,f e ,f z components of force exerted by the wire on 
the bead are given by 

mr — mre 2 = / r , mr 0 4- 2mr$ — f e , m'z = f z — mg (1) 

Noting that 5W = f r 8r + f e r 80 + f z bz = 0, z - ar 2 (2) 

(principle of virtual work; see Section 2.13, Page 29) show that the usual r and 0 equations of 
motion containing no forces of constraint can be obtained from (1) and (2). 

12.12. A bead slides down a rough circular loop of wire, with the plane of the loop vertical. Show that, 
in rectangular coordinates with origin at the center of loop, the equation of motion (before 
eliminating, say, y and y) is 

M V + g)(% — ny) = mx(jtx — y) 

and in polar coordinates, 

mr"$ — mg sin e — fi(mr$ 2 — mg sin e) 

12.13. A particle of mass m moves over a rough spherical surface under the action of the frictional force 
and gravity. Show that the normal reactive force on the particle is 



f r = mg cos & — m(re 2 + r sin 2 9$ 
and that the equations of motion corresponding to 6 and <p are 

r 2 9 

mr 2 $ — mr 2 sin $ cos 6 4> 2 — mgr sin 9 — fif r — r- 

s 

mr 2 sin 2 $ "4 + 2mr 2 sin $ cos 0 6$= pf T ^ 6 - 

s 

where s 2 = r 2 $ 2 + r 2 sin 2 e £ 2 . (Use spherical coordinates with origin at center of sphere.) 

12.14. Referring to Fig. 8-5, Page 146, find expressions for the components of torque r x ,r y ,T z along X, Y,Z 
exerted by the bearing which supports D, Assume shaft ab driven by a motor at a known speed. 

12.15. Referring to Fig. 8-18, Page 159, a particle of mass m is glued to the center of the rim of an 
otherwise perfectly balanced gyro. Find expressions for the forces on the fixed bearings a lt a 2 as a 
result of this. 



12.16. 



The base, Fig. 9-14, Page 201, is at latitude 4> on the earth. The shaft supporting the rotating 
table is vertical. Find expressions for the forces exerted by bearings B 1 and B 2 on the shaft. (See 
Problem 9.19, Page 200.) 



CHAPTER 



13 



Driving Forces Required to 
Establish Known Motions 



(Static Equilibrium as a Special Case) 



13.1 Preliminary Considerations. 

The usual dynamical problem is one in which forces are given to find consequent mo- 
tions. In this chapter we treat the converse type in which motions are prescribed or 
known by experiment, to find driving forces necessary to produce such motions. (See 
Section 1.7, Page 5.) As will be seen, problems involving static equilibrium may be re- 
garded as special cases of the above. 

This branch of dynamics has many applications and, as will soon be evident, the 
Lagrangian method of treatment is especially suitable. 

The developments of the chapter depend primarily on the contents of Chapter 4. But, 
in addition to this, special emphasis must be placed on the following facts. 



(a) 



(6) 



Each of the <?i,<?2, ...,<?* independent co- 
ordinates can be made to vary with time 
in any desired manner. The way in which 
one coordinate may be forced to change 
does not limit the manner in which any 
other can vary. Consider Fig, 13-1. As- 
sume vertical motion with ropes always 
under tension. The system has two de- 
grees of freedom. Suitable pairs of co- 
ordinates are (&i,yi), (§2,2/2), (2/1,2/2), etc. 
By a proper application of forces each of 
the two coordinates of any pair can be 
made to change with time in any (within 
limits) desired manner. 










r 






■ 














'///////////, 



Assume, besides rotation 
of disks, vertical motion 
only. 



1 P; 



m 



T 

Vi 

t 



V2 



y 

Fig. 13-1 

a vertical force on the left rope at point p. 



Prescribed motions of a system can 
usually be attained by applying the driv- 
ing forces in any one of several ways. 
Again referring to Fig. 13-1, suppose a 
mechanism, A, attached to the ground 
exerts a vertical force on mi while another, 
B, also fastened to the ground exerts 
Clearly these two devices can give the system (within obvious limits) any desired mo- 
tions. But suppose A, now attached to the shaft of the small pulley, exerts a force on 
mi while B continues to exert a force as before. These devices can again (for simplicity 
neglect the mass of A) give the system any desired motions. However, the force exerted 
by A in the first case will, in general, not equal the force it must exert in the second, 
even though the desired motions are the same. And, of course, this is likewise true of 
B. Hence, in general, there is a range of choices as to where forces are to be applied. 
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(c) There is the important question as to how many driving forces are required. In general, 
for a system of n degrees of freedom n forces, /i,/2, . - - ,/n, must be applied in such a way 
that a change in the value of any one of the n coordinates can be produced by at least 
one (or perhaps several together) of the applied forces. 

(d) As a result of (&), the first step in the solution of a problem of this type is to decide on 
the exact manner in which driving forces are to be applied. Moreover, since for every 
"action" there is an equal and opposite "reaction", it is important to specify the location 
of each driving mechanism. 



13.2 General Method. 

The following general results are based on a direct application of Lagrange's equations 
which for convenience and clarity we write as 

where F Qr includes only the known forces already acting and F' Qr contains just the unknowns 



Outline of General Procedure. 

(a) Having expressed T in any n independent coordinates, n Lagrangian equations of motion 
are written out in the usual way. 

(b) Expressions for F Qr are found as usual, taking account of all known applied forces as 
well as those due to springs, gravity, etc. 

(c) Having decided on exactly how fx, ft, - . . , fn are to be applied, expressions for Fq r are 
written (also in the usual manner) in terms of the unknown f's. 

(d) Since the motion is assumed known (that is, each coordinate is a given function of time, 
Qi = Qx{t), etc.), the left sides of the equations of motion may be expressed in terms of 
t and various constants. 

(e) Simultaneous solutions of these n algebraic equations give each / in terms of t and the 
constants. Hence we have the final desired results. As will be seen from some examples 
below, it is sometimes easy to eliminate t and express the forces as functions of the 
coordinates. 

Important Note. Consider the following two simple examples, (a) A ball thrown ver- 
tically upward moves, of course, along a vertical straight line. If pitched with initial 
velocity at some angle less than 90° with the horizontal, the path (neglecting air resistance 
and assuming g vertically downward and constant) is parabolic. Hence the actual path 
depends on initial conditions, (b) A satellite of mass m moves around a uniform spherical 
earth of mass M. The path is that of an ellipse if the total energy 6 ~ T + V is negative, 
a parabola if £ = 0, and a hyperbola for 6 positive. But in each case the force is the 
familiar gravitational pull GMrn/r 2 . 6 depends on initial values of position and velocity. 
Hence again the actual path depends on initial conditions. 

Returning to the general problem, it is evident that in order to establish specific motions 
of a system (those originally specified by qi = q t (t)_ 9 etc., in which definite initial conditions 
are included) we not only apply fufzy . .,/«, determined as outlined above, but at the instant 
of application the system must have the specified initial conditions. 



270 



DRIVING FORCES REQUIRED TO ESTABLISH KNOWN MOTIONS 



[CHAP. 13 



13.3 Illustrative Examples. 
Example 13.1. 

Certain basic principles are well illustrated by a con- 
sideration of the simple system shown in Fig, 13-2. For this 
reason we sketch here three solutions to the same problem. 
(Note. Throughout this example we assume that the rope is 
always under tension.) 

(a) Using coordinates y x and y 2 , it follows without difficulty 
that 

(wi + m 2 + I/R2) y 1 - m 2 y 2 + (m 2 - m x )g = F' (1) 



'//////{//////////////////, 



(2) - 1 - 



where l 0 is the unstretched length of the spring. These 
relations must hold regardless of what motion may be 
assumed. Moreover, they are valid regardless of how 
driving forces are applied provided, of course, F y and 
are expressed properly in each case. 




Fig. 13-2 

Let us now assume that a mechanism attached to p x exerts a vertical force f x of unknown mag- 
nitude on m 1 and likewise another (massless) attached to the rope at p 2 exerts a force f 2 on m 2 . By 
inspection F^ = f l9 F'^ = f 2 . Hence (J) and (2) give directly the magnitudes of f x and f 2 in terms of 
y x and y 2 and constants. 

When the desired motion is specified, as for example y x = y Q + vt, y 2 = ? 0 + A sin (at + 5) where 
y 0 , £ 0 ,A,«>S are assumed to have known values, it follows at once that the required forces are 

fx — m 2 Aa 2 sin (at + S) + (m 2 -m x )g, f 2 = A(k ~ m 2 u 2 ) sin («t + fi) 
Note that in this case f x and / 2 can be expressed as functions of y 2 . 

(b) Let us again determine f x and / 2 , making use of coordinates y x and y 3 . Applying (13.1), 

{m x + I/R^)y x - mifir + fctyj-yg-c) - 



where y x 



w 2 2/ 3 + m 2 g - k(y x 
b = constant. 



2/3- <o = f; 



»3 



(5) 

U) 



Assuming driving forces applied as in (a), F^ = f x + f 2 and F^ = -/ 2 (note that Fj is not 

the same as before). Putting these relations into (3) and (4) and solving simultaneously, we obtain 
the previously determined general expressions for f x and f 2 . 

(c) Finally let us determine f x and / 2 , assuming f x applied as before but that / 2 is exerted by a mechanism 
attached to the ground. 

For this purpose it is important to note that use may be made of either (1) and (2) or (3) and (4). 
Choosing (3) and (-4), F^ = / 1( F y ^ = / 2 and finally, for the same motion assumed in (a), 

fi = fe(2/2 ™ W - WifiS f 2 - (m 2 w 2 - ft)(y 2 - l Q ) + m 2 £? 
The reader should show that the same expressions may be obtained employing (1) and (2). 

The fact that these expressions for f x and / 2 are not the same as in (a) f even though the assumed 
motions may be equal, is of course due to the change in the way of applying f 2 . 



Example 13-2. Forces required to give the dumbbell, shown in Fig, 18-3 below, any motion in a vertical plane. 
Using coordinates x,y,6, (13.1) gives 

Mx = F' x , My + Mg = F' y , le = Fj (1) 

where M ~ m x + m 2 . 

Suppose forces f x ,f y are applied to m x in the directions of x x and y x respectively, and f y to m 2 in 
the direction of y%. Thus 

K = f H , F' y = f 9i + f y2 , F' e = f ^ sine + (f y l 2 -f H h) cose (2) 
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Two particles attached 
to massless rod 




Dumbbell free to move in vertical plane under action 
of gravity and externally applied forces. 

Fig. 13-3 



From (1) and (2), f x% = Mx, 



_ M(y 4- g)l 2 cose — I e 4- Mxl x sin e 
J i " (h 4- h) cos e 



■M(y + g)l x cose + IB — Mxl x sine 



(S) 
(4) 



(h + h) cos $ 

Hence for any assumed motions the required forces are readily obtained as functions of time. 

Consider another possibility as regards the application of forces. Suppose f x and f y are applied at the 
point cm. and that two equal and oppositely directed forces / are applied normal to the rod at equal 
distances s/2 from cm. Then 

F' x = f x , Fy = f yi F e = sf (5) 
Hence (1) and (5) give, at once, general expressions for the required driving forces for any desired motions. 

Example 13.3. 

The force /, Fig. 4-11, Page 74, is such that the cart oscillates according to the relation x = x 0 4- 
A sin (wjt + Sj). A light mechanism attached to the lower portion of the incline exerts a force f q in the 
direction of q } causing m to oscillate as q = q Q + B sin (w 2 * + 52)- We shall find required expressions 
for / and f q . 

For this system, 

T = + AM + 4//r 2 + m)'x 2 + im(q 2 - 2xq cos 0) 

Hence 

(M t + 4M + 4//r 2 + m)x - mq cose = F' x = f, m(q - x cos e) 4- k(q - q 0 ) — mg sin e - F' q — f q 



For the assumed motions, x ~ —o2 X x, q 



2 

-w 2 g. 



Thus finally, 



h = 



— Co? (M x 4- 4M 4- 4//r 2 + m)x 4- mu» % q cos e 

2 2 

m(u x x cosB — o) 2 q) 4- k(q — q Q ) — mg sine 



Of course, / and /„ can be written as functions of time. 



Example 13.4. 

In Fig. 13-4 a mass is free to slide 
along a smooth inclined rod supported 
rigidly on a cart, the total mass of which 
is M. The cart is free to move along a 
straight horizontal track. By applying 
proper forces the cart can be given any 
desired horizontal motion at the same 
time that m is made to move in any man- 
ner along the rod. The system has two 
degrees of freedom and hence two inde- 
pendently controlled forces are required. 
Some of the possible ways of applying 



'! 




Fig. 13-4 
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driving forces are indicated by f lr / 2 , f 3 . In the figure a circle attached to the tail of a force arrow indicates 
the location of the corresponding driving mechanism. 

Note that any prescribed motion can be produced by proper values of any one of the pairs of forces 
(/i»/2)» (/i>/3)> (Ai/a)*' anc * m tne process of finding expressions for the forces any one of the sets of co- 
ordinates (%i,s), (x v x), (x,s) may be employed. 

Choosing coordinates (x, s), 

T = £(M + b*m)s* + im(l + 6 2 )i 2 - mb 2 xs 

where, as seen from the figure, b = yfx 1 = tan $. Applying {13.1) we find 

(Af + ftSffOY - mb 2 x - mgb = F' s (1) 
m(l + ft 2 ) x - mb 2 s + mgb = F' x (2) 

which are applicable regardless of the pair of forces we choose or what the assumed motion may be. 

For f t and f 2 acting, F' s = f t — f 2 (note that the mechanism exerting the force f 2 pushes forward on 
m and backwards on the cart) and F' x = / 2 . Hence from (1) and (2), 

f x = M s + mx (3) 

f % = m(l + b 2 )x - mb 2 s + mgb (A) 

Up to this point no specific motions have been stated. But clearly (3) and (U) will give f t and f 2 as 
functions of time for any motion we may wish to assume. If it is assumed that /i,/ 2 and / 3 are all acting, 
there are insufficient equations for finding a separate value of each. However, the three will appear in 
F' s and F x of (1) and (2). Thus if any one is specified, the other two can be found. 

Example 13.5. 

Consider the forces required to produce any desired motion of m, Fig. 2-21, Page 22, relative to the 
X 2 , Y 2 frame for any assumed rotations of t>i and D 2 - 

From equation (2.31) it follows that 

T = |m{r 2 + r 2 i2 + pei, sin ($ 2 + a)]r + [2r 2 (i?i + $ 2 ) + 2s^r cos ($ 2 + a)]a 
+ [r*(e 1 + ^ 2 ) 2 + 2ari 1 (5, + ^ 2 ) cos (0 2 + a) + s 2 ^ 2 ]} 

Now for any specified rotations of D x and D 2t ^ and ^ 2 can be replaced by functions of t. (For example, 
assuming 6 X = e 0 t + -|a£ 2 , e 2 = A sin (wt + 8), we have ij = $ 0 + cct, ff 2 = Aw cos («* + S).) Hence it is evi- 
dent, without going into further detail, that an application of (13.1) leads at once to expressions for the 
forces (say f r applied in the direction of r and f a in the direction of increasing a) required to give m any 
desired motion relative to X 2j Y 2 . See Problem 13.5, Page 278. 

Notice how this method so easily takes full account of the rotations of D 1 and D 2 in expressions for 
required forces. It is clear that an extension of the procedure outlined above will lead to expressions for 
the forces required to cause the particles or rigid bodies of a very complex system to move in any manner 
relative to X 2 , Y 2 , Z 2 axes attached to D 2 . 



13.4 Equilibrium of a System. 

(Special case of the general problem treated in Section 13.2.) 

The subject of equilibrium deals with the forces required to maintain objects at rest, 
usually with respect to a stationary frame of reference but frequently relative to a moving 
frame or moving constraints. The subject is obviously a special case of the one just con- 
cluded in which all or certain motions are permanently zero. Two general types of problems 
may arise: (a) given the forces acting on a system, to determine whether they will hold it in 
equilibrium and, if so, to find values of the coordinates at which equilibrium occurs; (b) to 
find forces required to hold the masses of the system at given positions. Moreover, in either 
case, one may wish to determine forces of constraint. 

Lagrange's equations when static conditions are imposed: Assuming moving coordinates 
and/or moving constraints, T has the form (see equation (2.55), Page 27) 



CHAP. 13] DRIVING FORCES REQUIRED TO ESTABLISH KNOWN MOTIONS 273 



2 A JA + X B A + c 

fc,i fc=i 



Thus V - 2V A.g. + B and 
d<7 r i=i rt 1 



Since in general B r = B r (q v q v . . q n ; t), 

f = + + ^ <•<> 

Now if it is assumed that all values of q and £ are zero, it follows from (1),(2),(3) that 
(IS J) reduces to . D n 

= F - + n <«"> 



r 



which, since r = 1, 2, . . . , n, represents n equations. 

Relation (13.2) is a very general and powerful tool. It wraps up almost the entire field 
of equilibrium ("Statics") in one tiny package. The equation is, of course, valid when the 
frame of reference and/or constraints are in motion. Coordinates of any type may be em- 
ployed. Most of the usual "elementary" principles and methods of statics, frequently 
given considerable space in intermediate texts, are automatically accounted for by (13.2). 
Moreover, it is simple to apply. 

Important points regarding the application of (13.2): 

(a) In any expression for T, terms B r and C are easily recognized. (They are zero if there 
are no moving coordinates or constraints; see expression (1), Example 13.5.) 

(6) F Qr and F' Qr are just the generalized forces with which we are familiar and are treated 
in exactly the same way as in previous examples of this chapter. 

(c) B r and C (and thus dB r /dt and dC/dq r ) are, in general, functions of coordinates and t. 
(See derivation of relation (2.55), Page 27.) Hence it is clear that solutions of (13.2), 
regarded as algebraic equations, give the unknown forces fx, . . . , f n in terms of the 
g's and t. 

(d) If neither the frame of reference nor constraints are in motion, B r = 0, C = 0. Hence 
(13.2) becomes 

F q r 4- Fq r = 0 (13.3) 

In this case no notice need be taken of T. 

(e) By introducing superfluous coordinates and following exactly the procedure outlined 
in Chapter 12, forces of constraint which now enter F Qr can be solved for. 



13.5 Examples Illustrating Problems in Static Equilibrium. 

Example 13.6. 

Just for the sake of easily demonstrating a basic idea, note that on setting x = y = $ = 0 in Example 
13.2, equations (S) and (4) give at once the forces 

i - n f Mgl2 f Mglx 

fx x - v> h x i x + i 2 > ; y 2 i t + 1 2 

required to hold the dumbbell in equilibrium. 
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Note that each of Examples 13.1 to 13.5 becomes a good example in statics by setting accelerations 
and velocities equal to zero. 

Example 13.7. 

A uniform rod of length 21 and total mass M is free to slide in contact with the fixed smooth semi- 
circular wire as shown in Fig. 13-5, under the action of gravity. Let us find the angle 8 at which the rod 
would remain at rest. F' e = 0 and as can be seen 

V = -Mgy = -Mg[(2R cos 8 - I) sin 9] 

Thus, applying (13.2), 

dV , I + + 32i2 2 

F e = = ^[2/2(2 cos 2 * - 1) — .Zcostf] = 0 from which cos 8 - — 

68 8it 

Is there a limitation on the value of l/Rl (l/R — 2) 



X 



Smooth Semicircular Wire, 
fixed in space 



r = 2ft cos * 

V = (2ft cos 6-1) sin * 

x = (2ft cos* - I) cos* 

sin a = 1 — 2 cos 2 6 

cos a = 2 sin * cos * 



Fig. 13-5 

As an extension of this suppose that the semicircular wire is moving with constant acceleration a x in 
the positive direction of X; to find the equilibrium value of e. For this case write 

x = x Q + v x t 4- ±a x t 2 4- (2i2 cos * — 0 cos $, y — (2R cos 9 — 1) sin * 

Hence 

T = .±Af[(v x + a x * - 4fl£ sin * cos 8 + iS sin *) 2 + (2#0 - 4i?5 sin 2 * - iS cos 0) 2 ] + %l8 2 
from which it may be seen that 

B e = M[(v x + a x t)(l sin 8 — 4R sin * cos 9)}, C e = ^Af (v x '+ a x e) 2 

Applying it follows that (a x sin * 4- g cos 0)(4# cos 8 — 1) = 2gR from which 8 can be determined 

graphically. Note that for a x = 0 this gives the same expression for cos 9 as found above. 

The reader may show that, if the rod is to be held at a given angle 9 by a force / applied to its lower 
end in a clockwise direction tangent to the circle, / is given by 

M(a x sin 8 + g cos 8)(l - 4R cos 9) 4- 2MgR = 2Rf 

Note. Care must be used in writing 8W d . 

Example 13.8. 

A particle is free to move under the action of gravity on the inside of a smooth hemispherical bowl 
of radius R f Fig. 13-6 below. The bowl, fastened to a rigid arm of length /, is made to rotate with angular 
velocity a about a vertical axis a&. Let us find the equilibrium position of the particle assuming that 
a — « — constant. 

Axes X l9 Y it Z t are stationary. X 2 , Y 2 , Z 2 are attached to the arm. By inspection, 

a?! = / cos a + R sin 9 cos (a 4- <p), Vi — I sin a 4- R sin 9 sin (a 4- 0), = i2 — jB cos 8 
from which 

T = lm[R 2 8* + (i? 2 sin 2 *)£ 2 + (2ZJ2i cos 8 sin *)* 

(j) 

4- 2Ra(R sin 2 0 + J sin 0 cos $)$ 4- (J 2 4- i2 2 sin 2 * 4- 2/i2 sin 8 cos 
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Fig. 13-6 



From this it is seen that 

B 6 = mlRa cos 6 sin 0, B^ - mRa(R sin 2 0 + I sin e cos 0), C = ±m(Z 2 + 2 sin 2 8 + 2Ztf sin 9 cos <£)i 2 
For a constant, dB e /dt - dB^/dt = 0. But 

^— = w(i2 2 sin 0 cos 0 + cos 0 cos #)« 2 , = {—mlR sin 0 sin ^)i 2 

Applying (13.2), ~m(R 2 sin $ cos 0 + MS cos * cos ^)a 2 = -mgR sin 0 (£) 

sin e sin ^ a 2 = 0 (5) 

For sin B # 0, sin 9b - 0 by (5). Now putting cos 0 = 1, (£) finally gives 0 tan B - a 2 (R sin * + I) 
which can readily be solved graphically for 0. 

Example 13.9. 

Referring to Fig. 2-21, Page 22, let us determine the forces necessary to hold a particle stationary with 
respect to D 2 . From the general expression for T given in Example 13.5, it is seen that 

B r = msi^ sin (# 2 + a) (1) 

B a = mr*(i ml + 0 2 ) + ms5 x r cos (* 2 + «) (#) 

C = ^[r^ + J 2 ) 2 + 2si?\(^ (5) 

For any specified rotations, 0 X , 0 2 , 0 2 can be replaced in (1), (2), (3) by specific functions of t. Now assuming, 
for example, that forces f r and f a are acting on m in the direction of r and increasing a respectively, it is 
clear that 

dC _ ^a_aC _ , 

dt dr ~ 7r ' dt da ~ rJa W 
give these forces in terms of r, a and t. 

Assuming that 0 X — a>\t+ ±b x t 2 and 0 2 = a 2 * + -|6 2 i 2 , find expressions for f r and f a as functions of 
time for a ="30°. 



Example 13.10. 

Reactive forces on the rod, Example 13.7, Fig. 13-5. We shall assume that a reactive force f r acts on 
the rod at p x toward the center of the circle and that another f ± acts normal to the rod at p 2 . Regarding 
the rod as "free" to move in the XY plane, 
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which contains two superfluous coordinates. Equations of motion are merely 

M% = F x> My = F y , 1 6 = F e 

By inspection generalized forces are seen to be 
Fx — /i sin 0 + / r sin a, F y = Mg — f x cos $ — f T cos a, F e = /i(2JB cos 0 — Z) — / r Z sin 0 
Thus assuming the bar at rest we get 

f r = Mg tan $, } x = Mg 



2cos 2 *-l\ J Z + V^ 2 + 32i2 2 

and cos S ~ ^ 



cos 



8jR 



as previously found. 



Problems 



13.1. 



13.2. 



Motion is imparted to the system shown in Fig. 13-7 by a force f x applied to the truck (resting on a 
smooth horizontal track) and a torque f e exerted by the armature of the motor. Show that for any 
assumed motions, f x and f e are given by 

f x — Mx — mrS sine — mre 2 cose 

f 0 = I*i — mrx sin e -f mgr cos e — mrxe cos e 

where M is the mass of the entire system, J the total moment of inertia of the armature and arm 
about the axis of rotation, m is the mass of the arm and r is the distance from the axis of rotation 
to the center of mass of the arm. 

Assuming constant speed <o of the motor and that the cart is moved with constant acceleration 
a in the direction of x f find expressions for f x and f e . Repeat for x — A sin (« x i + 8), h = w. 




Fig. 13-7 

(a) Assuming f x and / 3 only acting on the system discussed in Example 13.4, Page 271, find general 
expressions for these forces for any given motions. (Answer. Equations (1) and (2), Example 
13.4, with F' s = ft and F x — f 3 .) 

(6) Repeat (a) for / 2 and / 3 acting. (Answer. As above, with F' s = -fe F' x = f 2 + f z .) 

(c) Repeat (a) and (6) using coordinates {x lt s). Show that results are the same as obtained above. 
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13.3. (a) A mechanism attached to mf, Fig. 6-5, (see Example 6.14, Page 107) exerts a horizontal force 
/ 3 on m 3 . By means of devices attached to the fixed plane on which ra x and ra 2 rest, horizontal 
forces fi and f 2 are exerted on m l and m 2 respectively. Assuming that dissipative forces due to 
the dashpots and contacts of m 1 and with the plane are all viscous, show that for any as- 
sumed motion of the system, /i,/ 2 ,/ 3 are determined by 

(m. x + m 3 ) x t + m 3 q 2 + &i#i + a 2 (x x + q 2 — oo 2 ) = f x 

m 2 x 2 + b 2 x 2 4- a 2 (i 2 — #i ~ Q2) — fi 

m 3 (x\+"q 2 ) + a t q 2 4- 02(01 + g 2 #2) = /3 

where a u a 2 are the coefficients of viscous drag on the pistons and b lt b 2 are corresponding 
coefficients for the bottoms of m l and m 2 respectively. Note that the springs shown have 
been neglected. 

(6) Assuming that m 1 and m 2 move with equal uniform velocity to the right and that q 2 ~ 
A + B sin at, show that 

= —m z ai 2 B sin at + a 2 aB cos at + fr^j 
/ 2 — —a 2 aB cos + 6 2 # 2 
/ 3 = — m z a 2 B sin oj£ 4- (aj 4- a 2 )uB cos u£ 

(<r) Show that, if the mechanism producing / 2 is attached to m u f x on the right side of the first 
equation above must be^replaced by f t — f 2 and that the other equations remain unchanged. 



13.4. The uniform disk D, Fig. 13-8, with an unbalancing particle of mass m glued to its periphery as 
shown, can be made to rotate about the horizontal shaft cd by a motor (not shown). Torque applied 
by the motor = r^. At the same time the vertical shaft can be rotated by a force F (torque t$) ap- 
plied to the crank C. 



Torque = F X s 




ab — horizontal line 



Fig. 13-8 

Neglecting the motor, show that L for the system is given by 

L = |[7itA 2 4- m(R 2 4- r 2 cos 2 4>)^ + 2RrM sin $ + (7 2 + mr 2 )0 2 ] - mgr sin <p 

where / x is the moment of inertia of the entire system (not including m) about the vertical axis AB 
and 7 2 is the moment of inertia of D about axis cd. 

Write expressions for finding and for any desired motions. 

Assuming that $ — &it 4- ^ 0 , $ ~ ^ 0 sm ("2^ + 5), where a l9 <p Qt ^ 0 , to 2 , 8 are constants, find 
expressions for 7$ and 
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13.5. The particle ra, Fig. 2-21, Page 22, is made to move in a circle of radius r with constant angular 
velocity a = w 3 . Assuming S 1 = and e 2 — u 2 are each constant, show that the required forces 
are (see Example 13.5) 

f r = — mr (wj + w 2 + w 3 ) 2 — m«6)j cos (6) 2 + w 3 )f, f a = rasrw 2 ^ sin (w 2 + w 3 )i 

13.6. A flat board, total mass M and moment of inertia / about an axis normal to its surface and passing 
through cm., is free to slide in contact with the X 2 Y 2 plane, Fig. 2-21, Page 22. Show that its 

kinetic energy, is given by T = T x + ^I(0\ + 9 2 + 0 3 ) 2 where T Y is just the expression given in 
Example 13.5, Page 272, with m replaced by M. Here r, a locate cm. and 0 Z is the angular displace- 
ment of the board relative to X 2 . 

Show that the force required to give cm. any motion is just the same as required for a single 
particle of mass M. Show that for 0 X and e 2 each constant, the torque required to give the board 
any angular acceleration 0 3 is merely / 0 3 . 



13.7. 



13.8. 



13.9. 



A dumbbell is to be given any motion relative to the X lf Y lf Z Y frame, Fig. 14-2, Page 286. Outline 
briefly the steps required to find necessary forces, taking account of the earth's daily rotation. 
(See Section 14.8, Page 290.) 

The base supporting disks D x and D 2f Fig. 2-21, Page 22, is located at the origin of coordinates, 
Fig. 14-2, Page 286. The particle is to be given any motion relative to the X 2 , Y 2 axes shown on 
D 2 . Outline briefly the steps required for finding the necessary forces f rt f a , taking account of the 
daily rotation of the earth as well as the rotations of D 5 and D 2 . 

Referring to Fig. 2-29, Page 36 (see Problem 2.20), show that for 6 having any constant value, a 
force f z = mg - me 2 /2a applied to m in a direction parallel to Z will hold it at rest relative to the 
wire at any point on the wire. Note that for 6 = y/2ga, f z = 0. 

Show that if the force is applied in the direction of r; f r = 2mgar - mre 2 . 

13.10. Referring to Example 13.8, Page 274 and Fig. 13-6, forces f e and / 0 are applied to m in the direc- 
tions of increasing 0 and 0 respectively. Show that expressions for f 9 and / 0 required to hold m at 
rest relative to the bowl for any position (o, 0) are 

f Q = mg sin e - m(R sin 0 cos 0 + I cos 9 cos <p)a 2 , f$ = mice 2 sin 0 

13.11. Show that for constant angular velocity « of the vertical shaft, Fig. 3-9, Page 54 (see Problem 



3.14), the equilibrium position of m is given by r - — ^ 



m& 2 sin 2 0 



13.12. Forces /„/„/, are applied to the particle in Fig. 3-16, Page 56 (see Problem 3.27). Show for this 
system that C (the third term in the general expression for T) is given by (see equation (U.15), 

Page 287) n « , , v - 1 

C = imw 2 [s 2 + y 2 sin 2 0 + (r + z) 2 cos 2 0 - 2y(r + z) sin 0 cos 0] 

and hence that, in order to hold the particle at rest relative to the X 2 ,Y 2 ,Z 2 frame (gravity 
neglected), 

f x = -rm 2 x, f y = -m<* 2 [y sin 2 0 - (r + z) sin 0 cos 0], fz = -m w 2 [(r + z) cos 2 0 - y sin 0 cos 0] 

13.13. A board (total mass M, moment of 
inertia / about an axis through cm.) 
is placed on a rough cylinder of ra- 
dius R, Fig. 13-9. Show that T = 
±MR 2 (6 - 0 O ) 2 0 2 + \Ie 2 (where $ 0 is 
the value of 0 when cm. is in contact 
with the cylinder). Show that poten- 
tial energy is given by 

V = MgR[sin 0 — (0 - 6 0 ) cos 0] 

and finally, assuming no slipping, 
show that 0 Q is the equilibrium angu- 
lar position. 
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13.14. Two uniform bars having masses and lengths (flfj, 2l x ) and (M 2 , 2l 2 ) respectively are hinged at one 
end and free to slide in contact with a smooth semicircular rod as shown in Fig. 13-10. Show that 

V = M t gl x sin e + M^gl^ cos 8 — 2(M X + M 2 )gR sin e cos e 

and that the angle e at which equilibrium occurs is determined by 

2(M j + M 2 )R cos 6 - M x l x 



tan e = 



How can e be evaluated? 



2(M ! + M 2 )R sin (9 - M 2 Z 2 




p 3 moves in smooth 
fixed vertical guide 




Fig. 13-10 



Fig. 13-11 



13.15. Two rods having total lengths and masses (L lf Mj) and (L 2i M 2 ) respectively are pivoted at p 3 as 
shown in Fig. 13-11. m l and m 2 are suspended from a cord which passes over the small pulleys 
Pi and p 2 . Length l x = J 2 ~ ana " P3 a = The spring (unstretched length = r 0 ) 

and gravity act on the system. "Feet" ct, b remain in contact with smooth floor. p z moves in a 
smooth vertical guide. Show that 

V = (M^ + Af 2 s 2 + m 1 L 1 + m 2 L 2 )g cos 8 + (m 2 — m^gy 

+ ™2^i + A + 2 ^2 - 4Z^ 2 co S 2 ff )i/2 + ^[(Li - Z,) cos 8 - c]2 

where c = constant. 

Write out the two equations which determine the equilibrium of the system. Is equilibrium pos- 
sible for m x ¥= m 2 ? 

Given numerical values for all constants of the system, how can the equilibrium value of 8 be 
found? 



13.16. Regarding p, Fig. 4-13, Page 75, as a smooth ball joint, imagine the arrangement swinging in space 
around the vertical dotted line. Neglecting the mass of the rod and regarding m x and m 2 as particles, 
show that in spherical coordinates, 

T = Im^r^ + sin2 eft) + \m 2 (r\ + r|S 2 .+ if sin2 eft) 

Now assuming a state of "steady motion" in which 8 = constant, r 2 = constant and 0 = con- 
stant, show that steady motion values of r 2 , 6, are determined by the following relations 



m 2 r 2 sin 2 8$ 2 = k(r 2 — r 0 ) — m 2 g cos $ 
(m^ + m 2 r\) cos 8$ 2 = {m x r x + m 2 r 2 )g 
(m x r\ + m 2 r 2 ) sin 2 8$ = P$ = constant 



(i) 

(2) 
(S) 



where P$ is the angular momentum corresponding to <p. 

Note that for an assumed value of 0 (which by (2) must exceed a certain minimum value). 
(1) and (2) can be solved for the steady motion values of 8 and r 2 . 
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13.17. In Fig. 13-12 the "particle" of mass m is moving in the XY plane about the fixed mass M, under 
a "central force" f r directed along r. f r is some function of r (not necessarily an inverse square 
force) and it is assumed that no other force is acting. Equations of motion are 

(1) mr — mr9 2 = f r (2) P Q — mr 2 9 — constant 

where P Q is the angular momentum corresponding to 0. 



Central Force Problem 

fr = fr(r), f 0 = 0 

f r may be positive (repulsion 
or negative (attraction). 




Fig. 13-12 



(a) Eliminating 8 from (1) with (2), writing = g £ = lt± 



show that the differential equation of the path is 

d 2 u 



do 2 



+ u 



mf r 



Pin 2 



and finally substituting u = 1/r, 



(b) Assuming that the path is a conic section r — , where e — eccentricity. A = con- 

1 — e cos 9 

stant which depends on constants of the system and initial conditions, show that f r — — Pf/raAr 2 . 
(Whether the path is an ellipse, parabola or hyperbola depends on initial conditions; in each 
case f r is proportional to 1/r 2 .) 



(c) If the path is a rectangular hyperbola xy = C, show that f r = + 



4mC 2 



(d) Given that the path described by m is a cardioid r = a(\ + cos 9). Show that f r = —ZPlalmr^. 
Sketch the orbit. 



(e) Show that for the circle r - 2a cos 9, f r = -Sc^P^/mr 5 . 



13.18. Referring to Example 13.8, Page 274 and assuming a = bt (b = constant), find force components 
required to hold m in the bowl at a point for which 9 = 45° and # = 30°. 
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Effects of Earth's Figure and Daily 
Rotation on Dynamical Problems 



14.1 Introductory Remarks. 

An accurate treatment of the motion of a particle or rigid body relative to the surface 
of the earth requires careful consideration of the following matters. 

(a) Due to the earth's annual rotation around the sun, its daily rotation about the polar 
axis and slight motions of this axis, a frame of reference attached to the surface of the 
earth is not inertial. 

(b) The earth is not spherical, as frequently assumed, but slightly flattened at the poles. 
Its "sea-level" surface closely approximates an ellipsoid of revolution about the polar 
axis. See Fig. 14-1. 

Note: Since a is very small, g in 
reality points between R 1 and R, 



True 
Gravity 




Plumb-bob determines 
direction of g' which 
is along an extension 
f R. 




"International" or Reference Ellipsoid 
Fig. 14-1 



(c) As a result of this shape the true acceleration of gravity, g f (due only to the attraction of 
the earth) varies both in magnitude and direction with latitude. But since the earth is 
very nearly symmetrical about the polar axis, g is usually regarded as independent of 
longitude. In certain localities the value of g is affected by mountain ranges, non- 
uniformities in the density of the earth's crust, etc. These gravitational "anomalies" 
are in some cases important. 
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(d) Due to the earth's rotation and the consequent centrifugal force on all objects, the 
pendulum and plumb-line give a fictitious value of gravity, g f , which except at the poles 
is slightly different in direction and less in magnitude than g. 

(e) The ellipsoidal shape of the earth makes it desirable, though not necessary, to employ 
geographic values of latitude and radius rather than corresponding geocentric quan- 
tities. (These terms are defined and discussed in Section 14.2.) 

(/) As will soon be evident, expressions for kinetic energy are in no way affected by the 
shape of the earth or its gravitational field. Assuming the frame of reference attached 
to the earth, the particular form taken by T depends on <*> e (the angular velocity of the 
earth) and on the orientation of the frame but not on the earth's shape. 

(g) It is important to remember that in the determination of generalized forces which in- 
volve gravity the true g and not g f must be employed. (See Section 4.5, Page 61.) 

(h) The annual rotation of the earth around the sun is usually neglected except in the treat- 
ment of satellites. The motion of the polar axis is entirely negligible. Gravitational 
anomalies depend on local conditions and must be determined experimentally on the 
spot* Hence no further discussion of these matters is given. Moreover, no attempt 
is made to treat the effects of a "pear shaped" earth or other slight deviations from an 
ellipsoid of revolution. Such distortions may exist but if so they are very small. In 
Section 14.5, see Page 79 of reference (1) and Page 286 of reference (12). 

14.2 Regarding the Earth's Figure. Geocentric and Geographic 
Latitude and Radius. 

The combined action of gravity and centrifugal force have, throughout the ages, given 
the earth its very nearly ellipsoidal shape. Accurate measurements as well as theoretical 
considerations show that the mean sea level surface of the earth very closely approximates 
an ellipsoid of revolution (called the reference ellipsoid or reference spheroid) generated by 
rotating the ellipse R t — b(l — € 2 cos 2 ^J~ 1/2 (see Fig. 14-1) about the polar axis, where 
c 2 = (a 2 — b 2 )/a 2 , a — equatorial radius, bipolar radius and R v ® v measured as shown, 
are referred to as geocentric radius and latitude respectively. 

For the treatment of many problems (but not all) the Xi, Yi, Zi frame attached to the 
earth, as shown in Fig. 14-1 or Fig. 14-2, is quite convenient. Yi is tangent to a meridian 
line at Oi and if extended would intersect the polar axis. Zi is normal to the surface 
(normal to a still pool of water) at Ou Extended backward, Zi intersects the polar axis at 
O2. Xi is normal to the Y1Z1 plane and points eastward. 

Now R, defined by the line O2O1 is called the geographic radius and 3>, measured as in- 
dicated, is the geographic latitude. (The term geodetic is sometimes used instead of geo- 
graphic.) It is seen that at the equator ^ = $ and R t = R, but in general there is a 
significant difference between geocentric and geographic values. Relations between them 
are given in Section 14.4. See Table 14.1. 

14.3 Acceleration of Gravity on or Near the Earth's Surface. 

As previously mentioned, it is convenient to treat two distinct values of gravity, each 
of which varies in magnitude and direction with latitude and is independent of longitude: 
(a) the "true" g due only to the gravitational pull of the earth (the value which would be 
determined by a pendulum and plumb-line if the earth were not rotating) and (b) a fictitious 
value g f which is the vector sum of g and the centrifugal force per unit mass {<*\R cos 3») due 
to the earth's rotation. It is g f which is measured in the laboratory with, say, a simple 
pendulum and plumb-line. 
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Now it is a fact of importance that, neglecting anomalies, g' is normal to the surface of 
the reference ellipsoid (normal to the surface of a still pool of water) and along the Zi axis, 
Fig. 14-1, while g tilts slightly northward in the northern hemisphere at an angle a with 
respect to Z\. Assuming the earth symmetrical about the polar axis, both g and g' are in 
the YiZi plane (the plane of a meridian). As will be seen, expressions (14-11) relating g 
and g' are easily derived. 

14.4 Computational Formulas and Certain Constants. 

For convenience in the treatment of specific problems the following constants and com- 
putational formulas are given. They are taken from references listed in Section 14.5, Page 
285. Specific references and corresponding page numbers are indicated in each case. 
Notation used below is in accord with Fig. 14-1 and 14-2. 

Equatorial radius, a — 6,378,388 meters. References: (2), page 334; (5), page 2. 

Polar radius, b = 6,356,912 meters. 

Flattening (or "ellipticity"), / = (a-b)/a. f = 1/297.0 = .0033670. References: (1), 
page 52; (5), page 25. 

Angular velocity of earth relative to fixed stars, o> e = 7.29211 x 10" 5 rad/sec. Ref- 
erence: (11), page 132. w 2 = 5.3175 x 10" 9 , «? e a = 3.392 cm/sec 2 . 

Reference ellipsoid may be written in terms of geocentric values as 

R, = b(l ~e 2 COS 2 1/2 (14.1) 

where the square of eccentricity is < 2 = (a 2 - b 2 )/a 2 = 0.00672267. Reference: (5), page 3. 
Note that 1 - c 2 = & 2 /a 2 = 0.99327733. 

Geocentric radius Ri in terms of geographic latitude * is 

Ri = 6,378,388(1 - 0.003367003 sin 2 * + 0.000007085 sin 2 2*) meters (14.2) 
Reference: (1), page 53, equation (3.53a). (14.2) is called the International ellipsoid. 

Another expression for Ri is 
i?i = 6,378,388(0.998320047 + 0.001683494 cos 2* - 0.000003549 cos 4$+ ■■■) meters 

(14.3) 

Reference: (4), part II. 

Geographic radius R in terms of geographic latitude * is 

R = a(l -c 2 sin 2 *)- 1/2 (14.4) 
Reference: (8), page 101, equation (90). In expanded form, 

R = a(l + sin 2 * + f c 4 sin 4 * + • • •) 

Using the relation sin 4 * = sin 2 * — i sin 2 2* and substituting numerical values, 

R = 6,378,388(1 + 0.003378283 sin 2 *- 0.000004237 sin 2 2*) meters (14.5) 

Relation between * and * r Reference: (8), page 98, equation (82). 

a 2 

tan* = -ptan*! (14.6) 

The difference * — * 1? in seconds, in terms of * is 

* - *! = 695.6635 sin 2* - 1.1731 sin 4* + 0.0026 sin 6* (14.7) 
Reference: (5), page 26, formula (20). Or, in terms of *i, 

* - *i = 695.6635 sin 2*i + 1.1731 sin 4*i + 0.0026 sin 6*i (14.8) 
Reference: (5), page 26, formula (23). 
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Gravity g r {ss determined by a pendulum at the surface of the reference ellipsoid) in 
terms of geographic latitude $ is 

g > = 978.049(1 + 0.0052884 sin 2 3> - 0.0000059 sin 2 2$) (14.9) 

Here 978.049 = sea level value of g' at the equator in cm/sec 2 or gals. (14,9) is the Inter- 
national gravity formula. Reference: (1), page 53, equation (3.53b); also (11), page 132, 
equation (15). 

Gravity g' h at some small height h above the reference ellipsoid is 

g' h = g >- (0.30855 + 0.00022 cos 2$ - 0.000072fc)fc (14.10) 

where g\ given by (14-9), is in gals and h in kilometers. Reference (4), part II; also (3), 
page 105, equation (5.13). 

True gravity g in terms of g' on the surface of the earth. Note that g' may be regarded 
as the vector sum of g and the centrifugal term J^R cos$. Hence from Fig. 14-1 it follows 
that 

#sina = <*\R sin $ cos$, <ycosa = g' + a> 2 e R cos 2 $ (14.11) 
where a is the angle between g and g'. Thus (see Problem 14.33, Page 301) 

Also, g 2 = {g* + <* 2 e R cos 2 $) 2 + («JjR sin $ cos $) 2 or 

= g>2 + o, 2 ^COS 2 ^(2fir' + (o 2 /?) (I-U*) 



* 


At Equator, 

* = 0° 


30° 


45° 


60° 


At Poles, 
* = 90° 


in meters 


6,378,388 = a 


6,373,053 


6,367,695 


6,362,315 


6,356,912 = 6 


R 

in meters 


6,378,388 


6,383,755 


6,389,135 


6,394,529 


6,399,936 


fir' in gals 
or cm/sec 2 


978.049 


979.338 


980.629 


981.924 


983.221 


9 

in gals 


981.441 


981.883 


982.326 


982.773 


983.221 


9-9' 
in gals 


3.392 


2.545 


1.697 


0.849 


0 


a 

in minutes 


0 


5.15 


5.95 


5.15 


0 


<i> — <&i 
in seconds 


0 


601.4463 


. 695.6609 


. 603.4782 


0 


R — J?^ 
in meters 


0 


10,702 


. 21,430 , 


32,214 


43,024 


a~ R 1 
in meters 


0 


5,335 


10,693 


16,073 


21,476 



Important Quantities for the Accurate Treatment of 
Motion Near the Surface of the Earth. 

Table 14.1 
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Geographic Latitude 



Graph 14.1 

14.5 References on the Figure of the Earth and its Gravitational Field. 
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14.6 Kinetic Energy and Equations of Motion of a Particle in Various 
Coordinates. Frame of Reference Attached to Earth's Surface. 

The following derivations illustrate well certain basic principles of dynamics, and the 
resulting expressions are convenient for the solution of a wide range of problems. 

A. Consider the X\Y\Z\ frame, Fig. H-2, rigidly fastened to the earth with origin at Oi. 
Yi is tangent to a meridian, Z\ is an extension of the geographic radius R (Zi is normal 
to the surface of the reference ellipsoid at Oi), X x is normal to the Y\Z\ plane and points 
eastward. Axes X 2 , Y 2 , Z 2) with origin attached to the axis of the earth at 0 2 , do not 
rotate but point always toward the same fixed stars. We shall regard X 2f Y 2 ,Z 2 as 
inertial. Note that <a e t represents the angular rotation of the earth in time t. From the 
diagram it can be seen that f$ n , £ 12 , /? 13 , the direction cosines of X\ relative to X 2 , Y 2 ,Z 2f 
etc., are given by 

P n = -sino) e £, jS 12 = cos^t, p lz = 0 

p 2l — - sin * cos o> e t, p 22 — — sin * sin o^, p 2Z = cos* 
P Bl = cos*coso> e £, /? 32 ~ cos * sin <a e t, 0 33 = sin* 




Fig, 14-2 



Note that the orientation of Xi, Y u Z t relative to X z , Y 2 , Z 2 can be expressed in Euler 
angles (see Fig. 8-16, Page 156) where « e t = ^ - 90°, ff = 90° - * and <f> = 0. 
Hence expressions for the ft' a can be checked at once by Table 8.2, Page 158. 

It is also seen that Xo = R cos* cosw e £, yo — R cos* sina> e £, z Q — R sin*. Hence 
transformation equations relating the x 2j y 2 ,z 2 and X\,yi>Z\ coordinates of particle m are 

x 2 — R cos * cos « e £ — x l s'm<a e t — y x sin * cos o> e £ + -z x cos * cos <a e t 

with similar expressions for y 2 and z 2 . Since X 2 , Y 2j Z 2 are regarded as inertial, 

T - im(x 2 2 + yl + zl). 



CHAP. 14] 



EFFECTS OF EARTH'S FIGURE AND DAILY ROTATION 



287 



Differentiating relations for x%, y 2 , z 2 and substituting in the above expression, we 
finally get 

T = ^m(x\ + y\ + z\) + m ft ) e [(a: l ^ 1 — yjc^) sin$ + (Rx l + z J x l - x t z t ) cos*] 

(14.14) 

+ %mJ e [x 2 + ?/ 2 sin 2 * + + 2J 2 cos 2 * - 2?/^ + sin * cos *] 
Applying Lagrange's equations, the following equations of motion are obtained. 
m[x 1 + 2<* e (z y cos* - y y sin*) - ^zj = F Xi 

m[y l + 2o> e i 1 sin * + J sin *((# -h zj cos * - y y sin *)] = F Vl {14.15) 
m[z l ~~ 2*u e i 1 cos * — to 2 cos *((.K + z x ) cos * - y x sin *)] = 7T Kl 

Important points regarding (14.14) and (14.15). 

(a) Expression (14.14) in no way depends on the shape of the earth. The form of T 
depends only on w e and the location and orientation of Xi, Y\ t Zu 

(b) Expressions (14.15) take complete account of the earth's rotation. Since 
w e = 7.29211 x 10~ 5 rad/sec, terms containing w 2 can frequently be neglected. How- 
ever, R is about 6.4 x 10 8 cm and R<* 2 e is roughly 3-4 cm/sec 2 . As will be seen, this 
term usually cancels out after introducing 

(c) Assuming, for example, that gravity is the only force on m, generalized forces in 
(14.15) are just F Xy = mg x ^ F H = mg^, F Zl = mg Zi where g Xj9 g y ^ g^ are the X u Y u Zi 
components of true gravity g (not g'). Neglecting anomalies, g is in the Y\Z\ plane. 
Hence F x = 0. Referring to Fig. 14-1 it is seen that F Vl — gsina arid 
Fz l = -g cos a. Hence by (14*11), 

F v = a) 2 R sin* cos* and Fz x = ~(g' + o> 2 e R cos 2 *) 

Note. We have tacitly assumed that g and g' are constant in magnitude and di- 
rection for any values of XuVuZu Strictly speaking they are functions of Xi,yt,Zi 
and could be so expressed if this degree of accuracy were required. See expression 
(14.10). Thus (14.15) reduce to 

x x + 2oi c (2 1 cos * — y x sin*) — J 2 e x l - 0 

y x + 2o) c i 1 sin * + J e sin &(z x cos * - y l sin *) = 0 (14.16) 

z x — 2a) e x 1 cos * — o> 2 cos *(^ t cos * — y x sin *) = —g' 

Terms containing o> 2 e R automatically cancel and R no longer appears in the equations. 
For a stated value of *, g' is given by (14.9). 

(d) Expression (14-14), found above by means of transformation equations, can more 
easily be obtained by an application of relations (8.4), Page 143. (See Problem 14.7.) 

(e) Writing a as the total acceleration of m relative to inertia! space, the quantities in 
the brackets of (14.15) are just the components a Xr a,y,a,z of a along the instantaneous 
directions of Xi, Y\ f Z\ respectively. (See Section 3.9, Page 48.) Moreover, note that 
equations (14.15) can be written down at once from relations (9.6), Page 179. See 
Problem 14.8. 

(/) Components of centripetal and Coriolis acceleration as ^R and 2<a e x l respectively 
are automatically taken account of in equations (14.15). 

(g) If the particle m is constrained in some known manner, T can easily be modified to 
take account of this. See Example 14.2, Page 292. 

(h) Relation (14.14) expresses T for a single free unconstrained particle. T for several 
particles is obtained merely by summing this relation; and if the particles are con- 
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strained in some manner, superfluous coordinates can be eliminated from T in the 
usual way by means of equations of constraint (assuming holonomic constraints). 
Moreover, any convenient coordinates other than rectangular can be introduced by 
proper transformation equations as shown in B, C, D below. 

B. Consider cylindrical coordinates p t <j>, z, with origin at Oi, Fig. 14-2. Writing xi = p cos <£, 
yi — P sin<£ and zi = z, the reader can show that [14.14) may be put in the form, 

T = ton(p + 9 *fr + y) 

4- mo) e [p 2 $ sin * + (R + z)(p cos <j> — p$ sin <£) cos $ — pz cos <f> cos $] 

+ i™*>l [p 2 (cos 2 <j> + sin 2 <t> sin 2 + + z) 2 cos 2 * - 2p(fi 4- 0) sin 0 sin $ cos *] 

Equations of motion in p, <£, 2; follow at once and basic expressions for generalized forces 
(assuming gravity only acting) are 

F p — mg sin a sin <j>, F& - mgp sin a cos <f>, F z = —mucosa 

which if desired can be written in terms of g', etc. 

Following the same procedure it is easy to write T in spherical or other coordinates. 
See Problems 14.9 and 14.10. 

C. Consider an X', Y',Z f frame (not shown) with origin at Oi, Fig. 14-2, where Z' is an 
upward extension of the geocentric radius Ri, Y' extended intersects the polar axis and 
X', normal to the Y'Z' plane, points eastward. Note that the X'Y' plane is not tangent 
to the earth at Oi and g f is not along Z\ 

Using geocentric values, T and the equations of motion have exactly the same form 
as (14.14) and (14.15) respectively where R v & x replace R, $ and. x', y', z' replace xuVu*u 
Again, for example, assuming gravity only acting on the particle, 

F x > - 0, Fy = -mg sin ($ - $1 - a), F z > - -mg cos ($ - $1 - a) . 
But g sin (*-* t -a) = g' sin ($ - * t ) - wjflj sin * t cos * lf 

0 COS ($ — ^ — a) = g f COS ($ - *j) + u?R x COS 2 *j 

Thus the equations of motion finally take the form 

x' 4- 2a> e (z' cos^ - y f sin^J - o> 2 x' = 0 

2/' + 2a> e x / sin* 1 4- o> 2 sinks' cos^ - y' sin 5^) = ~-g f sin ($ - * t ) (14.18) 
z' — 2o> e x / cos^> 1 — co^ costs' cos*j — 2/' sin 3^) = — 0' cos ($ — 3^) 
Note that again terms containing <^ e R x automatically drop out. 

It is important to remember that for any and all types of forces acting, generalized 
forces are determined in the usual way disregarding the rotation of the earth. See Sec- 
tion 4.5, Page 61. 

D. Consider the X u Y h Zi frame, Fig. 14-3 below. Here Zi is taken parallel to Z 2 (the 
polar axis), Xi in the plane of the meridian and Yi perpendicular to the X1Z1 plane as 
shown. In terms of #1,2/1,21 relative to this frame, T for a single particle is given 
(dropping a constant term) by 

T = im[xl + y\ + z\ + (x\ + y\W e 4- 2<* e (x 1 y 1 - 2/ A) + 2R<* e (x^ e + y t ) cos *] (14.19) 
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fixed in -* 2 



direction 



fixed in 
direction 



Fig. 14-3 



The reader should show that (14.19) can be obtained by applying relations (84), Page 143. 
Equations of motion of m are, 

m(x t ~ x 1 a> 2 e -2y l <* e - R<* 2 e co$$) = F Xl 



mz 1 - F H 



F Xi ,F yi ,F Zi are determined by gravity and whatever other forces may be applied to m. 
But, as before, g (making an angle a with R) must be employed. (See Problem 14.25.) 
The reader should show that (14.20) follow directly from relations (9.6), Page 179. 



E. Spherical coordinates with origin at the center of the earth. Axes Xi, Yi, Zi, Fig. 14-4, 
with origin at 0 2 , are fastened to the earth. Employing spherical coordinates r, 6, <j> 
measured as shown and noting that 0 + *i = 90°, it follows that 

T = \m[r* + r 2 * 2 + r 2 ^ + <o e ) 2 cos 2 *J (14.21) 




Fig. 14-4 
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which is applicable to motion near the surface of the earth, or to long range projectiles. 
Note that g is not parallel to r and decreases with height above the earth's surface. 
See equations (U.9), (U.10), (14-11)- 

Relation (14.21) is also applicable to the motion of satellites. However, in this case 
generalized forces F r ,F^ lt F^ must be determined from accurate expressions for the 
components of g at relatively great distances from the earth. (See Example 14.12, 
Page 297.) 

14.7 T for a Particle, Frame of Reference in Motion Relative to Earth's Surface. 
The following examples illustrate the general technique. 

(a) A railroad car moves in the XiYi plane of Fig. 14-2, along a straight track which makes 
an angle p with respect to Xu A rectangular frame X, Y t Z is attached to the car with 
X parallel to the track and Z parallel to Z u Letting S represent the distance from Oi 
to the coach, relations between Xi,yi,Zi and x f y, z are 

xt = S cos p + x cos p - y sin p f yi = S sin p + x sin p + y cos p, z x = z 

Eliminating x u x u etc., from (14-14) we obtain 

T = im[(S + x) 2 + y 2 + z 2 } + m* m [y(S + x) sin * - y(S + x) sin * 

+ cos + z)(S cos p + x cos p - y sin p) - (S cos p + £ cos p - y sin p)z)\ 

+ iWo>2[(S cos /3 + x cos 0 - y sin £) 2 + (S sin p + # sin p + 2/ cos £) 2 sin 2 * 

- 2(S sin p + x sin /? + i/ cos j8)(iJ + z) sin * cos * + (R + zf cos 2 

S may be assumed to vary in any manner. Lagrangian equations of motion, of course, 
take complete account of the rotation of the earth as well as the motion of the coach. 
(Note that the assumed motion of the coach is in the XiYi plane and not along the earth's 
surface.) 

(b) Consider an expression for T in coordinates relative to a rotating table placed at Ox, 
Fig. 14-2, with axis of rotation along Zu An X, Y ,Z frame with Z along Z\ is attached 
to the table. Its angular displacement p is measured between Xi and X. Then 

xi = x cos p - y sin p, yi - x sin/3 + y cos/3, z x — z 

Now eliminating xi,yi,zi; x u yi,Zi from (14-14), T expressed in terms of x,y,z 9 etc., 
can be found. 

However, employing relations (8.2), Page 140, we can write at once 

T = im[(v XQ + x + % z- <* z y) 2 + (v Vq + y + ^ - «> x z) 2 + (v Zq +z + <» x y- % x) 2 ] (14.23) 

where the reader may show that 

v Qx = Ro> e cos p cos v 0y = — Ro> e sin p cos = 0 

<& x = w e sin /3 cos o> y — <o e cos ^ cos w r = + o> e sin * 

This method is considerably less tedious than the one suggested above. 

14.8 Motion of a Rigid Body Near the Surface of the Earth. 

In outlining this problem we shall follow the notation and method presented in Section 
8.10, Page 162. The reader would do well to review this section. Indeed, the following 
treatment is merely a special case of the more general treatment referred to above. 
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Referring to Fig. 14-5, Xi,Y\,Z\ represent just the X x ,Yi,Zi axes of Fig. 14-2. Here 
<a e corresponds to Cli in Fig. 8-21, Page 163. Hence it can be seen that £l ix = 0, &i y — o> g cos<£, 
Ou = <» e sin <£. Also Q x = I sin 0 sin <f> + 0 cos <£, etc. (See relations (8.11), Page 157.) 
Hence components of the total inertial space angular velocity, Otoui, of the body along the 
body-fixed X, Y,Z axes are given by (see (8.14), Page 163) 

<o x = # sin 6 sin <f> + 0 cos + a 12 o> e cos 3> + a 13 w e sin $ 

oi y = ^sin0cos<£ — 0sin<£ + a^cos* 4- « 23 fc> e sin<& (14 J! 4) 

mm 

0i z ~ + C °S 0 + a 32 w e COS * + a 33 6i e Sin 

where « n , « 12 , « 18 are direction cosines of the body-fixed X axis relative to X u Yi,Z u etc. 
These may be written in terms of Euler angles 0, ^,<£ by Table 8.2, Page 158. 




Motion of Rigid Body Near Surface of Earth 
Fig. 14-5 

Following equations (8.4), Page 143, we find (see equations (8.15), Page 163) that 

v 1 = Roy e cos <3> + i x + <d e z 1 cos <f> — o> y l sin <£, 

(14.25) 

v 2 ~ y 1 J r <o e x 1 sin v z — z x - cos $ 

Now assuming for simplicity that O is at cm. and inserting (14.24) and (14-25) into 
(8.10), Page 148, we have the proper expression for T, from which equations of motion fol- 
low at once. Generalized forces arising from gravity and any given applied forces are 
obtained in the usual way. 

14.9 Specific Illustrative Examples. 

In each of the following examples, unless otherwise stated, we shall assume that g and 
g f remain constant in magnitude and direction throughout the region traversed by the 
particle and equal to values computed at the origin of axes. Strictly speaking this is not 
quite true but if in any case accuracy requires it, corrections can be made. (See equations 
(14-9) and (14.10)) 
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Example 14.1. Determination of the direction of a plumb-line. 

Assuming the bob at rest at O lt Fig. 14-1, we set x 1 = x t = x\ - 0, etc., in (14.15) and find 

F Xi - 0, F Vi = mo^R sin * cos *, F Zi = -mu 2 R cos 2 * (i) 

Regarding the bob as a free particle, 

F Xi - 0, = mg sin a, F^ ~ r - nig cos a (2) 

where a is the unknown angle between g and the plumb-line and r is the tension in the string. But t = mg' 
defines g'. Hence from (1) and (2), 

g sina = uf-R sin * cos*, g cos a — + os^R cos 2 * 

which are just relations (14.11). Hence a, determined by (U.12), is the angle through which the plumb- 
line is tilted as a result of the earth's rotation. 

Example 14.2. Motion of a bead on a smooth parabolic wire. 

A bead of mass m is free to slide along a smooth parabolic wire % x = bx 2 (wire in the X l Z l plane, Fig. 
14-2) under the action of gravity. Making use of the above relation and y x = 0, relation (14.14) for T 
can be put in proper form at once. The reader may show that the equation of motion finally takes the form 

m(l + 4b 2 x 2 l )x l + 4m&2 a ; 1 £ 2 - m^(2b 2 x\ cos 2 * + x r ) = -2mg f x t b 
Compare this with the equation of motion given in Example 3.2, Page 44. 

Example 14.3. Motion of a simple pendulum in the XZ plane. 

A pendulum of length I is suspended from a point on the Z x axis, Fig. 14-2, so that its rest position is . 
at O v We shall assume that it is confined to swing without friction in the X X Z X plane. Indicating the angu- 
lar position of the pendulum by e t relation (14.14) reduces to 

T = \ml 2 0 2 + (ma e lR cos*)* cos 6 - (ma e P cos *)(1 - cos 6)0 

+ imo> 2 € {l 2 sin 2 * + (R+l-l cos $) 2 cos 2 *] 

The generalized force F e — —mgl sin 0 cos a. Applying Lagrange's equation and assuming e small, we 
finally get 0 — ~-(g'll)0 t which shows that, of course, the pendulum measurements give g' rather than g. 

If the pendulum is allowed to swing in the YZ plane, 

T = |mrf2 + ^mu 2 , [P sin 2 9 sin2 * + (R + 1(1 - cos 0)) 2 cos 2 * 

- 21 sin 0(R + 1(1 - cos $)) sin * cos *] 

F 9 = —mgl sin (e — a) = — ml sin 9(g cos a) 4- ml cos 0(g sin a) 
and, for 5 small, the equation of motion, as the reader should show, again reduces to 0 = —(g'll)0. 

Example 14.4. Rectangular components of force fx l *fy l >fz l exerted by train tracks on a coach of mass 
M moving north along Y x with uniform velocity y x . 

Regarding the coach as a "free particle" and setting x x = &i = x\ = 0, etc., in (14.15) we get 

f Xl = -2^^ sin*, f Sl = 0, f %l = -Mg* 

Thus the track exerts a force of — 2Mu e y x sin* in the negative direction of X v The vertical force f %x 
exerted by the track merely supports the weight Mg' f (not Mg). 

The reader may show that, for the train moving east along X with constant velocity i v 
/ X j = 0, f Vi - 2M^ e i 1 sin *, f H = Mg' - 2M^ e x 1 cos* 

Note that the coach "weighs" less to the extent of 2Ma e x 1 cos*. If moving west it would weigh more. For 
x x = 60 miles/hr., M — 100 tons and * - 45°, the loss, (or gain) in weight is about 56 pounds. (See 
Problem 14.14.) 
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Example 14.5. Motion of a short-range projectile, neglecting atmospheric drag. 

Assuming no air resistance, no gravitational anomalies and that g' remains constant in magnitude and 
direction throughout the space traversed, equations are directly applicable. Dropping terms con- 

taining cog, we write .. . 

x t + 2« e (£ 1 cos* — y v sin*) = 0 (1) 

Vi + 2<o e i 1 sin* = 0 (2) 

z*i — 2w e i 1 cos * — —g' (3) 

Integrating equation (1) once, substituting for x in (2) and (3), dropping terms containing J^yi and 
o? e z lf the last two equations integrate at once. Putting these values back into (1) and again neglecting terms 
containing cof, this equation can be integrated. After evaluating the constants of integration, the final 



approximate solutions are 

x x — x Q + x Q t + ta e (y Q sin * — z 0 cos *)i 2 + $w e g't s cos * (A) 

2/i - 2/o + Vo* w e i 0 * 2 sin * (5) 

«i = z o + «o< + i(2<o e i 0 cos * - #')t 2 7 (6) 



where quantities with zero subscript indicate initial values. These equations have the usual simple form 
except for terms containing to e . 

One should note that, aside from approximations made, (4), (5) and (6) are based on the incorrect 
assumption that g' remains parallel to Z x for all values of the coordinates. Moreover, values of x u y lf z l 
given by these equations are to be measured relative to the Xi,Y lt Z l frame, whereas in actual practice 
the height of a projectile at any time and the final range are measured relative to the curved surface of the 
earth. Hence a more accurate and realistic treatment would involve several considerations not included 
above. 

As a possible means of eliminating some of the above difficulties, the reader may consider the follow- 
ing. Take a reference point p on the surface of the ellipsoidal earth having a geographical latitude * 0 . 
Indicate geographical latitude measured from this point by /?; that is, * — * 0 + /?. Let longitude, <p t be 
measured from a meridian passing through p. Let h, measured along an extension of the geographic R, 
be the vertical height of a particle above the ellipsoidal surface of the earth. It now follows without 
difficulty that 

T = $m[(R + h) 2 + (R + h)*ft + {R + h)* {} + to e ) 2 cos 2 (* 0 + p)] 

Noting that R is a function of * (and thus of /?) by relation or equations of motion correspond- 

ing to (3,h,<f> can be written at once. The acceleration g' h (for h not very great) is given by (1U.10) and is 
always along h. Each of the quantities f3,h,<p can be measured relative to the ellipsoidal surface of the 
earth. 

Example 14.6. Pendulum with sliding support. (See Example 4.4, Page 64.) 

Let m 1 be free to slide along X lt Fig. 14-2. Assuming motion of pendulum confined to the X X Z 1 plane, 
it follows, applying to m 1 and ra 2 , that 

T = £ifii(£* + 2« e £ 1 jR cos * + <4»f) + ^m 2 (x\ + r 2 e 2 + 2xjr cos e) 

+ m 2 ic e [(R — r cos e){x l + re cos e) — (# 3 + r sin e)re sin e] cos * (1^.26) 

+ i m 2<»e[( x i + r sin e) 2 + {R - r cos e) 2 cos 2 *] 

from which (m ] + m 2 )a; 1 + m 2 re cos e — m 2 re 2 sin 0 — m i ulx 1 

+ 2m 2 « e rS sin 0 cos* — m 2 «? e (x x + r sin e) — F x ^ — 0 

m 2 x 1 r cose + m 2 r 2 0 — 2m 2 w e i l r sin 0 cos * (.7) 
— m 2 < J 3 2 (x 1 + r sin e)r cos — m 2 wf (R — r cos «)r sin e cos 2 * 

= F 0 = —m 2 g'r sin 0 — m 2 ^Rr sin 0 cos 2 * 

The reader should compare these with corresponding equations of motion, assuming no rotation of the 
earth. (See bottom of Page 64.) 

Example 14.7. The Foucault Pendulum. 

A mathematical analysis of the motion of a spherical pendulum, Fig. 14-6 below, the displacement of 
which from O t is always very small compared with the length I of the supporting string, shows that 
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(a) relative to the earth (to the X 1 Y 1 plane) the bob 
describes a rotating elliptical path (precessing el- 
lipse) and (b) relative to a horizontal XY plane 
through 0 1 rotating with angular velocity — co e sin* 
about 0 2 s the path described is a closed ellipse with 
its center at O x . 

Such an analysis will now be given. When 
justifiable assumptions are made the mathematics 
involved is quite simple. 

Regarding m as "free", equations (14.15) ap- 
ply directly and generalized forces are given by 



Fx = 



mg sin a — ryjl 



(1) 



F Zi — —mg cos a + t(1 — z x )H 



where t is the tension in the supporting string. 
Substituting in (14.15), eliminating g sina and 
g cos a with (14.11) and neglecting terms contain- 
ing cof (terms containing iScof cancel), we get 



X 1 ,Y 1> Z 1 fixed to 
earth as in Fig. 14-2 




*1 y * g in plane 
I parallel to 

the Z 1 Y 1 plane 



x x + 2<c e zx cos * — 2w € yx sin 4> = 
y x + 2(0^! sin * — —Ty x /ml 
z x — 2w e i 1 cos* = —g' + r(l — zx)fml 



The Foucault Pendulum 
Fig. 14-6 



(3) 

w 



We now assume that J is so large compared with the amplitude of motion that, to a good approxima- 
tion, the bob moves in the XxYx plane. Hence writing z x ~ Z\ = Zx — 0 and neglecting 2u> e x x cos*, (A) gives 
t = mg f . Thus (2) and (5) become 



(5) , Xx — 2u x y x = —ff'xi/l 



(6) y L + 2(0^! = -g'yjl 



where w 2 = u e sin These equations may be simplified by referring the motion to axes X' , Y f which are 
rotating in a clockwise direction (looking down) with angular velocity wj relative to X lt Y x * Substituting 
equations 

Xx = x' cos a x t + y' sin ujt, y x = sin wj£ + ?/' cos wji (7) 

into (5) and (5), multiplying (5) through by sin Wl t and (6) by cos and adding, we get (8) below (after 
neglecting cof as very small compared with g'/l). Likewise multiplying (5) by cos w x t and (6) by sin u x t and 
subtracting, we obtain (9). 



(8) v' + g'v'fl = o 



(0) «' + firV/J = 0 



These integrate at once to give 



x' = A sin (VgTlt + Sj), y' = B sin + 8 a ) 



where A,5, Si, S 2 are constants determined entirely by initial conditions. Hence the motion referred to the 
rotating axes is simple harmonic along each axis with a period p = 2v\l/g f in each case. Thus the path 
is an ellipse with center at O x . 

An observer riding the rotating frame sees the above ellipse. But to an observer stationary with 
respect to the earth's surface the elliptic path rotates with period 2tt/wi or 2ir/(u e sin*) = 24/(sin *) hours. 
At either pole the period is 24 hours and at the equator there is no rotation. In the northern hemisphere 
the rotation is from N -> E -> S -> W, and opposite to this in the southern. 

For good experimental results, care must be given to the type of support, s, used. Various types are 
described in the literature. The supporting string should be long, and theory (not included here) shows 
that motion should be started in such a way that the area of the ellipse is as small as possible. See example 
below. 
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Example 14.8. Starting the Foucault Pendulum. 

If the bob is pulled aside and released from rest relative to the earth, the motion referred to the 
rotating axes is very nearly along a line. 

To show this, suppose that at t = 0, x x = x x = y x = 0 and y x = y Q (bob displaced a distance y G 
directly north and released from rest relative to the earth). Putting these conditions into (7) in order to 
find initial conditions relative to the rotating axes and finally substituting the results into equations (10), 
it is found that 

y' = 2/o cos (V^Va), x' = -Voip/Pr) ainiVgWt) (11) 

where p = 2-iryllg' and P x — the period of the earth (24 hours). Since p is so small compared with P u 
x' is always very small. Hence the area of the ellipse is quite small, motion being very nearly along the 
Y x axis. 

Example 14.9. Motion of a rod in the X X Y X plane, Fig. 1U-S, Page 289. 

As a simple example involving the motion of a rigid body relative to the earth, consider the motion 
of a thin uniform rod of mass M and moment of inertia / about an axis normal to the rod through its 
center of mass. 

We shall first determine its kinetic energy by a direct approach. Let x u y x locate cm. and e, measured 
relative to X lt its angular position. Imagine the rod divided into a large number of small pieces each hav- 
ing coordinates x it y { and mass m t . Referring to expression (1^.19), it is seen that 

T = | 2^[i? + if + *»? + ^) + 2 Ue (4-yii|) + + cos*] 

But X{ — x x + l { cos d, y { = y x + l { sin 6, where l { ~ distance measured along the rod from cm. to m f . Hence 
x { — ij — lysine, y x = y x + 1$ cos 0. Eliminating x^y^x^y^ from T t performing the summation and 
remembering that 2 m t\ = L w « obtain 

T = ^M\(x\ + y\) + <&(x\ + y\) + fe.fay, - y x x x ) + 2o e R(x x a e + y x ) cos*] + + <o e )2 
The reader should show that this expression follows at once from (8.10), Page 148. 
Assuming only gravity acting on the rod, it is seen, Fig. 14-3, that 

F Xi = —Mg cos (<t> — a), F Vl = 0, F e = 0 

Applying Lagrange's equations and relations (14*11) the equations of motion finally become, after 
dropping terms x x u%, y\w$, 

x\ — 2y x u e + g' cos <t> — 0, V\ + 2v e x x =0, 1$ = 0 

Example 14.10. Equations of Motion of a top at a fixed point on the earth's surface. 

The following example merits careful consideration since it illustrates well the basic principles of a 
very general type of problem (see Problem 8.24, Fig. 8-33, Page 174). 




Spinning Top with Tip Fixed at O x on Surface of Earth 

Fig. 14-7 
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Consider the top, Fig. 14-7 above, with tip fixed at O x on the earth. Following the notation employed 
in Section 8.10, Page 162, and in Section, 14.8, Page 290, we shall outline steps for setting up equations of 
motion, first employing body-fixed axes with origin at 0 1 and again using body-fixed axes with origin at 
cm. (Note that X u Y U Z 1 of Fig. 14-7 correspond exactly to X u Y u Z± of Fig. 14-2.) 

(a) Take body-fixed axes X, Y , Z with origin at 0 1 (the tip) and Z along the axis of symmetry as shown. 
It is seen that x = y = 0, z = r. Hence the last term in (8 JO), Page 148, reduces to M{v 0x a y - v 0y a x )r, 
where v 0 = Ru e cos * along X v Thus v Qx = Ra e a n cos*, v 0y = R<» € a 2l cos 4>. Also I xy = I xz = 
I yz = 0, Z£ = ZJ\ t» x ,a y ,a z are given by relations {UM) and a n , etc., by Table 8.2, Page 158. Then 
by (8 JO), 

Note that the first term is constant. 

The potential energy due to gravity is given by 

V = Mr cos e(g cos a) + Mr sin e(g sin a) cos f 

{1U 28) 

= Mr[cos e(g' + o? e R cos 2 *) + sin $(u%R sin * cos *) cos ^] 
Hence equations of motion follow at once. 

(6) Now let us take body-fixed axes as above except with the origin at cm. In this case x = y = z = 0 
and the last term in (8 JO) drops out. a x ,a y ,a z are the same as above. I xy = I xz — I yz = 0 and 
l£ = ?y< is now the inertial space velocity of cm. and is considerably more difficult to express than 
in (a). Making use of a? x — r sin e sin etc, and equations (14-25), Page 291, the reader may show 
that components of v 0 along X u Y l ,Z l (not along X, Y,Z) are given by 

v x ^ — Ru e cos *!> + re cos e sin ^ + r£ sin $ cos 4> + u e r cos e cos * + w e r sin 0 cos ^ sin * 
Vj, = ?V sin 0 sin $ — re cos 0 cos ^ + u e r sin 0 sin ^ sin <t> (14.29) 
v z 1 ~ ~ r * B sin 6 ~~ w e r sin 0 sin ^ cos * 
Thus Vq = + v„ + v| can be written in full. 

The expression for V is the same as in (a). Hence equations of motion follow at once. 

Example 14.11. Bearing forces due to rotation of the Earth. (See Fig. 9-7 and Section 9.12, Page 193.) 

Consider a rotor mounted on the earth at latitude <t> as shown in Fig. 14-8. Note details given on this 
diagram. The rotor is statically and dynamically balanced for X l ,Y 1i ,Z l inertial. However, this is not 
the case and we will determine bearing forces taking account of the earth's rotation. 




Fig. 14-8 
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Notation here used is exactly as in Fig. 9-7. Euler angles e,f,<f> locate the rotor relative to X U Y U Z X 
where e - 90° and ^-180°. Note that X,Y,Z are principal axes of inertia through cm. and 

* — y — z — 0. 

Inspection shows that components of the inertial-space angular velocity of the rotor along X-, Y, Z are 
co x = <o e sin * sin 0, w y = w e sin * cos <£, u z = w e cos * + ^ (i) 
Total X, Y, Z components of the forces are 

F x ~ fix + /an - Aff/ cos a sin 0, F y = f ly + / 2y - Mfif cos a cos 0, F x - f z -f M# sin a (£) 
Components of the inertial-space acceleration of c.m. (the origin O x ) are 

Ax — ~ cos 2 * sin <fi, A y - — wf.ii; cos 2 * cos 0, A 3 — J^R sin * cos * (5) 
Equations (0.2), Page 177, are then —Mj*R cos 2 * sin * = / la + f 2x - Mg cos « sin 0, etc., which after 



eliminating g in favor of g' (see equations (l&.ll), Page 284) become 

Ax + f-2x = Aff/' sin 0 (4) 

Ail + Ay = Affi'' COS# (5) 

A - o ( 6 ) 

Applying relations (9.10), Page 182, we have 

I x a € 4> sin* cos0 + (I z — Iy)a e sin* costf»(w € cos* + = f 2y l 2 — f ly l t (7) 

sin * sin ^ + (A - Z x )« 6 sin * sin #(<o e cos * + $) = f 2x l 2 ~ Ax A (*) 

A£ + (A ~~ A)<4 sin 2 * sin ^ cos ^ = r m (5) 
Solving (4) and (5) for / lx we get 

A* = 7^4-[Mflr'i 2 + -/,-/„) sin* + «J(/ X - A) sin* cos*] (i0) 



Note that the term ^ + ^ M$r' sin 0 is due to the weight of the "rotor while the remaining terms are a 

result of the earth's rotation. Neglecting the term containing w| and assuming I x = I y , the above reduces 
to 

Ax = ~~(Mg f l 2 - (o e 0/^ sin*) (11) 

If 4> and 7 Z are each quite large, the second term can be appreciable. Hence even though the rotor is 
statically and dynamically balanced on a "stationary" earth it is somewhat unbalanced on the rotating 
earth. 

Expressions for the remaining bearing forces Ax>Aj/>Ay follow at once. 

Example 14.12. Motion of a satellite or long range projectile relative to axes X Xt Y X ,Z U Fig, 1U-U. 

It is not the purpose of this chapter to discuss satellite motion. However, the following rather general 
example is given in order to point out some of the difficulties encountered in a detailed treatment. 

Assuming X 2t Y 2i Z 2 inertial and applying Lagrange's equations to (1^.21), Page 289, we get 
mr — mr$>l — mr(4> + « e ) 2 cos 2 *! = F r 

mr 2 * x + 2mrri l + mr 2 (# -f- w e ) 2 sin *i cos *i = F # (U-81) 

|K(^ + (0 € ) COS 2 *!] = 

solutions of which give the motion of the satellite (or long range projectile) relative to X u Y lt Z v * x is the 
geocentric latitude and 0 is a measure of longitude from any given meridian. Hence the motion is deter- 
mined relative to the surface of the earth. 

However, it is impossible to determine exact expressions for the generalized forces F r ,F& ,Fq. They 

depend on (a) the magnitude and direction of g at any distance r from O x , (6) a drag due to the atmosphere 
(very attenuated at some distance above the earth's surface), (c) the attraction of the sun, moon and 
planets, (d) the pressure of the sun's rays. 
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If the exact mass distribution of the earth were known, g could be accurately evaluated. However, 
this is not the case. The drag of the atmosphere must be determined largely from empirical results. The 
gravitational pull of the sun, moon, etc., can be evaluated. The pressure of sunlight on a satellite can be 
estimated with some accuracy. 

Another important point to consider is the following. In the determination of (14-31) it was assumed 
that X 2 , Y 2y Z 2 are inertial, which is not entirely true. For more accurate results T should be referred to 
non-rotating axes with origin attached to the center of the sun. 



Problems 

14.1. Verify values of R ± and g' given in the 45° column of Table 14.1, Page 284. 

14.2. Determine from Graph 14.1, Page 285, values of g and g' at Washington, Helsinki, Buenos Aires, 
Wellington. Determine the value of a at each point. 

14.3. Find the difference between and * t and the value of a at Cincinnati, Ohio; at El Paso, Texas. 

14.4. Determine the difference between R and R 1 at Helsinki. 

14.5. A simple pendulum has a length of 10 meters. Compute its period on the equator and at Seward, 
Alaska. Find the precessional period of a Foucault pendulum at each point. 

14.6. Enclose the ellipsoidal earth in an imaginary sphere of radius a (the equatorial radius of the ref- 
erence ellipsoid). At <J>x = 45° show that the distance, measured along an extension of R if between 
the surface of the ellipsoid and that of the sphere is 10,693 meters. 

14.7. Obtain expression (1J>.U), Page 287, for T making use of relations (84), Page 143. 

14.8. Write out equations (HJ5), Page 287, by a direct application of relations (9.6), Page 179. 

14.9. (a) Verify expression (14.17), Page 288. 

(6) Repeat the above making use of expressions (8.A), Page 143. 

14.10. Measuring cylindrical coordinates p,$,z relative to X lr Y lt Z lf Fig. 14-3, show that for a particle 

T = -Jm[p 2 + p 2 $ 2 + z 2 + 2p 2 oj e 0 + p 2 <4 + 2Ru e p sin <f> cos + 2Rpu e (a e + j>) cos 0 cos *] 

Write out equations of motion. Obtain these same equations by an application of (9.6), Page 179. 
Assuming gravity only acting, show that generalized forces are given by 

F p — — mg sin 0 cos (<f> — a), F$ — — mgp cos 0 cos (<£ *- a), F z — —mgsm($> — a) 
Write out equations of motion. Introduce g' instead of g. 

14.11. Referring the usual spherical coordinates r, B, <p to X lf Y 1 ,Z 1 , Fig. 14-2, Page 286, verify the fol- 
lowing expression for T applying equations (8.4), Page 143. 

T — ^m(r 2 -h r 2 e 2 + r 2 0 2 sin 2 0) + ma e [r 2 $ sin 2 0 sin 

+ (R + r cos 6)(r sin 6 cos 0 + r& cos & cos <p — r$ sin 0 sin 0) cos 

— r sin 0 cos <p(r cos 0 — re sin e) cos <f»] + ^wiw 2 [r 2 sin 2 #(cos 2 0 + sin 2 <p sin 2 <£) 

+ (R + r cos e) 2 cos 2 <J> — 2r sin B sin <p(R + r cos 6) sin <f> cos *] 
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14.12. A small sphere is suspended in a viscous oil from a string having a length of 10 meters. It is held 
in the rest position it would occupy were the earth not rotating. When released, show that the sphere 
finally comes to rest at a point directly south a distance of about 1.7 cm where <f> — 45°. 

14.13. A ball is dropped from a point z Q on the Z x axis, Fig. 14-2, Page 286. z 0 = 100 meters, <f> = 45°. 
Show that it strikes the ground in t — (2,ZQ/g') x/2 at a 'point x 1 ~ 1.6 cm approximately and 
y x — 0. (Ball dropped from rest, air resistance neglected.) 

14.14. An elevator has an upward velocity along Z l9 Fig. 14-2, of 30 mi/hr., measured relative to the 
building. Mass of elevator = 3000 pounds, <f> = 45°. Show that the X t and Y 1 components of 
side thrust on the elevator are f x ^ = 13.6 poundals, and at z x — 0, f y = 0. (Why is it that 
f Vi # mts? e R sin <f> cos <f>?) 

14.15. In Example 14.3, Page 292, verify expressions for T and the generalized forces in each case treated. 

14.16. One edge of a smooth rectangular board remains in contact with the X t axis, Fig. 14-2. The op- 
posite end is lifted up so that the board makes an angle e with the X 1 Y 1 plane. A particle is free to 
move in contact with this smooth inclined plane under the action of gravity. Verify the following 
equations of motion 

mx\ — 2mo) e s sin (<f» — 6) — mu> 2 x 1 = 0 

m s + mo} e sin (4> — e)[2x x — o> e s sin (<f> — $)] = — mg' sin 6 

where s is measured up the incline. z x = s sin e, y t = 8 cos 6. Care must be used in the determina- 
tion of F s . 

14.17. When a mass m is placed on platform scales S (S located at some point on the equator) the dial 
• reads a "weight" of mg f . S is now made to move eastward along the circular equator with uniform 

tangential velocity v relative to the earth's surface. Show that m loses weight to the extent of 
m(v 2 /R 4- 2<o e u); that is, the scales now read mg' — m(v 2 /R + 2w e u). 

Will a ship moving eastward displace the same amount of water as when at rest in the water? 
Consider the case for westward motion. (Repeat for motion north along great circle.) 

14.18. Liquid is flowing due north in an open channel along the Y 1 axis, Fig. 14-2. Assuming that the 
entire liquid has a uniform velocity y x and taking x 1 — y 1 — z 1 — 0, show that the surface of the 
liquid is tilted at an angle (5 from the horizontal, where tan /? = 2« e £ 1 sin $>lg'. (Which way?) 

14.19. Imagine the earth rotating at a speed such that an object at the equator has no weight. Prove 
that for a homogeneous spherical earth the plumb line at any point on the earth is parallel to the 
polar axis. Show that g' — <I e R sin <f>. 

14.20. A Foucault pendulum having a length of 20 meters is suspended on the earth at <f> = 30°. Show 
that its period of oscillation is 8.98 seconds and that the precessional period is 48 hours. 

14.21. Determine final expressions for T by each method suggested in Section 14.7, paragraph (b), Page 
290, and compare results obtained. 

14.22. Referring to Problem 3.5, Page 52, the conical spiral, Fig. 3-5, is placed so that X, Y, Z coincide 
with X v Y u Z x of Fig. 14-2. Taking full account of the earth's rotation, show that T is given by 

T = lw[a 2 (l + b 2 z 2 ) + l]z 2 - mw e az[abz 2 sin * - (R 4- z)(cos (bz) - bz sin (bz)) cos <f> 

+ z cos (bz) cos *] + ima 2 [a 2 z 2 (cos 2 {bz) + sin 2 (bz) sin 2 <f>) + (R + z) 2 cos 2 <f> 

+ 2az{R + z) sin (bz) sin * cos *] 

Set up equations of motion and finally replace g by g' . (See equation (1^.17), Page 288.) 

14.23. Referring to Problem 3.14, Page 54, suppose the vertical shaft, Fig. 3-9, is mounted along Z l9 Fig. 
14-2. Set up the equation of motion for m, taking account of the earth's rotation. Note that g is 
now not in the direction indicated in Fig. 3-9. (See Problem 14.11.) 

mr — mroj 2 sin 2 B + 2w e wrm sin 6 (cos $ sin <p cos * — sin e sin *) 

— mwer[(cos 6 cos * — sin 0 sin <p sin *) 2 + sin 2 6 cos 2 <p] — k(l — l 0 — r) — mg' cos $ 
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14.24. Applying Lagrange's equations to (1&.17), Page 288. Show that the equations of motion correspond- 
ing to p, 0, 2 are 

to p — mp0 2 + mw € (2z cos 0 cos * — 2p0 sin *) + muj [a sin 0 sin * cos * 

— p(cos 2 0 + sin 2 0 sin 2 *)] = 0 
mp 0 + 2mp0 + 2mu e (p sin * — z sin 0 cos *) + mwf cos 0 cos *(p sin 0 cos * + z sin *) = 0 
mz + 2m<o e cos *(p0 sin 0 — p cos 0) + ma 2 , cos *(p sin 0 sin * — z cos *) = — mg' 

14.25. Assuming gravity only acting, show that in equations (1&.20), Page 289, 

F x t = to^' cos 4* vioi^R cos *f>, F Bj - 0, F H ~ -mg' sin * 
Note that in the first of these equations ma^R cos <t> cancels out. 

14.2ft. Equations of motion of m, Fig. 2-21, Page 22, are to be found relative to D 2i taking account of the 
earth's rotation. Assuming the bearing supporting D x is rigidly fastened to the earth at 0 lt Fig. 
14-2, Page 286, and that faces of D x and D 2 remain horizontal, show that T expressed in polar 
coordinates r, a is given by [Let X u y, of Fig. 2-21 correspond to X lt Y t of Fig. 14-2.] 

T = ^m[se\ + r 2 + r 2 (B x + e 2 + a) 2 + 2s^r sin (<? 2 + a) + 2s* 1 r(* 1 + 5 2 + J) cos (<? 2 + a)] 

+ m« e [s 2 tf ! + t 2 (b x + 0 2 + a) + sr sin (0 2 + a) + sr(20, + £ 2 + £)] sin * 

+ mco e [r cos + 0 2 + <*) ~ s #i sin 0, — + 5 2 + a) sin (0, + e 2 + cos * 

— m<J^R[s sin 0! + r sin + 0 2 + <*)] sin * cos * 

+ ^mo3^{[s cos ^! + r cos (0 t + B 2 + a)] 2 + [« sin ^ x + r sin (0, + 0 2 + <*)] 2 sin 2 *} 

01, 0 2 are assumed to be any known functions of time. Note that for a> e = 0 this reduces to (246), 
Page 25. 

14.27. The base J5, Fig. 13-10 (see Problem 13.14, Page 279) is placed on the surface of the earth at O v 
Fig. 14-2, Page 286. Assume that the plane of the semicircular rod is in the Y X Z X plane and that 
the dotted line ab is horizontal. Note that g' and not g is now normal to ab. Write an expression 
for T and find the equilibrium value of e. 

14.28. The support B, Fig. 8-12, Page 153, is attached to the earth at O x , Fig. 14-2. Regard X lt Y 1 ,Z l of 
Fig. 8-12 as X it Y U Z X in Fig. 14-2, with cm. at O. Assuming the disk is replaced by a body of any 
shape with cm. at 0, show that T is given by (See equations (8,lJ^) h etc., Page 163.) 

T = ^M<4R 2 + %{i x Wx+Iy<*y + Iz<4 - 2 4yWx w » _ %htfi>aPz ~ ^yz u y u z) 

where u x = 0 sin B sin 0 + w c (cos 0 sin 0 + sin 0 cos 0 cos b) cos * + w e sin B sin 0 sin * 
w y = 0 sin B cos 0 + w c (cos 0 cos 0 cos B — sin 0 sin 0) cos 4> + w e sin B cos 0 sin * 
to z = 0 + 0 cos B — w e sin 0 cos 0 cos 4» + w e cos 0 sin <t» 

Note that the first term in T is constant and can thus be eliminated. Since Euler angles are here 
measured relative to the earth, equations of motion obtained from T above give the motion of the 
body relative to the earth. 

14.29. Verify relations (14.29), Page 296. 

14.30. The disk D of Fig. 8-5, Page 146, is mounted on the earth with point b at the origin of the X lt Y u Z x 
axes of Fig. 14-2, Axis ab is vertical along Zj. Write an expression for T of the disk, taking 
account of the earth's rotation. Care must be used in getting the velocity of cm. of D. (See Prob- 
lem 14.28.) (See equations (84), Page J43.) 

14.31. The gyroscope, Fig. 8-18, Page 159, is mounted on the earth at O t with X u Y li Z 1 of Fig. 8-18 
superimposed on X it Y v Zi of Fig. 14-2. Show that (see Example 8.16, Page 159), 

T = ^MR 2 u 2 e cos 2 * + \lx [wf cos 2 * sin 2 0 + u 2 - (sin * sin 0 4- cos * cos 0 cos e) 2 + J 2 

+ (0 + 2to e sin <f>)0 sin 2 B + 2(o e cos <t>(& sin 0 + 0 cos 0 sin B cos b)\ 

+ -J/f[(0 + w e sin *) cos B + 0 — to e cos * cos 0 sin b] 2 

Set up equations of motion (a) by the Lagrangian method, (b) by the Euler method. 
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14.32. A rotating table is located with its center at O u Fig. 14-2, and its axis of rotation along Z v The 
supporting base A, Fig. 8-5, Page 146, is mounted on the table at a distance r measured along a 
radial line from O x to the center of base A. The table is made to rotate with angular velocity a (not 
necessarily constant) where a is measured from the X Y axis of Fig. 14-2 to the radial line r. Angles 
0 and 0 are measured as indicated on Fig. 8-5. Indicating the angle between an extension of r and 
the projection of bZ (Fig. 8-5) on the X{Y X plane as £, we define ^ (in keeping with the definition of 
Euler angles) by ^ = P + 90°. 

Show that components of the angular velocity of the disk (measured relative to inertial space) 
along the body-fixed X, Y, Z axes are given by 

w x — [(<°e sin * 4- a + ^) sin 0 + w e cos * cos (a + \f) cos 0] sin 0 + u e cos $ sin (a + ^) cos $ 

w j/ — [( w e sin $ + a + ^) sin 0 + 6i e cos * cos (a 4- ^) cos 0] cos 0 — w e cos * sin (a + ^) sin 0 

w s = 0 + (co e sin * + a + ^) cos 0 — w e cos * cos (a + 0) sin 0 

Show that the Y, Z components of the inertial-space velocity of cm. are given by 
v 0x — i>i(cos 0 cos \p — sin <f> sin ^ cos 0) + v 2 (cos <f> sin 0 + sin 0 cos ^ cos 0) 
etc. for v 0y , v 0z , where 

v 1 = 0 e R cos $ cos a + 1$ sin 0 cos ^, i? 2 ~ r ^ ~" "e^ cos * sin a + 1$ sin 0 sin 0, v 3 = 0 

and / is the distance 60, Fig. 8-5. Note that T can now be written and equations of motion of the 
disk found at once. 

14.33. Inserting the expanded form of R given directly below (144) t Page 283, into the first relation of 
(lb.ll), Page 284, show that after introducing proper numerical values, a in minutes of arc is 
closely approximated by 

= 3437.75 ^ 1 14 x 10 _ 2 sin2 ^ S i n4 , cos* 

9 

This is a useful computational formula. 

14.34. Taking account of the annual rotation of the earth about the sun, write T for the particle shown in 
Fig. 14-2 in terms of x v y v z v Regard non-rotating axes with origin attached to the center of the 
sun as inertial. Also, for simplicity, assume that the earth rotates with constant angular velocity 
in a circular path of radius R e = 93. X 10 6 miles. Set up equations of motion and compare with 
(14.15), Page 287. Note that the earth's polar axis makes a constant angle of about 23.5° with a 
normal to the plane of the earth's orbit. 
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Application of Lagrange's Equations to 
Electrical and Electromechanical Systems 



15.1 Preliminary Remarks. 

Lagrange's equations are directly applicable to a wide variety of electrical and electro- 
mechanical systems. As will soon be evident, they are especially advantageous in treating 
the latter. 

Generalized coordinates, velocities, kinetic energy, potential energy, the power function, 
equations of constraint, degrees of freedom and generalized forces, so familiar in mechanics, 
each has its counterpart in many types' of electrical systems. Hence with suitably selected 
coordinates and T y V, etc., properly expressed, the Lagrangian equations for electrical or 
electromechanical systems have exactly the same form as equation (4.9), Page 60. 

Since a detailed treatment of the many possibilities and ramifications into which this 
topic could lead would require several chapters, this discussion is limited to an outline of 
some of the more important phases of the subject. 

15.2 Expressions for T,V 9 P,F Q and Lagrange's Equations for Electrical Circuits. 



Suitable Coordinates. 

Referring to Fig. 15-1, the charges Q\ 9 Q% 9 
etc., which have flowed through the various 
branches of the network after a given instant 
of time, say t — 0, constitute suitable "coordi- 
nates". Thus the current i — dQ/dt ='Q cor- 

responds to a 'Velocity" and likewise Q to an 
"acceleration". As in the usual treatment of 
circuits, a positive direction of flow (direction 
of the current) must arbitrarily be assigned to 
each charge, as indicated in the figure. This 
amounts to choosing a positive direction for 
the coordinate. 



b 




Fig. 15-1 



B, 



Equations of Constraint and Degrees of Freedom. 

Not all charges flowing through a network are independent. At any junction the 
algebraic sum of all charges flowing to the junction must be zero (KirchhofFs law). 
Hence the number of independent junction equations represents just that many equa- 
tions of constraint. For example, there are six charges flowing (six currents) in the six 
branches of the Wheatstone bridge, Fig. 15-1. At each of the junctions a,b,c,d, rela- 

a * * 

tions Qg — Qi 4- Q2 (or Qe — Qi + Q2), etc., can be written. But only three of these 
are independent. That is, taking, say, Qe = Qi + Q2, Q2 + Q5 = Q4 and Qi — Qz + Qs 
as independent, the fourth equation can be obtained from these three. Thus since there 
are six coordinates (charges) and three equations of constraint, the bridge has only three 
degrees of freedom. 
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C. Kinetic Energy. 

The magnetic energy € of a single coil of constant inductance M is £ == iMQ 2 . Com- 
paring this with T = \mv 2 , the kinetic energy of a particle, M corresponds to mass and 
Q to v. 

The energy of two coils with self inductances Mn,M 2 2 and mutual inductance Mi 2 is 

£ = i(M 11 Q? + 2M 12 Q,Q 2 + M 2 2Q|) 

which again has the familiar form of kinetic energy. In the more general case of a 
network containing s coils, the electrical kinetic energy is given by 

T E l = i^MirQiQr (15.1) 

where it is seen that M ir correspond to A ir in equation (2.56), Page 27. Superfluous Q'$ 
should be eliminated from Tfa by means of equations of constraint. 

Important notes, (a) Consider, for example, two coaxial coils (1) and (2) in which 
fluxes <t> i and <£ 2 are established by currents u and i%. If there is mutual inductance 
between them, part of ^ threads (2) and part of <f> 2 threads (1). Now if for positively 
chosen directions of i t and i v ^ threads (2) in the direction which </> 2 has in (2) (likewise 
<f> 2 will thread (1) in the direction of ^J, then M 12 is positive; otherwise it must be taken 
negative. Hence Mt r can be either a positive or negative quantity. 

(b) In the discussion leading to (15 J) we have tacitly assumed that all inductances 
are constant. But if, for example, the coils have iron cores, then Afn,Afi2, etc., depend 
in a rather complicated manner on the currents. In this case Lagrange's equations, 
in the usual form, are not applicable. Moreover, iron cores introduce the complex 
phenomenon of hysteresis losses. Hence we shall assume in what follows that in- 
ductances do not depend on the currents. Mutual inductances may, however, depend 
on space coordinates, 

D. Potential Energy, 

The potential energy of a network may conveniently be regarded as composed of 
two parts: the energy of sources (batteries, generators, etc.) and the energy stored in 
condensers. 

A source of constant terminal voltage E supplies energy EQ to the system, where Q 
is the charge "delivered by the source" in the direction of E. Hence referring potential 
energy to the "point" Q = 0, we write F SO urce = — EQ where Q is assumed to flow in 
the positive direction of E. Note that this is entirely analogous to the simple relation 
V — —mgy for the potential energy of mass m due to gravity, with y taken positive 
vertically upward. The above relation is still valid even though E may vary with time, 
as E = Eq sin©*, because in finding generalized forces t is held fixed. 

The energy of an isolated charged condenser of capacity C may be written as 
£ = |Q 2 /C which corresponds exactly to the energy of a coil spring, (1/C corresponds 
to k). Hence the potential energy of a network containing several sources and isolated 
condensers is given by 

7ei = U QVCx - 2 E s Qs (15.2) 

Is 

from which, as in the case of Tei, superfluous coordinates should be eliminated. 

If at t- 0, condensers have initial charges Qou Q02, etc., the corresponding energy 
is written as i(Qi + Qoi) 2 /Ci, etc. And if current Q s flows opposite to the positive di- 
rection of E, then E S Q S must be taken positive. 
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E. Generalized Forces, F Qr . 

The basic "forces" acting on an electrical net- 
work may be illustrated by reference to the simple 
* circuit shown in Fig. 15-2. Applying here 
Kirchhoff's laws, we write 

MQ = E-QIC-RQ 

from which it is seen that MQ corresponds to an "inertial force" (as mx) t QIC cor- 
responds to the force exerted by a spring (compare with kx), E is the "force" applied by 
the battery and —RQ corresponds exactly with a viscous force as —ax. (Note that RQ 
is a dissipative force.) 

F Qr , the total generalized force corresponding to Q rt may conveniently be regarded 
as made up of (F Qr ) c due to conservative forces and (F Qr ) R due to resistances. Clearly 
(F Q r ) c = -dV/dQ r . 

Expressions for (Fq t ) r may be obtained as follows. When charge BQ t flows through 
Ri t the work involved (energy dissipated) is &Wi — —RiQi&Qu Hence for a system con- 
taining any number of resistances, 

Wtotai = -(RiQiSQi + R2Q2BQ2 + ■•■) (15.8) 

After eliminating superfluous currents and charges and collecting terms, the (F Qr ) R can 
be read directly from (15.3). These forces may also be found from (154a) below. 

The total generalized force is, of course, given by 

Fq t = -dVldQr + (F Qr ) R 

F. Use of the Power Function, 

The following forms are useful in many problems: 

(a) P = -i2#iQ? and (b) P = -^-^-$5+1 (154) 

The first (a special case of the second) is applicable in all cases where, for each re- 
sistance, SW = -RQ$Q. The second applies when the "voltage drop" across a 
resistance is given by E - AQ b , that is, hW = -AQ h 8Q. (See Example 15.2 below.) In 
either form superfluous currents must be eliminated. 

G. Lagrange's Equations for Electrical Circuits. 

(No moving parts considered at this point.) 

The following form is applicable to electrical systems consisting of a finite number 
of "lumped" (not distributed) inductances, condensers, resistances and voltage supplies: 



d /6Lei\ dh 



dt \ d Q r J dQ 



'El 



= Fa (15.5) 



where the Lagrangian Lei — Tei — Vei, and Fq t — (F Qr ) R , found from (15.3) or 
(154), is due to dissipative forces only. Conservative forces are of course automatically 
accounted for. 

15.3 Illustrative Examples (purely electrical systems; no moving parts). 
In what follows specific units are not introduced. 

Example 15.1. 

Consider the simple circuit shown in Fig. 15-3 below. The system has only two degrees of freedom, 
the one equation of constraint being 
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Ri 
■WW 1 - 



c 2 

R 3 

■WW- 



M 22 



b 2 



<?2 



c 3 



^33 



Assume mutual inductance between all coils. 
Fig. 15-3 

Qi = Q 2 + Qs (-0 

Assuming mutual inductance between all coils, 

T - \[M n Q\ + M 22 Q\ + M 33 Ql + 2M 12 Q 1 Q 2 + 2M 13 Q 1 Q 3 + 2M 23 Q 2 Q 3 ] («) 
Eliminating say Q 3 from (2) by (i), the final form is 

T = i[Af u Qf + M 22 Q^ + Afs^Q, - Q 2 ) 2 + 2M 12 Q,Q 2 + 2Af 13 Q,(Q 1 - Q 2 ) + 2M 23 Q 2 (Q! - Q 2 )] (3) 

It follows at once, after eliminating Q 3 , that 

Q\ , (Q1- Q2) 2 



2 |_C t 



+ C7 + 



(4) 



Applying Lagrange's equations in the usual way, differential equations corresponding to Q x and 
Q 2 are 

(M 11 + Af33 + 2Af 13 )Q 1 + (M 12 -M 13 -M 33 + M 23 )Q 2 + (± + ^ Q, - J| - ^ + E 3 = F Qi 

(M 22 + M 33 -2M 23 )Q 2 + (Mu-Mm-Mu + M^Q! + + ^ Q 2 - ^ + 2 - # 3 = F Qg 

• • • 

Prom the diagram it is seen that work $W = —R 1 Q 1 $Q 1 — # 2 Q 2 5Q 2 — £3^3 §©3, and eliminating 

Q 3 and SQ 3 by (J), 

SW = [i2 3 Q 2 - +JZ 3 )Q,].aQ 1 + [fi s e.i - (« 2 + ^ 3 )Q 2 ]5Q2 

• • • • 

Hence F Q = R 3 Q 2 - + R 3 )Q l7 F Q = R 3 Q t — (R 2 + R 3 )Q 2 . Note that these generalized forces are 

also given by i^ Qi = dP/dQ lt F Q ^ ~ dP/dQ 2 where (see equation (154a)) 

P = -ilR 1 Ql + R 2 Qi + R a {Q 1 -Q 2 )^ 

Example 15.2. 

The circuit of Fig. 15-4 contains two identical two-element tubes connected as shown. We shall assume 
that E 3 is given by AQ 3 where A and 6 are constants, or E 3 = A \Q 3 | Q 3 where \ indicates ab- 

solute values. An external voltage E 2 = E Q sin wt is applied as shown. The Lagrangian for Hie 
eliminating Q 3 and Q 3 , is 




Fig. 15-4 
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L = i[M 11 Q2 + M 22 Q| + M 33 (0 2 -Q 1 ) 2 + 2M 12 Q 1 Q 2 

+ 2M 13 Q 1 (Q 2 -Qi) + 2M 23 Q 2 (Q 2 -Q 1 )] - \Q\/C + JS^ 4- Q 2 tf 0 sin at 

from which equations of motion follow at once. Expressions for Fq and F Q(> may be found from 

BW = -[R.Q.SQ, + R 2 Q 2 8Q 2 + /2 3 (Q 2 ~ Q1KSQ2 ~ SQi) + A|(Q 2 - QJb-i] (Q 2 _ QjtfQ, - aQJ] 

The reader should show that the same expressions for the generalized forces may be obtained from a 
P function obtained by taking the sum of (154a) and (154b). 

15.4 Electromechanical Systems: The Appropriate Lagrangian; 
Determination of Generalized Forces. 

An electromechanical system is one in which the energy associated with it is in part 
electrical, magnetic and mechanical. An ordinary moving coil galvanometer is a simple 
example. The coil and its suspension have "mechanical" kinetic and potential energy. The 
coil and circuit to which it may be connected have "electrical" energy. As the coil moves, 
the torque acting on it and its angular velocity, displacement and acceleration are dependent 
on the electrical quantities of the system, and vice versa. Because of this interrelation, the 
mechanical motion and electrical performance cannot be treated separately. The system 
must be regarded as a whole. 

The Lagrangian for an electromechanical system may be written as 



L = T 



FA 



Vex + Tmc ~ Vmc 



(15.6) 



where Tex and Vei are written out as illustrated above, Tue and Vue represent the mechanical 
kinetic and potential energies respectively, expressed as usual in any convenient generalized 
space coordinates Qi, Q2, • . . , Qn v If, besides these ni space coordinates, n% independent 
charges are to be accounted for, the system may be said to have n = n\ + n% degrees of 
freedom. An application of Lagrange's equations to (15.6) leads at once to m + n2 equa- 
tions of motion. 

In writing (15.6) for any specific problem, care must be used in the selection of units 
so that all terms in L are expressed in the same energy units. As previously mentioned, 
no specific units are introduced in this chapter. Generalized forces (not taken account of 
by potential energy terms in L) for both electrical and space coordinates are found in the 
usual way, as will be seen from examples which follow. 

Example 15.3. 

Consider the system shown in Fig. 15-5. The upper plate of condenser C, having mass m, is suspended 
from a coil spring of constant k. It is free to move vertically under the action of gravity, the spring and 
the electrical field between the plates. An unusual feature of the system is, of course, the variable 
capacitance C. 



R 



STM^ 

M £ 



Spring k 



E = Eq sin 
0 



Equilibrium 
position 



( positi 



V7777777/.V77777777? 



•Fixed Plate 



Fig. 15-5 



GHAP. 15] 



ELECTRICAL AND ELECTROMECHANICAL SYSTEMS 



307 



Let the dotted line represent the rest position of the plate with condenser uncharged. Assuming air 
between plates we write, for convenience, C = A/(s — x) where A is a constant the value of which depends 
on the area of the plate and the units employed, and s is the distance indicated. Hence the Lagrangian for 
the system is . 

L = -IMQ2 + l mx 2 + QE 0 sin <*t - ±Q 2 (s - x)/A - $kx* 

(A term containing mg cancels out.) The system has two degrees of freedom, the two coordinates being 
Q and x. Applying Lagr angers equations we get 



MQ + Q(s~ x)/A - E Q sin at - -RQ, mx + kx- \Q 2 IA 



0 



Note that the voltage of self inductance MQ, the voltage across the condenser Q(s — x)/A, and the 
force of attraction between plates ^Q 2 /A, have been automatically taken account of in the Lagrangian 
equations. 



Example 15.4, 



Coil (1), A 7 ! turns per unit length 

Q OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

Small circular coil (2). 
N 2 turns. Q 2 out of paper. 







8 

b B\ = field from coil (1) 




J--y> 



E, 



*Qi 



Q2 in paper^ 

Rotating coil (2) mounted in 
long solenoid, coil (1) 



M 



M n Coil(l) 
M n Coil (2j 



E 2 ~ E 0 sin o>t 
0P1 



P20- 



P% + for t slightly greater than zero. 



Fig. 15-6 



A small shaft normal to the paper and passing through p, Fig. 15-6, is mounted on smooth bearings 
(not shown) and supports the small coil (2) inside a long stationary coil (1). Fastened to (2) is a spiral 
pancake spring, as shown, having a torsional constant k. The coils are connected to separate circuits as 
indicated to the right. Assuming (1) quite long, it may be shown without difficulty that the mutual in- 
ductance of (1) and (2) is given by 



M 



12 



b(7rr 2 )N 1 N 2 sin* 



where r = radius of coil (2), N l = turns per unit length on (1), N 2 = total turns on (2), and 6 is a con- 
stant depending on the specific units used. Hence replacing b(irr 2 )N \N ' 2 by A, we have 

L = %M n Q\ + ±M 22 Q 2 2 + \Ie 2 + AQ t Q 2 sin 9 + E 1 Q 1 + Q 2 E 0 sinat - \ke 2 

where M n ,M 22 are self inductances (assumed known) of (1) and (2) respectively, and / is the moment of 
inertia of coil (2) about the axis on which it is mounted. It is assumed that for $ = 0 the pancake coil is 
undistorted. 

Applying Lagrange's equations the following differential equations corresponding to Q lf Q 2 , 6 are 
obtained: .... 

MnQx + AQ 2 sme 4- A$Q 2 cose - E 1 = —R 1 Q 1 



M 22 Q 2 + AQ 1 sin 0 + AeQ t cos 8 — E 0 sinat = 
le - AQ t Q 2 cos e + ke = 0 



-R 2 Q 2 



Note, for example, that the term AeQ l cose represents an induced voltage in coil a (2) due to its ro- 
tational velocity & in the magnetic field established in (1) by current Q v The term BQjQ 2 cos $ is a torque 
on (2). The significance of all other terms should be examined. 



15.5 Oscillations of Electrical and Electromechanical Systems. 

The results of Chapter 10 are frequently applicable to the determination of the natural 
frequencies of oscillation of electrical or electromechanical systems, as shown by the follow- 
ing examples. 



308 



ELECTRICAL AND ELECTROMECHANICAL SYSTEMS 



[CHAP ; 15 



Example 15.5. 

Consider again the circuit of Fig. 15-3. Equations corresponding to Q 1 and Q 2 may be written as 
(M 11 + M 33 + 2M 1Z )Q 1 + (fli + Bj)^ + + ^) Qi 

+ (M 12 + itf 23 -M 33 -M 13 )Q 2 - R S Q 2 - ^ = E x - E z 

c 3 

^3 

1 . 1 



+ (M 22 -2M 23 + M 33 )Q 2 + (R 2 + R 3 )Q 2 + l^+c^ = #3 " E t 

Using "equilibrium coordinates" (see Problem 15.2, Page 312) these equations take exactly the form 
of equations (10.7), Page 209. They can, of course, be solved by the same methods. 

Example 15.6. 

Consider again the system shown in Fig. 15-5 and treated in Example 15.3. For simplicity assume the 
variable voltage replaced by a constant voltage E. It is clear that at some time after switching on the 
battery, for even the slightest damping of the upper plate, x and Q reach constant values x Qf Q Q . Measuring 
displacements from these equilibrium values, that is, writing x = x 0 + x x and Q ~ Q 0 4- Q lt 

V = -JF(Q 0 +Qi) + i(Qo + Qi) 2 (s-*o-*i)/A + i*(*o + *i) B 
From (dV/dQi) Q = 0 and (dV/dx^Q — 0 it follows that x 0 = \Q%/Ak, Q 0 = AE/(s-x Q ). 
Now assuming Qj and sr^ always small, we obtain after applying (iO.tf), Page 207, 

Thus L = |MQ? + |mi? - J [(^) Q? - ^ + 

from which MQ t +( — j — ) Qi - = -#Qi, + tej - ^Qi = 0 

which have the same form as (10.7), Page 209, and can be solved in the same way. 

15.6 Forces and Voltages Required to Produce Given Motions and Currents 
in an Electromechanical System. 
The results of Chapter 13 can be applied to electromechanical systems, as illustrated 
by the following examples. 

Example 15.7. 

Imagine a force f x applied to the moving plate, Fig. 15-5, Page 306, and that E 0 sin «t is replaced by an 
unknown voltage, the nature of which is to be determined. The general equations of the system are now 
(see Example 15.3) 

MQ + Q(s-x)/A + RQ = E, mx + kx- Q 2 /2A = f x (1) 

If the manner in which Q and x vary with time is given for each, corresponding expressions for E and f x 
as functions of time can be found. Consider the following cases. 

(a) Assume that Q = Qo~ constant, * = x 0 = constant. Then from (1), 

E = Q 0 (8-x 0 )/A, f x = kx 0 -Q$/2A 

(b) If it is assumed that x = x 0 = constant and Q = Q 0 t, 

E = RQ 0 + Q 0 t(8-x 0 )/A, f x = kx 0 -QlW2A 

(c) Letting Q = Q© sin + #1), x = x 0 sin (« 2 t 4- # 2 ), we obtain 

• Qa • 

E - MQ 0 ai cos (wjt + 00 — -j — cos + 0i)[s — x 0 sin (w 2 £ + 0 2 )] + r Qq sin (w^ + ^0 

f x - -ma;^! sin (« 2 £ + * 2 ) + ^0 Bin (« 2 * + £2) ~ gj^2 cos2 + *i) 

Such a voltage and force might, of course, be difficult to apply. Moreover, if f x and E are applied at ran- 
dom, certain transient effects may exist, which in any actual case would eventually be damped out by 
resistance and frictional drag on the plate. (See note at bottom of Page 269.) 
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Example 15.8. 

In Fig. 15-3, Page 305, let us regard E x and E 2 as unknown applied voltages. Writing equations of 
motion in terms of Q lt Q 3 and assuming that Q 2 = Q Q1 = constant, Q 3 = Q 03 = constant, the reader may 
show that E 1 and E 2 must have the values 

TP - TP 4. Qo1 + Q ° 3 TP - TP j. Q ° 3 I Qo1 . Q ° 3 

Likewise for Q 2 = A 2 sin(«i* + 0i) and Q 2 = ^2 sin(w 2 * + <f> 2 ), &i and #2 can be found at once as 
functions of time." 



15.7 Analogous Electrical and Mechanical Systems. 

It frequently happens that, for a given electrical system, there exists a mechanical one 
which is its exact counterpart in the sense that the differential equations for the two (by 
proper choice of coordinates) can be written in just the same form. This is illustrated by 
the following simple examples. 

Example 15.9. 

In Fig. 15-7(a) a sphere of mass m is suspended in a viscous liquid from a coil spring. Z 0 = unstretched 
length of spring, y Q = elongation of spring with m at rest, y = general displacement from rest position. 
We assume that the only effect of the liquid is to exert a viscous drag —ay. Fig. 15-7(6) represents a simple 
series electrical circuit. Lagrangian functions for (a) and (b) respectively are 

L Me = i™if 2 - {k(y + 2/ 0 )2 + mgy, L EV = ±M& - %Q*fC + EQ 



Vq 



■Coil Spring 



Rest position 



Viscous drag ~ay 



Inductance 
M 



R 



Q 



(6) 



Fig. 15-7 

Since mg — ky 0 , the equations of motion are 

my.+ ky - -ay, MQ + QIC = 
Hence the two systems are "equivalent". 



■RQ 



Example 15.10. 

Consider the three systems shown in Fig. 15-8 below. In (a), E is a constant applied voltage and we 
assume no mutual inductance between the coils. In (6), F is a constant externally applied force and each 
block is acted upon by a viscous force — c^cPi, etc. In (c), t is a constant externally applied torque and a 
brake exerts a viscous torque, — b^r^x, etc., on each disk. Lagrangian functions for the three systems may 
be written as 

(Q1 -Q9) 2 (Qo-Qq) 2 



2C X 



2C, 



+ EQ X 



L b ~ ^(mj^ + mo^ + Wgi 2 ) - — ^ — Z 10 ) 2 - \k 2 (x z - x 2 - l 20 ) 2 



U) 
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Fig. 15-8 



Final equations of motion for (a) are 

MlQl + cT ~ = E ~ RlQl 

- ^ + Q 2 + ^) - ^ = -^Qa 

M 3 Q 3 -7^+7^= -R 3 Q a 

Equations having exactly the same form (except for constant terms) follow at once for (6) and (c). 
Here inductance corresponds to a mass in (6) and moment of inertia in (c). Electrical resistance R 1 cor- 
responds to the coefficient of viscous drag a± in (6) and to br± in (c), etc. 1/C corresponds to a spring con- 
stant in each case. Note that in the above example coordinates were carefully chosen so that all three sets 
of equations have the same form. If, for example, equations of motion for (b) were written in coordinates 
x \t *h»*/2 where q t = x 2 — x l and q 2 = #3— -#2» it would not be immediately evident that (6) is equivalent 
to (a) and (c). Note. In L b , x x + Z 10 and x 2 + I20 can be replaced by single variables. 

For any given mechanical system, it is not always easy to find its exact electrical counterpart. Rather 
complex analog circuits may be required. 

Example 15.11. 

The mechanical and electrical systems shown in Fig. 15-9(a) and (6) below are strikingly similar in 
general appearance and, for (a) properly idealized, their physical characteristics are the same. 
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R 2 ° 2 



-WW ](■ 



,— 1( WW- 



6 

E, 



(a) 



(b) 



Fig. 15-9 

In (a) the mass M and leaf spring's S t and S% (end view shown) are coupled by a "massless" liquid in 
smooth tubes. Sections A and B are filled with some crushed material which offers a viscous drag to the 
flow of the liquid, — R[ X (velocity of liquid); etc. An external force f x can be applied to M and another, / 2 , 
directly to the liquid. The pistons shown are assumed smooth and massless. 

Let q x represent the horizontal displacement of M from some fixed point and q 2 ,q^ displacements of 
jS x and S 2 respectively. The reader should write out equations of motion for the two systems and show 
that, mathematically, they are equivalent where M corresponds to M n ; k u k 2 to 1/C U 1/C 2 ; R[, i? 2 to Ru^2> 

As seen from previous examples, analogous systems are usually not at all similar in general appearance. 
15.8 References. 

For more details regarding the application of Lagrange's equations to electromechanical 
systems and concerning the matter of electrical-mechanical analogs, the reader may con- 
sult the following references: 

H. F. Olson, Dynamical Analogies, Van Nostrand, 1943 

W. P. Mason, Electromechanical Transducers and Wave Filters, Van Nostrand, Second 
ed., 1948 

R. M. Fano, L. J. Chu, R. B. Adler, Electromagnetic Fields, Energy, and Forces, John 
Wiley, 1960 

D. C. White, and H. H. Woodson, Electromechanical Energy Conversion, John Wiley, 1959 

J. R. Barker, Mechanical and Electrical Vibrations, John Wiley, 1964 

G. W. Van Santen, Mechanical Vibration, N. V. Philips, Eindhoven, Holland, 1953 
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Problems 

In the following problems specific units are not introduced. 

Show that the Lagrangian and equations of motion for the circuit shown in Fig. 15-10, assuming no 
mutual inductance between M 33 and remaining inductances, are 

L = U M u&i + M 12 Q t Q 2 + (M 22 + M 33 )Q 2 2 ] + Q. x Eq sin coi - ±Q\/C 

Af n Q, + M 12 Q 2 - E 0 sm<ot = -R l Q l 

(M 22 + M 33 )Q 2 + M l2 Q l + Q 2 /C = -R 2 Q 2 



M 



E (i sin u>t 




^2 



c 



E 



W *r 

M Q 



_ „-/*" Battery assumed 
"reversible 



R 




Variable Condenser 

C = C 0 {1 - ffAr) 



Fig. 15-11 



Referring to Example 15.5 and Fig. 15-3, Page 305, it is seen that after some time Q x = Q 2 = Q 3 = 0 
and we write Q x = Q 01 , Q 2 = Qo2, Q3 F Qo3- Fin ^ expressions for these "equilibrium" charges. 
Now setting Q x = Q 01 + ai, Q 2 — Q02 + a 2> Q3 — Q03 + «3» write L for the system and show that 
the equations of motion are 

(M n +M 33 +2M 13 )a, + (R x + 'R z )a x + (1/d + l/CJa! 

+ (Af 12 -+ M23 — Af 13 — Af 33 ) a 2 - #s«2 - «a/^3 = 0 
(M l2 + M 2S - M ls - Mm)*! - ie 3 a! - a,/C 3 

+ (M 22 - 2M^ + M 33 )« 2 + (fl 2 +fl 3 )a 2 + (1/C 2 +1/C 3 )a 2 = 0 

The inside half-cylinder A, Fig. 15-11, supported in a vertical position by a thin elastic rod (torsional 
constant fc) fastened along its axis at O, can rotate within B. Assuming that the capacity of this 
variable condenser is given by C = C 0 (l — eh) and that the rod is undistorted for e = e u show 
that the proper Lagrangian and equations of motion are 

L = ±mfr + \W + EQ - on nl - - ±k(e x -e)* 



+ 



Q 



Ie + 



c 0 (i - *M 
Q 2 

2ttC 0 (1 - <?M 2 



2C 0 (l - eh) 
- E = —RQ 

— k(e 1 — e) = 



The coils in Fig. 15-6, Page 307, are connected in series and to an external source of voltage 
E 0 sin <jit. (See Example 15.4.) Show that the equations of motion are 

(Af n + M 22 ) Q + 2£(Q cos B - Qe sin 0) - E 0 sin o>i = 

1 9 + £(Q 2 sin©) + he = 0 

Coil (1), Fig. 15-6, is replaced by a permanent magnet. Assuming that the magnetic field is uniform 
and constant and that the moving coil is connected as indicated on the diagram, write out L and 
show that the equations of motion are 

M 22 Q 2 + N 2 <i>& cos e — E 0 sin «i = —R 2 Q 2 , . le — iV 2 *Q 2 cos e + ke = 0 

where * is the total flux threading the coil for 6 = 90°.' 

Two permanent-magnet wall type galvanometers are connected as shown in Fig. 15-12 below. As- 
suming radial magnetic fields, show that the proper Lagrangian for the system is given by 
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+ N 2 <i> 2 Q 2 e 2 + (Q 1 +Q 2 )E 1 - Q 2 ) 2 /C - ^} - |fc 2 ^ 

where it is assumed that Af n and M 22 include the self inductance of galvanometer coils (1) and (2) 
respectively. Write out equations of motion. 



Assume radial field 




Permanent-magnet Wall Galvanometers 

Fig. 15-12 

15.7. Each plate of the variable condenser, Fig. 15-13, is free to move along a line ab without rotation, 
under the action of a spring and the electric field between them. Show that the Lagrangian for the 
system is - . 

L = ^(m^ + irta^-f MQ*) - \(k x x\+ k 2 x\) + EQ — %QHs ~ x x - x 2 )/A 

where A is a constant. Write out equations of motion. 



M 



Q 



v//Af////^ 



E 




l 02 




m 2 



Fig. 15-13 



15.8. The variable condenser and wall galvanometer are connected as in Fig. 15-14 below. Show that L 
for the system is 

L = l-^ + mia-f Mi1 q2 + M22 ^2 } + E x Q x - E 2 (Q x -Q 2 ) 

+ N<t>Qi& ~ %[kx 2 + (Q x -Q 2 ) 2 (s-x)/A + he 2 ] + mgx 

* • 

Write out equations of motion and from them determine steady values of Q lt Q 2 and equilibrium 
values of 9,x and Q 3 . Check relations by elementary principles. 
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:R t E, 



E. 



4 



Fixed Plate 



Fig. 15-14 

15.9. Referring to Problem 15.3, Fig. 15-11, show that equilibrium values of 0 and Q are given by 
0q = &i — C (i E 2 l2Trk i Q 0 — C 0 (l — 0q/tt)E: It can be seen from the physics involved that when the 
condenser is charged, 0 i > 0. 

Writing 0 — 0 O + a x and Q — Q 0 4- a 2t find equations of motion which determine the oscil- 
lations of 0 and Q about equilibrium values. 



15.10. Set up equations for the determination of the oscillatory motions of the system shown in Fig. 15-12 
about equilibrium values. See Problem 15.6. 

15.11. Referring to Fig. 15-12, 0 u 0 2 ,QuQa are each to be made to vary in a given manner with time. 
Torques r l (t),T 2 (t) are applied to the moving coils respectively. Replace the battery with an unknown 
source of voltage E x = E^t). Insert another voltage E 2 "=E 2 (t) in the left leg of the circuit. 
Find expressions for t u t 2 , E U E 2 which meet the stated conditions. 

15.12. Set up equations of motion for systems (a) and (6), Fig. 15-15, and show that they are equivalent. 
Assume viscous forces acting on bases of m x and m 2 . Also regard the dashpot as exerting a viscous 
force. 



Fn sin uf 



Dashpot 



a 3 



a z 



k 2 % 
V/ 



E = Eq sin at 





(a) 



Fig. 15-15 



15.13. The double pendulum, Fig. 15-16(a) (see equations (10.2), Page 206), consists of a heavy uniform bar 
(length r u mass M) and a slender light rod of length r 2 with the "particle" m attached. The upper 
bearing & x exerts a damping torque proportional to 0 and the lower bearing b 2 exerts another torque 
proportional to 4> — 0, The spiral pancake spring (with one end attached to the bar, the other to 
the rod) is undistorted for 0 = 0. In Fig. 15-16(6) the two coils have mutual inductance M l2 . 

Assuming 0 and <f> are small, show that equations of motion for these coordinates are exactly 
analogous to those corresponding to Q x and Q 2 (except for a constant term E). 




Qi M n 



ft 



E 



M 22 Q 2 



R. 



-vwv 



Fig. 15-16 
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15.14. In Fig. 15-17 the disk is mounted at the center of an elastic rod, the ends of which are rigidly fixed. 
Torsional constant of the rod and elastic constant of the coil spring are and k 2 respectively. 
Metal cylinders (masses and m 2 ), suspended from an insulating cord as shown, can move ver- 
tically in the fixed metal cylinders. Each rod and cylinder constitutes a variable condenser C x and 
C 2 respectively. M ii ,R u E u C 1 and M 22 ,R 2 ,E 2t C 2 are independent electrical circuits except that 
they are coupled by the mutual inductance M X2 . Show that T and V for this electromechanical 
system are given by 



- - 1 



2 r ^2 

2 



hQ\ hQ 



-J - Qi# 0 sin<o£ - E 2 Q< 



~~ V\) C Q2 (l 2 - y 2 ). 

if - &2\ 2 ~| 

where d = C Ql (l - yjl-^y C 2 = C 02 (l - t/ 2 // 2 ) , 2/i + 2/2 + * = & i = constant, r<9 + b 2 = 1/2- Write 
out equations of motion corresponding to y u y 2 , Q lt Q 2 . 



Elastic Rod, 
Torsional const. — k } 




Pig. 15-17 



15.15. Assuming E Q sin cot in the above problem replaced by a constant voltage, determine equilibrium 
values of y 1} y 2 ,Qi,Q 2 . Expanding V, (see (10.6), Page 207) about these values, set up equations of 
motion for small oscillations of the system. 
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16.1 General Remarks. 

Hamilton's "canonical equations" constitute another way of expressing dynamical equa- 
tions of motion and it will soon be seen that for a system having n degrees of freedom there 
are 2n first order Hamiltonian equations as compared with n second order Lagrangian 
equations. 

As a means of treating most applied problems the Hamiltonian method is less con- 
venient than the Lagrangian. However, in certain fields of physics (listed and discussed 
briefly at the end of this chapter) Hamilton's equations and the Hamiltonian point of view 
have been of great service. 

16.2 A Word About "Generalized Momentum". 

The quantity 8L/dq r is defined as the generalized momentum p r corresponding to the 
generalized coordinate q r , that is, 8L/dq r = Pr. (Note that if £'s occur only in T, 
dL/dq r — 8T/dq r — Pr) The following examples will show that for certain simple cases 
p rt as defined above, is a momentum in the elementary and familiar sense of the word. 

For a projectile, L may be written as L — \m(x 2 + y 2 -f z 2 ) — mgz from which dL/dx = 
mx = p x , p y = my, Pz = mz. Hence p x ,p y ,p z are just the familiar components of linear 
momentum. 

Referring to Example 5.7, Fig. 5-9, Page 88, 
dL/dk = Mk = Px, dL/dr = fxr = p r , dL/80 = ixr 2 9 - p B , dL/dj> = /xr 2 sin 2 0$ = p* 
where Px and p r are linear momenta while p& and are angular momenta. 

16.3 Derivation of Hamilton's Equations. 

The Lagrangian L = T—V is in general a function of qi, q 2 , . . q n ; qu hi, . . .,q n ;b 
Thus we can write 

dL = ± (^dq r + d ±dkr) + f t dt (16.1) 

But p r ~ and from -32 (^r) — ~ = F q (where F q is determined in the usual way 
dq r dtKdqr/ SQr r 

from all forces not taken account of by V) it is seen that BL/dq r — p r — F v Hence (16.1) 

becomes 

flT 

dL = £ f (Pr - F q ) dq r + Pr dqr] + -~r dt (16.2) 

r=i Ol 
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Next, eliminating p r dq r from above by the relation d(p r q r ) - p r dq r 4- q r dp r and rearrang- 
ing terms, (16.2) may be written as 

dL 



d 



n —i n j\j 



At this point it is important to note that p r = dL/dq r is, in general, a function of the q's, q's 
and t. (For any particular case this takes the form of an algebraic equation. For example, 
as previously given, dL/d$ = p^ = mr 2 sin 2 0 <£). By means of these n relations all veloci- 

n 

ties q u q 2 , . . ., q n can be eliminated from 5) VrQr — L in favor of the p's and q'&. Assuming 

r=l 

that this has been done, the Hamiltonian Function, H, is defined as 

n 

H = Y,Vrhr - L (164) 

r=l 

Now since this is a function of the p's, q's and t, 



dH = Z{ W d qr + -dpr) + -^dt (16.5) 
Comparing terms on the right of (16.3) with those of (16.5) it is seen that 

The first two relations in (IS.ff) represent 2n first order differential equations. They are 
referred to as Hamilton's canonical equations of motion. Solutions of these, with properly 
evaluated constants of integration, give each coordinate and each momentum as a function 
of time; that is, they determine the complete dynamical behavior of the system. (For a 
good discussion of appropriate expressions for L and_ H when forces due to electric and 
magnetic fields exist, see: D. H. Menzel, Mathematical Physics, Dover, 1961, pages 359-360.) 

It is well to note that H can usually be expressed in another and sometimes more con- 
venient form. Let us write (2.55), Page 27, as 



n n 



T = 2 2M«£r£. + *2B 8 q s + C = Ti + T 2 + Tz (16.7) 

r=l s=l s=l 

(As a specific example of this form of TV note that expression -(2.50), Page 27, can be 
written as 

T — h m [h\ + hi + 2gi <72 cos (/3 — a)] + m{[(^x + a x t) cos a 4- (v„ + a y t) sin ajo'i 
+ [(vi + a x t) cos /? + (v y + a y £) sin £]£ 2 } 

4- im[2(v x a x + v y Oy)t + (a2.+'aj)t 2 + v% + v»] 

Clearly the first, second and third terms are Ti,T 2 ,T3 respectively. In any particular case, 
when T is written out in full, Ti, T 2 , Ts can be recognized by inspection.) Hence, assuming 
dL/dq r = dT/dq r , we have 



n 



p r = dT/dq r = 2%A rs q s + 



s = l 
n 



and so 2 p r <J r = 2 2 E + 2 5 r9r = 2Ti + T 2 

r-1 r=ls=l r=l 
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Thus (16.4) may be written as H — 2T X + T 2 - (7\ -f T 2 + T 3 - 7) or 

- Ta - T 3 + V (16.8) 
If £ does not enter transformation equations, (see (2.21), Page 19), T 2 — T z — 0 and 

H — T + V. = £ — energy of the system 
For convenience, the most important relations are summarized below. 

n 

(a) H = J) Vrhr - L (164) 

(b) H = Ti — T 3 + V (16.8) 

These relations are correct even though external and dissipative forces may be acting. 

16.4 Procedure for Setting Up H and Writing Hamiltonian Equations. 

(a) Write out L = T — V. Express T and V in the usual way just as if Lagrange's equa- 
tions were to be applied. 

(b) Obtain, by carrying out the differentiations pi = dL/dqi, p% = dL/dqz, etc., n algebraic 
equations. These relations express the p's as functions of the q% q's, t. 

(c) Solve these equations simultaneously for each q in terms of the p% q's, t and eliminate 
the q's from (164) or (16.8). This gives H expressed as a function of the p's, g's, t only. 

(d) To obtain the Hamiltonian equations of motion perform the differentiations dH/dPu 
dH/dpz, . . ., dH/dpn and in each case the result is set equal to £1,(72, . . . ,<7n respectively. 
Likewise perform the differentiation dH/dqi, set the result equal to F Ql -~p u etc. We 
thus have 2n first order equations. Fq 2 , etc., are just the familiar generalized forces, 
found in the usual way except that conservative forces, as previously explained, are 
not included, 

16.5 Special Cases of H. 

(a) When conservative forces only, including those for which a potential energy function 
involving t can be written (see Section 5.11, Page 90), are acting, Fq r - 0. Hence 

9* =9 « Wr^ ^ {16 - 9) 

These are extensively used in many branches of dynamics. 

(b) If the system is a "natural" one in which there are no moving coordinates or constraints 
(t does not enter transformation equations), T 2 = T 3 = 0 [see (2.56), Page 27]. Hence 
T= 7\ and by (16.8), 

H = T + V = fitou, (16 JO) 

That is, under these conditions, H is the total energy of the system. However, in gen- 
eral, H is not total energy, 

16.6 Important Energy and Power Relations. 

From (lff.5), -g- - ]§ + — p r j + — . Applying 
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from which the following important conclusions may be drawn. 

(a) If the system is natural dH/it 0; and if no forces other than conservative are acting, 
F Qr = 0. So, as shown above, H = T + V = £ tofaI . Thus 

~ d ^dt &l ~ ® ° r <£lotal = constant (16.12) 

That is, the total energy of the system, r+ V, remains constant. (See Section 5.13, 
Page 91.) (16.12) expresses the law of conservation of energy for such systems. 

(6) If the system is natural and forces other thai} conservative are acting, (16,10) and 
(16.11) give 

n 

But 2 * s J us ^ the ra ^ e a ^ which all forces (not including those which are con- 

servative) do work on the system. Hence the time rate of change of <5 total is equal to the 
power delivered by these forces. 

16,7 Examples. The Hamiltoniati and Hamiltonian Equations of Motion. 

No moving coordinates or moving constraints. 

Example 16.1. The projectile. 

Regarding a projectile as a particle and axes attached to the earth as inertial, 

L — ^m(x 2 + y 2 + z 2 ) — mgz 

from which BL/dx ~ mx = p Xf p y = my, p z = mz (1) 

Hence, following Section 16.4, H ~ g~ (p| + pj) + p* ) + mgz (2) 

Applying (16.6) and neglecting air resistance, 

dH/dp x — pjm — x, dH/dp y = p y /m — y, 6H/dp z = pjm ~ z (3) 

SH/dx = 0 = -p x , dH/dy = 0 = SH/dz = mg = -p z (4) 

(Note that in the above, T = T t (T 2 = T 3 = 0); hence H = T + V = 6.) Relations (3) and (4) are the 
2n (six in this case) Hamiltonian equations. 

Differentiating (3) with respect to time and eliminating p x ,p y ,p z from (4), we have the usual equations 
of motion: 

mx = 0, wi/ = 0, mz = — m^r (5) 

Having integrated these we can, returning to (3), determine how the momenta vary with time. 

Note that relations (1) and (3) are exactly the same. Moreover, (5) are just the relations found by a 
direct application of Newton's or Lagrange's equations. Hence it is evident that Hamilton's equations are 
of no advantage in this problem. 

Example 16.2. A pendulum bob suspended from a coil spring and allowed to swing in a vertical plane. 
In the usual r, B coordinates; 

L .= %m(r 2 + r 2 8 2 ) + mgr cos 0 - %k(r — r 0 ) 2 

Hence dL/dr = p r = mr, QLlB$ = p e = mr 2 l (1) 

Thus by (164) or (16.8), 

H = ■+ ^ Pfl 2 ) " mflrr cos t + %k(r-r 0 ) 2 (2) 
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Applying (16.6), 



BH/$p r = p r /m — f, BH/BpQ = p 9 /mr 2 = 0 
dH/dr — —pZ/mr 3 — mg cos 0 + k(r — r 0 ) — — p 7 
BH/B0 = mgr sin 0 — —p B 



($) 
U) 

(5) 



Equations (3) to (5) are the Hamiltonian equations. Eliminating p r and p e from (4) by means of (#), and 
p e from (5) by (3), we obtain 

m r ~ mro 2 — mg cos 0 + &(r — r 0 ) = 0 (6) 



mr 2 e + 2mrr0 + mgr sine = 0 
A simultaneous solution of (6) and (7) gives each coordinate as a function of time. 



(7) 



Note that (6) and (7) can be obtained with considerably less effort by a direct application of the 
Lagrangian equations. 

Example 16.3. The Hamiltonian for a central force problem. 

Two uniform spheres, Fig. 16-1, of masses m lt m 2 are free to move in space under the action of their 
gravitational attraction; no external forces are applied. Treating the spheres as particles, the reader may 
show without difficulty that 



i(m t + m 2 )(x 2 + y 2 + z 2 ) 4- %ft(r 2 + r 2 e 2 + r 2 0 2 sin 2 0) + Gm x m 2 lr 



(1) 



where x,y,z are inertial coordinates of cm., r,0,<f> are spherical coordinates measured relative to the non- 
rotating X'Y'Z' frame, r — r x + r 2 is the distance between centers of the spheres, G is the gravitational 
constant, and the "reduced mass" fi = m l m 2 /(m l + m^). 



Z 



Inertial 



r ~ r 1 4- r 2 





X',Y',Z' with origin at cm. remain 
parallel to the inertial X lt Y u Z l axes 



Particles ?nj and m 2 are free to move in space under 
the action of an attractive inverse square force. 



Yi 



WW 



f /% 



Fig. 16-1 



Applying (16.8), the Hamiltonian is 



H = 



2(m 



Gm 1 m 2 



(2) 



and applying (16.6) the twelve Hamiltonian equations follow at once. It is suggested that from these 
twelve the reader eliminate the p's, determine the six equations of motion and compare with those obtained 
by a direct application of Lagrange's equations to L. (It is seen that for this example T 2 = T 3 = 0; thus 
H = T + V = £.) 



Example 16.4. Hamiltonian for the double pendulum shown in Fig. 2-10, Page 1U. 

The following example illustrates well the general form taken by the p's and the fact that finding an 
expression for H is not always as simple as previous examples might lead one to believe. 

For the double pendulum with masses suspended from light coil springs having constants k u k 2 and 
motion confined to a plane (see equation (242), Page 24), 
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L = ^(Wi 4- m 2 )(r\ + r 2 0 2 ) + %mjf* + r 2 ^ 2 + 2(^8 + n*2*£) cos - $) 

+ 2(r 1 r a 5 - r 2 r x $) sin (0 - *)]. + {m t + w^fl^i cos $ (1) 

+ Phffr 2 cos<p - JfciCrj-Ji) 2 - ifc 2 (r 2 -i 2 )2 

where Z x and / 2 unstretched lengths of the springs. Hence we have the following expressions for the 
momentum corresponding to r u r 2 , 8 , <p respectively. 

dL/dr x — (m 1 + wi 2 )^i + m 2 r 2 c °s — 0) — ni2 r 2$ sin — $) — p r ^ (2) 

SL/dr 2 — m 2 r 2 + m 2 rj cos (<t> — 0) + m 2 r i* sin {</> — 0) — p r (3) 

BL/de = (wij + m 2 )r 2 e + wi2 r i r 20 cos (0 — 0) + w^r^ sin (<p — 0) = p 0 (4) 

— ^2*20 + rn^r^i cos (<f> — 0) — m 2 r^r l sin (<f> — 0) = p^ (5) 

Note that p ri , for example, contains r lt r 2 ,4>' t etc. Hence in order to find H we must solve the above 

four equations simultaneously for r lf r 2 , 0,0, each in terms of the p's and coordinates. Having done this, 
these velocities can be eliminated from (16.8) giving, finally, the proper expression for H. Hence in certain 
cases the matter of finding H becomes a bit involved. No further details need be given. 

Example 16.5. The Hamiltonian for a Top. 

As shown in Example 8.14, Page 159, the Lagrangian for a top with tip stationary is 

L = %[I X (0 2 + ft sin 2 0) + 1 Z Q> + f cos 0) 2 ] - Mgr cos 0 (1) 

from which 

Pe = I J, = h(<t> + i cos 0) t p$ = J x i sin 2 0 + l z (4> + 4, cos 0) cos 0 (2) 



Eliminating from r + V by (2), we have 

r Ve , (P* - J>* cos *) 2 , pi" 1 



» = 1 



_ 4. :iz zj: : ^, 

I r It sin 2 0 I. 



+ Mgr cos 0 (3) 



Applying relations (16.6), the Hamiltonian equations follow at once. 

Note that in this case, p^ — 0, p^ = 0; hence p$ = constant, p^ = constant. (The same results fol- 
low at once by applying Lagrange's equations to L.) 

Example 16.6. Hamiltonian equations for the pendulum of Example 16.2, Page 319, assuming a viscous 
drag on the bob. 

For this problem H is exactly as given by (2), Example 16.2. The power function can be written at 
once (see Section 6.9, Page 105) as P = — -|a(r 2 -f r 2 e 2 ) where a is the coefficient of viscous drag on the bob. 
Hence applying (16.6), 

dH/dp T — p r /m — r, dH/dp e = pjmr 2 — 9 

(as before) and 

dH/dr = —ppmr* — mg cos 0 + k(r — r 0 ) = ar — p T , dH/de — mgr sin 9 — ar 2 0 — p d 

16.8 Examples of H for System in which There Are Moving Coordinates 
and/or Moving Constraints. 

Example 16.7. 

Referring to Problem 2.20, Fig. 2-29, Page 36, let us assume that the vertical shaft has constant 
angular acceleration, so that e = 8$ + at + ^atK The kinetic energy of the bead is 

T = im[(l + 4a 2 r2)r 2 + r 2 ^ + at) 2 ], and V - mgar 2 
(Note th*t T - T x -¥ T z , T 2 = 0.) From the above, dT/dr ~p r ~ m(l + 4a 2 r 2 )r. Thus we can write 

The same expression for H can, of course, be found from equation (I64). 

In "all previous examples of this chapter, £T — T + F = However, here H ¥= € since £ enters 
explicitly into transformation equations of the form (2.21), Page 19. 
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Example 16.8. 

Referring to the example given on Page 27, note that expression (2.50) can be grouped at once in the 
form f = T x -h T 2 + T s , from which 

dT/dq x — m[q x + q 2 cos — a)] 4- + a x i) cos a + -f a H <) sin a] = p Qi 

with a similar expression for p q . Eliminating q x and q 2 from T x — T 3 + V, we have the Hamiltonian i/. 

The form of H is not simple, but the above demonstrates well the general basic techniques. The reader 
can show that the same expression for H can be obtained from (164), and that H ¥* T + V. 

16.9 Fields in which the Hamiltonian Method is Employed. 

As previously stated and as can now be seen from the various examples, this method 
of treating most applied problems is considerably less convenient than the Lagrangian. 
However, the Hamiltonian approach is used to great advantage in various other fields. 
As a matter of general information, the most important of these are listed below with 
brief comments and certain selected references. 

(a) Transformation Theory. 

The simplicity of equations of motion and ease with which they can be integrated 
depend to a large extent on the coordinates employed. It is sometimes possible to select 
by insight, intuition or trial and error a set of coordinates which render the integration 
less complex. General transformation theory, in which the Hamiltonian equations play 
the leading role, treats of a systematic method of making such transformations. See: 

C. Lanczos, The Variational Principles of Mechanics, U. of Toronto Press, 1949, chap- 

ters 7 and 8. 

H. Goldstein, Classical Mechanics, Addison-Wesley, 1950, chapters 8 and 9. 

E. T. Whittaker, A Treatise on Analytical Dynamics of Particles and Rigid Bodies, 
Dover, 1944, chapter 11. 

(b) Celestial Mechanics. 

An exact determination of the motion of planets about the sun or of artificial satel- 
lites about the earth cannot be obtained because of difficulties in solving the equations 
of motion. Hence specialists in celestial mechanics are greatly concerned with perturba- 
tion methods of finding approximate, yet acceptable, solutions. Perturbation theory 
is closely related to the transformation theory mentioned under (a). See: 

T. E. Sterne, An Introduction to Celestial Mechanics, Interscience, 1960, chapters 4 and 5. 

H. C. Corben and P. Stehle, Classical Mechanics, John Wiley, 1950, pages 306-312. 

0. Dziobek, Mathematical Theories of Planetary Motion, Dover. 

D. Ter Haar, Elements of Hamiltonian Mechanics, North Holland, 1961, pages 146-166. 

(c) Statistical Mechanics. 

Since a general solution has not been found for even the relatively simple "problem 
of three bodies" (see above reference to E. T. Whittaker, chapter 13), it is clear that a 
determination of the exact motion of every individual molecule in a gas composed of 
say 10 23 "elastic golf balls", is completely out of the question. Nevertheless, statistical 
methods in which Hamiltonian dynamics plays an important part have been used 
extensively for the determination of certain "average" properties. See: 

R. C. Tolman, The Principles of Statistical Mechanics, Oxford U. Press, 1938. 
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(d) Quantum Mechanics. 

Hamiltonian dynamics plays a very important role in the development of quantum 
mechanics. Indeed, it is a necessary prerequisite to a study of this subject. Excellent 
introductory treatments of the basic principles and methods of quantum mechanics 
are given in the following references: 

C. W. Sherwin, Introduction to Quantum Mechanics, Henry Holt, 1959. 
P. Fong, Elementary Quantum Mechanics, Addison-Wesley, 1962. 

R. H. Dicke and J. P. Wittke, Introduction to Quantum Mechanics, Addison-Wesley, 
1960. 



Problems 



A. Problems in which t does not enter the transformation equations. 

16.1. Show that the Hamiltonian for the simple spring- 
mass arrangement, Fig. 16-2, is H = \p\lwi + ^k%K 
Write out the Hamiltonian equations. 



16.2. Referring to Example 3.3, Page 45, show that H 
for the mass m, Fig. 3-1, is 

H = £(Pr 2 +Pa/r 2 )M + $kr* 



For x = 0, spring 
un stretched 



Smooth 



Fig. 16-2 



16.3. Show that H for the bead, Problem 3.5, Fig. 3-5, Page 52, is given by 

+ mgz 



H - I f Pi 1 
2m 1_1 + a 2 (l + 6 2 z 2 )J 



16.4. Show that the Hamiltonian for the two masses in Fig. 2-8, Page 13, employing coordinates y 1 and 
Vs> is 2 

(Py, + PyJ 2 Pl s 

2m ' + 2m~ + m & y i + m ^(V\ - Vz) + \Hvz ~ k) 2 



H 



Write out the Hamiltonian equations. 

16.5. Show that H for the pulley system, Example 5.3, Page 87, Fig. 5-6, is 

BPy* -f 2Cp y Py 0 + APyl 

H = 2(AS-C 2 ) + migVl + m2ffV2 + i fc ^ C i"^-y 2 + %k 2 (2y 2 ~ yi ~C 2 -l 2 )2 

where A - m l + I 2 IR% B = m 2 + IJR 2 + I^ R t> C = c i and C 2 are constants; l x and l 2 

are unstretched spring lengths. Write out the Hamiltonian equations. 

16.6. Referring to Example 5.5, Fig. 5-7, Page 88, show that H for the three masses, motion confined 
to a plane, is (V not approximated) 

1 3 Py- 1 4 

h = |2^r + |2 WKir, - »i-i) 2 + S ?F 2 - s >} 2 (V4 = 2/0 = 0) 

^ i=l m i «. j-l 



16.7. Show that H for the pendulum, Problem 4.10, Fig. 4-13, Page 75, is given by 



H 



P 2 



2(m 1 r 2 1 -hm 2 r l 2 ) 2m 2 



+ + ^k(r 2 - l 0 ) 2 - (m x r 1 + m 2 r 2 )g cos 6 



Show that the equations of motion given in Problem 4.10 can be obtained from the Hamiltonian 
equations. 
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16.8. The three masses (spheres), Example 4.5, Fig. 4-5, Page 65, are allowed to fall freely through a 
viscous liquid. Coefficients of drag on the spheres are a it a 2 , dg respectively. Neglecting drag on 
the springs, buoyant effects and virtual mass due to liquid, show that H in coordinates y, q lt q 2 is 
given by 



H = 



p 2 C Pqi + 2Dp qi p q2 + Bp 



2M 



+ 



^2 



2(BC-D*) 



+ Mgy + IMffr+ft-y 2 



Q2 - k 



where B = m l (m 1 + m 2 )/m 3i C = m 2 (m 2 + m 3 )/m 3 , D = m x m 2 hn [it . Write out the power func- 
tion P power and the Hamiltonian equations of motion. 



16.9. Set up H and write the Hamiltonian equations of motion for the system shown in Fig. 8-5, Page 
146. Note that p^~p^~ 0. 



H = 



(P* ~ P<f> cosfl) 2 p$_ 
2[/+ (I x + Ms 2 ) sin 2 *] 2I Z 



16.10. Assuming viscous drags —b^, —b 2 x 2 on m i an d m 2 respectively, Fig. 16-3, write the Lagrangian 
equations of motion. Determine H, write Hamiltonian equations and show that from them, equations 
can be found which are the same as those obtained by the Lagrangian method. 

H = p\ /2m 1 + plJ2m 2 + $k 1 x\ + %k 2 (x 2 -x 1 )*, P = -£(6^?+ b 2 x\) 




For =$ 2 = 0 t springs unstretched 
Fig. 16-3 



B. Problems in which moving coordinates and/or moving constraints are assumed. 

16.11. Referring to Example 3.6, Page 48, Fig. 3-4, and assuming that the table and rod are moving as 
indicated in obtaining the second expression for T, show that the Hamiltonian for m is 

H - pll2m - ^mr 2 0o«2 cos 2 w 2 f - Jwto 2 [ s -f r sin (0 O sin w 2 £)] 2 + mgr cos(0 o sinw 2 <) 

Show that H ¥= £. 



16.12. Determine H for the pendulum, Problem 3.17, Page 54, Fig. 3-11. Write the Hamiltonian equations. 

[» 9 + m(l — A sin o)t)Au> cos tot sin $] 2 

H - — ^-77 jr~ 9 - W^2 W 2 COS 2 bit(l - COS 0) 

2m(l — A sin at) 2 
— mg[Av cos at + (I — A sin wi) cos 0} 

. p^Au> cos ut cos 0 

» fl = mA 2 o) 2 cos 2 at sin 0(1 — cos 0) — — 77 - A — -. mg(l — A sin w<) sin 0 

0 (I — A sin wi) 

, P0 + m(l — A sin wi)Aw cos at sin 0 

# — : ■ 

m(l — A sin at) 2 

16.13. Write H for the pendulum shown in Fig. 4-19 (l) t Page 79, in terms of coordinate 0. Show that 

H ^total- 

2 
p e 

H = 2m(r 0 -vt- ^2)2 ~ + *t) 2 ~ ™9r cos 6 
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16.14. Determine H for the pendulum, Problem 3.23, Fig. 3-14, Page 55. Is it true that H £ total ? 

(Pa + P<f>) r sin o + (Pd, cos <P + Pe sin e cos e sin 0)s n ^ 2 



fp^ sin 2 6> f 



mr 2 sin 3 0(2r 2 + s 2 sin 2 0) 
(Pa +.P(f>) r sin 0 + (p^ cos <p + p e sin <9 cos e sin 0)s~|] 2 



P 

— |m(s 2 + r 2 sin 2 e + 2sr sin 0 cos <p) 

— m#r cos 0 



mr 2( 2r 2 + s 2 sin 2 0 ) 

(p« ~ sin e + (p^ cos + p e sin 0 cos e sin 0)s~| 2 
mr sin 3 0(2r 2 + s 2 sin 2 0) I 



16.15. Referring to Fig. 14-2 and expression 0*44), Page 283, show that, taking account of the earth's 
rotation, H is given by 

H — -|m{ [p x + mo3 e (y sin * — z cos — mu^fi] 2 + (p y — m^x sin <f>) 2 + (p z + m<* e x cos *) 2 } 

+ ±m<4[x 2 + 2/ 2 sin 2 * + (fi + z) 2 cos 2 * - 2y(R + 2) sin * cos + V(z, 2/, z) 

p x + mw e (y sin * — 2 cos *) — mw e i2 

x = , etc. 

m 

Px " (Py sin* — p z cos*)a) e — 2mw|a; — dV/dx, etc. 

16.16. Starting with the expression given for T in Example 4.8, Page 67, Fig. 4-6, show that 
H = Hp r hr- L = - Z3 + V and that H * <S total . 

16.17. Assuming that the hydrogen atom, Fig. 16-4, is in field-free space, set up the classical Hamiltonian. 
Write out the Hamiltonian equations of motion. See Example 16.3, Page 320. 



I 



: . m 

11 



Im;rtiaJ 



V 



Proton Mass M 
Charge Q 



■ : 1:1; . . ■ : ■ .■ ■ ■ :■ '■ '■■ ■■■■ ■ ; 



Electron Mass m 
Charge e 




Hydrogen Atom 

Fig. 16-4 



^1 



16.18. Show that the Hamiltonian for the system of Problem 15.7, Page 313, is 



16.19. Applying the relation H = 2 PAr ~~ ^> show that H for the electromechanical system of Problem 
15.8, Page 313, is 

H - |[p^// + p|/m + (p Qi -iV^)2/M n + p| 2 /M 22 ] + V(z,e,Q u Qs) 



CHAPTER 



17 



Hamilton's Principle 



17.1 Preliminary Statement. 

With the hope of making clear the mathematical as well as physical basis on "which 
Hamilton's principle rests, the following material is included: (a) A statement of certain 
illustrative problems; (b) a brief treatment of some necessary techniques in the calculus 
of variations; (c) solutions to problems proposed in (a); (d) derivation of Hamilton's prin- 
ciple by the calculus of variations method and again from D'Alembert's equation; (e) various 
specific examples illustrating principles of the calculus of variations and Hamilton's 
principle. 

In order that the reader may have a broader view of the usefulness of Hamilton's prin- 
ciple, a brief discussion of this topic together with a list of suitable references are included. 



17.2 Introductory Problems. 

As a means of introducing important preliminary ideas let us first consider, in so far 
as we can at the moment, the following specific examples. 



Example 17.1. 

Referring to Fig. 17-1, suppose that co- 
ordinates x lt Vi and x 2 , y z of points p t and 
p 2 respectively are given, to find the equation 
of the shortest line passing through these 
points. As indicated on the diagram, an 
element of length ds of any line, regardless 
of its shape, is given by ds = (dx 2 + dy 2 ) 1/2 = 
[l + (dy/dx) 2 ]V 2 dx. Hence I, the length of 
any line from p x to p 2 , is given by 

. I > C* [1 + (dy/dx) 2 ] 1 ' 2 dx (1) 

But what is the shortest line connecting these 
points? The problem reduces to one of find- 
ing a relation between y and x, y ~ y(x), 
such that (1) is a minimum. 



Y 




Fig. 17-1 



Example 17.2. 

In Fig. 17-2 below a bead of mass m is free to slide down a smooth rigid wire under the action of 
gravity. What shape must the wire have [what is the relation between y and x, y — y(x)] such that the 
time required to slide from a given point p^x^yi) to 2>2( x 2>#2) * s a minimum? 

Note that for any path connecting these points, the time interval is given by t = J —, where 

pi 

ds - (dx 2 + dy 2 ) 1 ' 2 and v is the instantaneous velocity of the bead. Since here energy S is conserved, 

£ = |mv 2 + mgy = \mv\ + mgyi = constant 
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Thus v = [v* — 2g(y — y t )] 1/2 where v t and y t are known values at point p t . Hence we may write 

r 1 + (dx/dy) 2 l 1 ' 2 
' = J V1 U-2 g{ y-y 1 )\ dV 

The problem now is, of course, to find a relation between y and x such that (2) is a minimum. 

Bead m released with velocity v 1 at pj 
slides down a smooth rigid wire to 
point p 2 - To find the shape of the 
wire, y = y(%), for which the time of 
descent is a minimum. 



0 



1 + {dxldyf- -1 




^2- 1/2 given 



A, = vV2g 



7777777, x 



/ * 

f \ , 


#2> ( / \ 






X 


Range i? 


= 2v x v y /g 





Fig. 17-2 



Fig. 17-3 



Example 17.3. 

Referring to Fig. 17-3, the ball is thrown upward with initial velocity v at an angle e. As shown by 
elementary principles, it takes a path determined by 



x - v x t y y = v v t- ig& 



(S) 



where v x and v y are components of v. 



Looking ahead at what is to follow, we ask ourselves: what are the relations x = x(t), y = y{t) such 
that the following integral 



J = J Ldt = J [£m(ae* + y*) 
has a maximum or minimum value, where L is the usual Lagrangian? 



mgy] dt 



U) 



As will soon be shown and as doubtless the reader has already guessed, relations (3) are just the 
required expressions. 

Completion of the above three examples requires certain methods of the calculus of 
variations. We shall return to them at the end of the following section. 



17.3 Certain Techniques in the Calculus of Variations. 

Consider the more general type of problem in which some function <f>(x, y, dy/dx) is given, 
to find a relation between y and x, y — y(x), such that the following definite integral 



J-»x 2 
4>{x, y, dy/dx) dx 



(5) 



has an extreme value (maximum or minimum). 

Referring to Fig. 17-4 below, suppose that the solid line, y = y{x) } represents the de- 
sired relation. Let the dotted line represent a slightly "varied path" where for every point 
p(x, y) on the solid line there is a "corresponding point" p(x, y v ) on the varied path. Co- 
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0 



y v — ordinate of point 
on varied path 

Vv — y + «/(&) 



6 \ 



Slightly varied path 
Vv = V + 




Solid line, y~y{x), assumed to be the one 
for which ^ <t>(x, y, y') dx has extreme value. 



X 



Fig. 17-4 



ordinate x is wo£ varied and y v = y + 8y as shown. As a means of representing the varied 
path let 

y v = a/Or) + e /(a0 (<?) 

where e is an arbitrary small quantity (an "infinitesimal parameter") and f(x) is an arbitrary 
differentiate function of x which, for reasons to follow, is assumed to vanish at points a 
and 6. To illustrate the above important procedure suppose e is a small number, say 10~ 6 , 
and that f(x) f meeting the above requirements, never reaches values large compared with 
y(x). It is then clear that (6) represents a line very close to the solid line. Indeed if c is 
taiken sufficiently small, (6) is "close" to y(x) regardless of what finite values f(x) may assume. 

It is here important to note that by assigning various values to e, for a given f(x) t (6) 
represents a family of curves in the neighborhood of y = y(%). 

Now suppose an integral corresponding to (5) be taken along the varied path. That is, 

V v , dyjdx) dx (7) 
where y v is given by (6). For convenience in what follows, we write 

iy = v v - y(x) = «/(«) (*) 

and dyjdx = y* v = y'(x) + £ f'(x) (9) 

where y'(x) — dy/dx and f'(x) =^df'/dx. 

The definite integral (7) is a function of e only; and the condition that (5) have an 
extreme value is that, regarding c as variable, 



dSJde = 

Differentiating (7) under the integral sign, 



0 for 



0 



d^ 

de 



r X2 yb±_^ d^$K 

X x ldy v By' dc 



Butfor £ =0, — = — = — and in any case, 



dx 



fix). 



(10) 



(11) 



de 



= f'(x). Hence (10) 



may be written as 
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Noting that 



52/ 

(22) can be put in the form 



Assuming /(a;) so chosen that it is zero at a and b, the first of (14) is zero. Then for 
convenience we multiply (14) by €, apply (8) and write 

s:{[im-m^ - » 

Here 8?/ is arbitrary for all values of a; from £i to x%. For example, 87/ may be chosen 
positive over any one or more regions and negative over the remainder. Hence (assuming 
for the moment that the expression in brackets in (15) is not zero), if we choose By positive 
where the expression in brackets is positive and negative where it is negative, integral (15) 
is not zero. Therefore (15) can be zero for all possible choices of By only under the con- 
dition that 

.£-(*£) _ -«4 = o (18) 
dx\dy'J By yi0} 

This then is a differential equation, the solution of which furnishes a relation between 
y and x, y — y(x), such that when substituted in (5) gives this integral an extreme value. 
(Note the resemblance to Lagrange's equation.) 

Integral (15) can be put into another useful form as follows. Multiplying (12) through 
by the infinitesimal quantity e and writing 

we have 8<J = + = 0 



which can be written as 



8S = f \[<}>(x,y,y')]dx = 0 (17) 



Specific examples to follow will give more meaning to (15) and (17). 

The above results may be extended to the case of n dependent variables 2/1,2/2, . . . ,2/n 
and an independent variable x. (Details are not given.) That is, considering the function 

J*x 2 
$ n dx have an extreme value is 
Xj 

d = 0 r = i f2f ...,n (i7.2) 



dx\dy' r J fy r 
or what amounts to the same thing, 



BS = f'afojds - 0 



330 



HAMILTON'S PRINCIPLE 



[CHAP. 17 



17.4 Solutions to Previously Proposed Examples. 

We are now in a position to complete Examples 17.1, 17.2 and 17.3. 

Solution to Example 17.1. 

Comparing equations (1) and (5) it is seen that ^ = (1+.#' 2 ) 1/2 (a rather special case since it contains 

only y'). Applying relation (12) and noting that ^ = 0, ~ (^/) = 0 or ~ c i ~ constant. Thus 

d<p/dy' = (1 4- y ,2 )~ 1/2 y' = c t from which y' — dy/dx = Cj/V 1 — c\ — c 2 . Integrating this we obtain 
y = c 2 x 4- c 3 , the equation of a straight line which, for properly chosen values of c 2 and c 3 , will pass 
through the selected points a and b of Fig. 17-1. (For finding the shortest distance between two points on a 
cylinder see Example 17.4.) 



Solution to Example 17.2. 
As seen from (#), 0 = 



1 + x 



,2 



,2 _ 



1 

2g(y~y 1 )j 



1/2 



where x' = dx/dy. We shall here regard y as the in- 



dependent variable. Thus 4~ ( ~^T7 }~ = 0- Now since ~~ = 0, we have (4^7 
constant. But dy \ d * ' 8x Bx dy \ dx 



0 or ^7 = 0,- 



d$ _ X_ 

dx 1 - {(\ + x> 2 )lvl + 2g( yi -y)]}V2 



/ v 2 /2g + yi -y \ 1/2 v 2 x 

from which x' = { 1/2gc * _ v 2 /2g _ yi + y ) ■ Now writing c 2 = ^ + y v c 3 = ^ - c 2t 

c 2 -y \ 1/z 
c 3 + y J 



dx 
dy 



(18) 



which is the differential equation relating x and y. In order to integrate (18) we make the following change 
of variable: 

c 2 — y = R(l — cos a) (19) 

where R = (c 2 + c 3 )/2, from which c 3 + y = R(l + cos a) and c?2/ = — R sin a c?a. Putting these results 
into (18), we obtain 



1 cos \ 1/2 

dx = — J? ( — ; — ) sin a da = + R(l — COS a) da 



s 1 + COS a 
which integrates at once to give 

x = x 0 4- — sin a) where x 0 = constant 

Hence the parametric equations of the path of most rapid descent are 

x = x 0 + R(a — sin a), y = Vo ~ R(l ~~ cos «) 

where y 0 = c 2 = Vi/2£r + j/j. 



V////////////////////////////////////. 




Disk Z) rolls without slipping along aft. 
Point p' attached to disk traces the cy- 
cloid ABC, expressed by 

y = y Q — R(l — cos a) 
X = x Q + R(a — sin a) 



P\fa\tVi) and p 2 (s 2 , # 2 ) ar e the selected points. 
v l — velocity of m at p v 



Fig. 17-5 
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The reader may show that the curve ABC, Fig. 17-5 above, traced by point p r attached to the disk, as 
the disk rolls without slipping along line ab, is represented by equations (21). Hence the "brachistochrone" 
(path of shortest time) is here a cycloid. 

For any specific problem (one for which values of v t ; x 1 ,y 1 ; x 2 ,y 2 are given), R and x 0 (y 0 — c 2 = 
vf/2g-+Vi is not arbitrary) must be so chosen that the cycloid passes through p 1 {x 1 ,y 1 ) and p 2 (x 2 ,y 2 ). 
That this can be done and that the path is unique is shown by: W. D. Macmillan, Statics and Dynamics of 
a Particle, Dover, 1958, Page 328. 

Solution to Example 17.3. 

Comparing expressions {£) and (5), we write 

<p = L(x,y,x,y,t) = £m(£ 2 + y 2 ) - mgy 
where t is taken as the independent variable. Applying (17$), 

<L7Hk\ _ Ok a — f _ Ok - 

dt{dx) dx ~ °' dt{ d yj dy ~ 0 (22 > 

(which are obviously Lagrange's equations). These give mx = 0, my + mg — 0 and finally, by integra- 
tion, x = v x t, y = v y t — j^gt 2 which are just relations (S). That is, the relations between x and t and y 

J%t 2 s*t 2 
L dt an extreme value or I SLdt = 0, are determined by Lagrange's equations. 

17.5 Hamilton's Principle from the Calculus of Variations. 

Notice that the general type of Lagrangian L = L(q u . . q n ; q u . . q n ; t) has just the 
form of 4> in equation (17.1) where q t corresponds to y v etc., ^ to y[ t etc., and t to the in- 
dependent variable x. Hence it follows that 

3 = f* L(q 1 ,...,q n iq l ,...,q n ;t)dt = C(T-V)dt (174) 
has an extreme value or 



8 [L(q v ...,q n \q v ..., q n ; t)] dt = 0 (17.5) 



Pr0VidGd li(w)~W r = ° '= I.*..".* ("•*> 

That is to say, when solutions of (17.5), ■ q'i = gi(*), q 2 ~q % (t), etc., are substituted into (17.-4) 
this integral has a maximum or minimum value. But (17.6) is just a familiar form of 
Lagrange's equations. Hence it can be said that the motion of a system, determined by 
Lagrange's equations, is such that the integral (174) has an extreme value or that (17.5) 
is zero. 

Relation (17.5) is one form (not the most general) of Hamilton's principle. 

In the following section we shall derive Hamilton's principle, in a more general form, 
making use of D'Alembert's equation. 



17.6 Hamilton's Principle from D'Alembert's Equation. 

A considerably better understanding of the physics involved in the steps leading to 
Hamilton's principle may be gained from the following derivation than from the one just 
completed. However, each approach makes a worthwhile contribution to a general under- 
standing of the principle. 

For the sake of clarity the derivation is divided into the following steps. 

(a) Consider a system of p particles having n degrees of freedom and moving through space 
under the action of various types of forces'. Following exactly the ideas expressed in 
Section 4.2, Page 58, (which should be reviewed) we copy below equation (A.2): 
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v . v 

^ miixiBXi 4- yiSyt + %8*) = J) (F H »Xi + F^tyt + F g .8^) = BW^i (17.7) 

i=l i=l 

where, insofar as the validity of (17 J) is concerned, the "virtual displacements" Bx it By if 
8Zi are completely arbitrary. However, just as in the derivation of Lagrange's equations, 
we shall assume that Bx if By it Bz { are displacements in which t does not vary. See Example 
3.5, Fig. 3-3, Page 47. 

(b) Suppose that at time U one of the particles m { is at point A, Fig. 17-6. At a later time, 
moving in accord with Newton's laws, it arrives at C along an "actual path" ABC. All 
other particles of the system follow their own paths during this interval, but attention 
need be given to m { only. 




Fig. 17-6 



Now regard ABC as divided into infinitesimal intervals by points pi, p% y . . . . As- 
suming mi at pi at time ti, imagine it given an arbitrary infinitesimal displacement Ss 
from pi to the "varied point" p[. Components of 8s, as shown on the diagram are 
Bx, By, Bz. For every point on ABC we locate in this manner a varied point. The path 
AB'C determined by the varied points p' v p' 2 , ... is referred to as the "varied path". It 
should be remembered that Bx, By, Bz have exactly the same meaning as the virtual dis- 
placements used in the derivations of Lagrange's equations in Chapters 3 and 4. 

(c) Just as in Section 17.3, [see equation (6)), we write 

x v = * + v v = v + nfM> v= * + «,/.(*) (*') 

where x v , y Vf z v are coordinates of a point on the varied path and x, y f z those of a cor- 
responding point on the actual path. e x , c 2 , €3 are again infinitesimal quantities, here re- 
garded as constants. f x (x), f 2 (y), f 3 (z) are arbitrary differentiate functions of x, y, z 
respectively but so chosen that at A and C, Bx — By = Bz — 0. 

We now define the following variations, 

Bx = x v — x, B(dx) — dx v — dx, Bx = x v — x (24) 

where x — dx/dt, x v — dxjdt, dx v — dx 4- c x d[f t (x)]. Hence from (28) and (24) it follows 
that 

d d 

Bx = h f x (x), B(dx) = e^f^x)], Bx = ^ — [ffo)] = —(& x ) (25) 

and corresponding relations are of course valid for By, Bz, etc. Note that the above are 
true for arbitrary differentiate functions fi(x) etc. 
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(d) Next let us consider the first term of (17.7). By the product rule of differentiation this 
can be written as 



But by (25), ^_(SXi)-Sx. Then miXi^j($Xi) — miXi&Xi = imiSif and 



d 



BXi(miXi) = ^-(m^S^) - iWiSZi 

Similar expressions follow for m'yiSyi and mHiBzu 

Thus on eliminating m^S^i, etc., from (17.7) and rearranging terms, we have 



(27) 



1=1 



+ S^total 



eft 



Multiplying through by dt and integrating between the limits of to and t f (the time to go 
from A to C), (28) becomes 



J%t f p 
[ST + 8Wtot*i\ dt = 2 m^iiSxi + ^8^/. + ^8^) 
t 0 " i=l 



(29) 



(e) Hamilton's Principle. Assuming as above mentioned that at A and C, Bxi = 8#i = 82i = 0 ; 
the term on the right of (29) is zero. Thus 



f (ST + fV8<7i + fVSga + ... +. f^S?™) <ft = 0 

+S tn 



(17.8) 



which is a very general form of Hamilton's principle. F Qr are the usual generalized 
forces due to any type of applied forces. They may, if superfluous coordinates are in- 
troduced into T as described in Chapter 12, include forces of constraint. 



If all forces are conservative, BW t ot&\ — — SV and 

f ' S(T-V)dt = f SLdt = 0 
which is just the form (17.5) previously obtained. 



(17.9) 



17.7 Lagrange's Equations from Hamilton's Principle. 

Note that, holding t constant, 

ST 1 = 2 £-8 Qr + 2 (30) 
dq r r =i dq r 

Eliminating Sq r from the second term by Sg r = ^( s< 7>-) and integrating the second term of 
(30) by parts, we get 



C*' ^ afj,, s ^ dT - c f' d /dT\ , 

I 2-p-d(*q r ) = I-r8«r - ) 2 -r-A-p- )8q 
J h r =i dq r r=idq r a «A 0 Lr=i dt\dq r / 



dt 



(31) 



But y! (tv- )Sq r \ = 0 since all variations at A and C are assumed zero. Hence (17.8) 



can be written as 
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n?,( 



d dT dT . 



dt = 0 (17 .10) 



- s: 



This integral must be zero for completely arbitrary values of iq u 8<? 2 , ...,<$<?„ along the 
paths. Hence suppose that all 8<?'s except say 8q r are set equal to zero. Then, in accord 
with the argument given before equation (16), Page 329, it follows that the coefficient of 
8q r must be zero. Hence in general, 

±/dT\ _ 

Similarly, the form ^(^)~|^~ = 0 follows at once from (17.9). 

From the above it is clear that, given Hamilton's principle, together with an under- 
standing of T, V and F Qr , Lagrange's equations, Newton's second law equation, etc., can be 
derived. Hence, if so desired, Hamilton's principle may in this sense be considered the basis 
of analytical dynamics. See references on Page 336. 

17.8 Specific Examples Illustrating the Results of this Chapter. 
Example 17.4. 

Let us show that the shortest line between any two points p x and p 2 on a cylinder is a helix. 
The length s of any line on the cylinder between p t and p 2 is given by 

P2 [l+i*(d$/dz)*]V*dt 

where r, 0>z are the usual cylindrical coordinates with r = constant. A relation between e and z which will 
give this integral an extreme value is determined by 

± {a±\ §± _ o 

dz \*9'J 0$ 

where <p = [1 +rV 2 ] 1/2 and $' = de/dz. But since d<p/d$ = 0, 

d<f>/d$' = (l + rV 2 )- 1/2 ?-V = <a = constant 
From this, re' — c 2 . Hence re ~ c 2 z -f c 3 , which is the equation of a helix. 

Suppose that at pi we have 6 = 0 7 z = 0; thus c 3 = 0. At p 2 let e — 9 2 and z — z 2 \ hence 
c 2 = re 2 lz 2 , and r0 = (re 2 /z 2 )z is the final equation. 

Example 17.5. 

Referring to Fig. 17-3, Example 17.3 7 let us evaluate integral (5) along the actual path, determined by 
x = v x t, y = v y t — £flrt 2 between the limits £ = Q and t — t^ — 2v y /g = time of flight, and integral (7) 
along a varied path determined by x = v x t, y — h sin (wv x t/R) between the same limits, and compare the 
results. 

Let h — v\l2g = maximum height, and R — 2v x v y /g = range of projectile. Note that the real and 
varied paths intersect at x = 0 and x = R. Hence Sx — dy = 0 at these points. (Show that at 
t = tf/4, y v — y — 0.707 — 0.75.) Integral (5) becomes 

|m[u 2 + - 4v y flrt + 2flr 2 i 2 ] d£ = 2mh(v*/v y - ±v y ) 

o , 

Equation (7) may be written as 

J* 
|m[v 2 + {h?7r 2 vl/R 2 ) cos 2 (7rv x t/R) - 2gh sin (irv x t'/R)] dt 
o 

and finally J7„ = 2mh(vl/v y — cv y ) 

where c = (2/tt — tt 2 /32) = 0.329. Note that £ is slightly less than J v , as expected. 

Example 17.6. 

For a pendulum bob suspended from a spring, find the equations of motion by a direct application of 
Hamilton's principle. 

For the pendulum shown in Fig. 17-7 below, 

L = |m(f 2 + r 2 e 2 ) + mgr cos 6 — ik(r — r 0 ) 2 
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Hence 



f tz r t% • • • • • 

I 8L dt = I [m(r Sr + re 2 Sr + r 2 e 8$) + mg Sr cos 0 — mgr 8$ sine — k(r — r 0 ) 8r] dt 



Following equation (25), 
Likewise, 



mrSrdt = mrd(Sr) = d(mr 8r) — mSrrdt 
mrH 86 dt = d(mr 2 e So) - 8& d ^ 0) dt 



= d(mr 2 e 80) - 8$(mr 2 7 + 2mrr$) dt 

Hence we write the above integral as 

[{m r — mr$ 2 — mg cos 0 + k(r — r 0 )} Sr + {fnr 2 *$ + 2mrre + mgrr sin 0} 50] d£ 

[d(mr Sr) + d(mr 2 $ 8&)] — 0 

Assuming Sr and Stf are each zero at t x and t 2 , the second integral is clearly zero. Since Sr and 8$ are 
(except as stated above) completely independent, the first integral can be zero only if 



mr — mre 2 — mg cos 6 + k(r — r Q ) = 0 



and 



mr 2 0 + 2mrr$ + mgr sin 5 = 0 



But these are the equations of motion of the system. It is evident that they are just the relations that Would 
be obtained by a direct application of D'Alembert's principle or Lagrange's equations. 



i 




0 



Viscous 
drag, —bx -s-*. 



m 



X 



Fig. 17-7 



y?/////////// //////////////////////^ 

XY frame moves to right with 
constant acceleration a. 



Fig. 17-8 



Example 17.7. 

Suppose that the entire XY frame, Fig. 17-8, is made to move in the positive direction of X so that the 
distance s of 0 from a fixed point is given by s = vt + \at 2 . Let us also assume a viscous drag f on m 
given by / = —bx. From (17.8) we have 



dt 



( 2 [8L + f8x]dt = J 2 [8{±m{v + at+x) 2 - ±kx 2 } - bx 8x] 

[m(v + at + x) 8x — kx 8x — bx 8x] dt 

where t is not varied. 11 

Writing m(v + at + x)8x = d[m(v + at + x) Sx] — m(a + x)8xdt 

the above integral becomes 

[{m(a + x) + bx + kx} Sx] dt - J d[m(v + at + x) Sx] = 0 

The second integral is zero and from the first, m(a + x) + bx + kx = 0, which is just the equation of 
motion obtained by applying Lagrange's equation in the usual way. 

The above is another example of how equations of motion may be obtained by a direct application of 
Hamilton's principle. 
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17.9 Applications of Hamilton's Principle. 

As illustrated by Examples 17.6 and 17.7, the equations of motion of a system may be 
obtained directly from Hamilton's principle. However, as is evident, the procedure is less 
convenient than the usual Lagrangian method. 

Of course it may be said that, since Lagrange's equations are obtainable from Hamilton's 
principle, their use is equivalent to an application of the principle. However, it must be 
remembered that a derivation of Lagrange's equations, which in no way depends on Ham- 
ilton's principle, follows at once from D'Alembert's equation. Moreover, the route to 
Lagrange's equations via Hamilton's principle leaves much to be desired as regards clari- 
fication of basic physical principles. (Compare the derivation of Section 17.7 with that 
given on Pages 58-60.) 

However, this principle represents a distinct and interesting point of view. Also, it has 
been the forerunner of the application of variational methods to many branches of theoreti- 
cal physics. Within relatively recent years variational methods have proven quite useful in 
the development of the dynamics of continuous systems, relativity, quantum mechanics and 
quantum electrodynamics. 

For further study of Hamilton's principle, general variational methods and other 
related topics the reader may consult the following references. 

Cornelius Lanczos, Variational Principles of Mechanics, University of Toronto Press, 
1949, 1966. This book is highly recommended not only as a reference on variational prin- 
ciples, but as a valuable source of information regarding the basic principles and ideas 
throughout the field of dynamics. No effort has been spared to lay bare the foundation 
stones and supporting framework around which the science of analytical dynamics is con- 
structed. The language is clear and unencumbered with abstruse expressions. Seeking 
only to present basic truths in an understandable and unveiled manner, no attempt is made 
to present the material in its most "compact", "elegant" or fashionable form. Furthermore, 
the author makes quite clear certain very important points regarding the vectorial as com- 
pared with the analytical methods of dynamics. Finally, in referring to this book, do not 
fail to read both the preface and introduction. 

Clive W. Kilmister, Hamiltonian Dynamics, John Wiley, 1964, Pages 34, 49, 50. Note the 
author's views regarding Hamilton's principle, Page 34. 

Herbert Goldstein, Classical Mechanics, Addison- Wesley, 1950, Pages 30-37, 225-235. 
For a derivation of Hamilton's equations of motion from Hamilton's principle, see Pages 
225-227. For an important statement regarding variational principles and their uses, 
see Page 235. 

J. C. Coe, Theoretical Mechanics, Macmillan, 1938, Pages 412-417. 

Robert Weinstock, Calculus of Variations, McGraw-Hill, 1952, Pages 16-48, 95-98, 261-294. 
This book includes many applications of variational methods. 
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Problems 

17.1. Show that the shortest (or longest) line connecting two points on a sphere is a segment of a great 
circle. 

17.2. A line y = y(x) passing through two given points p\(xx,y{) and p 2 (#2>2/2) is rotated about the 
X axis. Show that the surface area A generated by the line is given by 

yds = 2tt J y[l + (dy/cte)*]^ da; 



pi 



Show that the equation of the line which generates a minimum surface is given by 

dy/dx — (y 2 /c* — 1) 1/2 or y — c 2 cosh (a;/^ 4- c 2 ) 

where c 2 and c 2 are constants to be determined so that the line passes through the two given points 
p x and p 2 > Details of how this may be accomplished are given in: R. Weinstock, Calculus of Varia- 
tions, McGraw-Hill, 1952, Page 30. The above curve is referred to as a catenary. 



17.3. A mass m attached to a coil spring having a constant fc, oscillates along a smooth horizontal line 
with a motion given by x ~ A sin tot where o> = yjk/m. Assuming a varied path represented by 
x — A sin w£+ € sin 2wt, where c is a small constant quantity, show that for the actual path taken 

8L dt = 0; and 

mat ior me vanea pain mis integral is equal to gm:rwe". *=<> 



17.4. Coefficients in a Fourier sine series development of the parabolic path, Example 17.5, Fig. 17-3, 
are given by ^ = (16/iyWt)(1 _ cos ^ n = 1, 2, 3, . . . 

(see any introductory treatment of Fourier series). Hence (retaining the first and third terms) the 
parabola is approximated by 

Z2h . ttX . 32k , SrrX 

y = -jr sm Ti + 27^ sin "r 

(Note that = 0.) Taking the above as a varied path, show that the integral $ v for this path is 

Jit/ 
Ldt = 2mh{vl/v y + cv y ) where c = (32 x 82/81^) = 
t=o 

L dt over the actual path is slightly less than $ v . 

t = 0 



17.5. Referring to the above problem write y v ~ y 4- c sinwi as a varied path, where y = v y t — \gt % , 
e — some small number, « = mr/t f} n — an integer. (Note that the varied path goes through the 
points x = 0, x — x 2 , Fig. 17-3.) 



Ldt is greater for the varied than for the actual path. 



17.6. The ball, Fig. 17-9, is thrown horizontally from p 1 with an initial velocity of v x . Falling freely 
under gravity, its actual path is determined by x = v x t, y = ^fft 2 . 

X 

Pi r 



+Y 



Actual motion x = v x l, y — \gt 2 . 
Assumed varied motion passing through and p->. 



x = V r t, 



( * 



I) 




Fig. 17-9 
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Let us assume the following varied path x = v x t, y = ( ^ 2 }(e x/x 2 — 1) which passes through 



points Vi and p 2 - Show that for the actual path, 



-1 



Ldt = — - — -I o-- = — - — + - 



^=0 



3u* 2 3 ^ x 

and for the varied path, 



0 



17.7. Referring to Fig. 2-8, Page 13, find equations of motion of the system by a direct application of 
Hamilton's principle as was done in Example 17.6. Use coordinates q\,y\ see (#.-4-4), Page 25, for 
T. Check results by the Lagrange method. 

m 

17.8. Referring to Problem 3.21, Fig. 3-13, Page 55, set up the r equation of motion by a direct applica- 
tion of Hamilton's principle. 

17.9. Referring to Example 4.6, Page 66, set up the equations of motion of the double pendulum by a 
direct application of Hamilton's principle. 

17.10. The pendulum shown in Fig. 17-7 and discussed in Example 17.6 is now allowed to swing in space. 
In spherical coordinates, 

L = ±m(r 2 + r 2 6 2 + r 2 sin 2 $ tf> 2 ) + mgr cos 6 - \k{r - r 0 ) 2 

Assuming a viscous drag on the bob, the power function P is 

p = ^b(r* + r 2 * 2 + r 2 sin 2 $ £ 2 ) 

(ST + 8W) dt reduces to 

[{mr — mre 2 — mr sin 2 0 <p 2 + k(r — r 0 ) — mgr cos 0 + br) 8r 

+ (mr 2 e + 2mrre — mr 2 sin 0 cos $ <P 2 + &r 2 fl + mpr sin e) S£ 

4- (mr 2 sin 2 0 £ + 2wrr^ sin 2 $ + 2mr 2 Si sin 9 cos + fcr 2 sin 2 $4>) 8^] = 0 
from which the equations of motion may be read off at once. 

17.11. Referring to Example 4.8, Fig. 4-6, Page 67, set up equations of motion of m, and m 2 by a direct 
application of Hamilton's principle. Is t allowed to vary? Compare results with those given. 



17.12. 



Set up equations (1&.15), Page 287, by a direct application of Hamilton's principle. 
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18 




Basic Equations of Dynamics 
in Vector and Tensor Notation 





The Lagrangian method of dynamics is largely based on the scalar quantities T, V f P, 
$W each of which can, for holonomic systems, easily be expressed in terms of any suitable 
generalized coordinates. Though the vector nature of force, velocity, acceleration, etc., is 
of basic importance, formal vector and tensor methods are usually of little or no use in 
obtaining proper expressions for the above quantities. On applying Lagrange's equations, 
equations of motion are obtained directly in just the desired coordinates. Moreover, com- 
plete account is automatically taken of vector quantities without the use of intervening 
formal vector relations, as shown in Section 3.10, Page 50. Hence the very general and 
easily applied Lagrangian procedure does not require or greatly benefit from formal vector 
and tensor methods. In all except relatively simple cases it is far easier and less time- 
consuming to write the Lagrangian equations of motion than to first determine appropriate 
vector relations and then translate into desired coordinates, to say nothing of the problem 
of eliminating forces of constraint. 

However, vector and tensor notation and procedures have been introduced extensively 
in many branches of science and technology, and in various fields they offer decided advan- 
tages. Hence the following list of the most important relations of dynamics, expressed in 
the above notation, should be of interest and value to the reader (a) in developing a better 
understanding of this language and how it is related to Lagrangian methods, (b) as a back- 
ground for reading many references. It will also serve to make more complete all points of 
view on this subject. 

Following each relation given below is the number and page of the corresponding form 
in the text. 

1. Position vector r and transformation equations. 

r = xi + yj + zk 

where i, j, k are unit vectors along rectangular orthogonal X, Y,Z axes. Or, 

3 

r — #iii 4- x 2 i2 4- x 3 U = 2 Xk * k 

where ii, i 2 , i3 correspond to the unit vectors above and Xi, X 2 , X 3 replace X, Y, Z. 
Xi = Xi(qu #2, . . .,<7n»t), etc., = reduced transformation equations. See (2.51), Page 27. 

2. Velocity r. 

velocity 
ri 



= r, = 



xi + yj + zk 



fc =i dq k Bt 



{2.52), Page 27 
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v = vo + r-f-wXr = inertial space velocity of a particle, where w = angular velocity 
of frame of reference, v 0 = inertial space velocity of origin of frame, r = position vec- 
tor of particle measured relative to moving frame. See {8.i), Page 143. 

• v — v 0 + o)Xr — velocity of typical particle in a rigid body. See {8.3), Page 142. 

3. Acceleration a. 

a = r - xi + yj +2k {2.59), Page 29 

Components a Ql ,a q2 ,a q3 of a along coordinate lines of the generalized coordinates 

a = r 0 + ixr + » X (» X r) [9.7), Page 180 

where a = inertial space acceleration of a typical particle in a rigid body. 

4. Force F, displacement dr and work W. 

F = F x i + F y j + F 2 k 
dn = dxd + dyij + fek = ^ T~dq k 



= J* F-dr Page 23 



5. Kinetic energy Z\ 

For a single particle, T = £rar-r. For a system of p particles having n degrees 
of freedom, 

T = J 2 mi • ii = 2 A rs £ r g s + 2 F r <? r + C {2.55), Page 27 



2 i=i f r=l 

where 



1 ^ /to 3£i 

at ' dt 



A li /3r 4 3rA „ A /a* to \ r 1 A / 

See (2M), Page 27. 

6. D'Alembert's equation. 

v 

1 

or 2 (Fi-pf)*8ti = 0 where p* = {A. 6), Page 60 

To express in generalized coordinates, write Sr, = 2 (XT/^fc- 

fc =i \OQk/ 

7. Lagrange's equations and generalized forces. 



2 [Fi - m$A + 2/d + «ik)] • (8a?ti + iyq + 8«tk) = 0 



2^i(ri-ri)l - ^- jS^rrr,) = >a r (4-8), &.9), Page 60 
i=i J Cyr i=i J 

n r = iF-f - ^ (4.10), Page 60 



See Section 4.8, Page 69. 
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8. Potential energy V, power function P. 

—V = J* Fi'dri where Fi are conservative (5.^), Page 82 

Fi = -grady, F Qr = (5.7), Page 85 

For viscous' forces, 

P = iS&wM. where & « = i^(Sr'Sf) (fl-ifl), Page 105 

^ rs i=l \0</r 0(/ s / 

9. The inertia tensor I, (momental dyadic). 

I - ^m^ii + jj + kk)-^] 

I = lllxx + jjlyy + kklzz — /^(ij + ji) 

- 7**(ik + ki) - 7«*(jk + kj) (7.11), Page 119 

where I xx = ^mi(y 2 + z 2 ), I xy = ^niixy, etc. 

For X, Y, principal axes of inertia, 

I = ii/^ x + jj/* + kk/1* 

10. Moment of inertia Ioa about any line Oa having direction cosines l,m 9 n 

loa = c-I-c (7.£), Page 118 

where c = il + jm + kn, 

11. Kinetic energy of a rigid body. * 

r = i 2 = i 2 m *( v ° + « X r) • (vo + <o X r) 

= i 2 ™*K + (• X r) • (• X r) + 2 Vo ■ (» x r)] (S.iO), Page 148 

For one point of body fixed, origin at this point, 

T = A<o ' I ' <o = i(I ft, 2 + / o> 2 + 7 a) 2 - 2/ a> a) - 2/ a) a> - 27 ft, ft, ) 

- 2\ x x y y z z xy x y xz x z yz y z' 

12. Angular momentum P about point Oi fixed in space. Corresponding Euler equations, 
body moving in any manner, not fixed to Ou 

P = 2 m A* x *)' Section 9.13, Page 195 

where r = position vector of ra;. 

Torque about Oi, T = 2 X F s Section 8.2F, Page 147 

s 

where F s = externally applied force, r s = position vector of point of application of F s , 

Euler's equation, , 

r = ^P {9.28), Page 196 



13. Torque r Q and relative angular momentum P 0 about point O moving with inertial-space 
velocity vo. 
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t 0 = ^ffUriXBi = 2 ^Wi x (vo + r) 
where Ri = position vector of mi measured from fixed point Oi. 

r 0 — ^ m * r * x ~" vo x 2 m * r * 

= ^ 2 *Hft X ii - Mvo X r c Page 196 

where r c = position vector of center of mass relative to 0. 

Defining P 0 = 2 m * r * x as relative momentum, the Euler equation in vector 
form may be written as 

r 0 = P 0 - Mv 0 X r c (9.81), Page 196 

14. The metric tensor. 

Write transformation equations as 

Xi — Xi(q l , q 2 , . . . , q n ), etc. (t not entering) 

Define the "element of length" ds in n-dimensional (Riemannian) space by 

ds 2 = 2 (d$ + dy* + dz*) 

fc=l 1=1 l_i=l J 

• n n 

or ds 2 = 2 J£,9kidq k dq l 

k=i i=i 

where # fc i are components of the "metric tensor." See, for example, (2.54), Page 27. 
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Relations Between Direction Cosines 



The relations given below are indispensable tools in the field of analytical dynamics as 
well as in many other branches of mathematical physics. This summary is intended ail a 
convenient reference. Most of the relations have been used extensively throughout this tixt 

A.l Relations between a nf a 129 a l39 etc., Fig. A-l. 



Direction cosines l,m t n relative to 
X,Y,Z and i^m^n, relative to X U Y X ,Z X . 




Fig.A-l 

Here a n , a 12 , a 13 , for example, represent cosines of the angles 0n, 0i 2 , 0i 3 between X and 



(1) 



respectively. That is, 


"n = 


cos e iv 


etc. 








+ = 


1, e? 2x 


' 22 ' "23 


1, a 2 31 


+ «32 + «38 




"n + *2i + «Si = 


1, a\ 2 


+ <4 + 


= 


1, al 


+ *L + *i 




"11*21 + *12«22 


+ «13*23 


= o, 


"11*12 


+ « 21 « 22 


+ "31*32 = 


0 


"11*31 + «12*32 


+ «13*33 


= o, 


"11*13 


+ « 21 « 23 


+ "31*33 = 


0 


*21*31 + " 22 " 3 2 


*23*33 


= o, 


"12*13 


CT 22*23 


*32*33 


0 



In compact form (1) and (2) are given by 

1 for r — s 



2 «ir« iS 

i=i 



0 for r ¥= s 



B rs = Kronecker delta 



"ll 


*22*33 


~ *23*32' 


"21 = 


*32*13 


_ *12*33» 


"31 


" 12*23 


*22*13 


*12 


= *23*31 


_ *33*21> 


*22 = 


*33*11 


*13*31> 


«32 


= « 13 « 21 


~ "23*11 


*13 


~~ *21*32 


~~ "31*22' 


«23 = 


*31*12 


"" *11*32? 


*33 


= « n « 22 


~ "12*21 
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A.2 Relations between Direction Cosines li,m u nx and l,m,n of Line Oa, Fig. A-l. 

Note that h, m u n\ are relative to X\, Y\,Z X and l,m,n are relative to X, Y,Z. Consider 
any point p(x, y,z; X\,y\,z\) on line Oa. Dividing the transformation equation x x = xa n + 
ya 2l + z<x n by r^Op we have xjr = (x/r)* n + {y/r)a n + {z/r)a BV But x x /r = l x , x/r = Z, etc. 
Hence 

I 



(5) 



Likewise it follows that 







+ %« 33 




= + TO,^ 


+ »,«» 


TO 


= \a n + TO x a 22 


+ 


n 


= i 1 a 31 + TO^, 


+ n x « 3 3 



(5) 



It is usually convenient to express the a's in terms of Euler angles as in Table 8.2, 
Page 158 or Table A.l which follows. 

A.3 Direction Cosines Expressed in Specific Coordinates. 

In the solution of almost any actual problem, direction cosines must eventually be ex- 
pressed in terms of specific coordinates. This is not difficult. The following examples 
are typical. 

(a) Rectangular coordinates. 

Consider line Oa, Fig. A-2. Let x, y, z be the rectangular coordinates of any point 
p on Oa. Hence direction cosines l,m,n of Oa are 

I = xlr, m — ylr, n — z/r (7) 

where r = (x 2 4- y 2 4- z 2 ) 1/2 . 




x,y, z, rectangular 
p -{p,4>, z cylindrical 
7, e, <f>, spherical 



Direction cosines l, m, n can be expressed 
in rectangular, cylindrical, spherical or 
other coordinates. 



Fig. A-2 



(b) Cylindrical coordinates. 

Letting p, <j>, z be cylindrical coordinates of p, Fig. A-2, 

I — p cos <£/r, m — p sin <t>/r, n — z/r 

where r = (p 2 + z 2 ) 1/2 . 

(c) Spherical coordinates. 

Letting r, 6, <j> be spherical coordinates of p, Fig. A-2, 

I — sin 0 cos <j>, m = sin 0 sin <j>, n — cos 0 



(*) 



(9) 
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(d) Direction cosines of the X, Y, Z coordinates, Fig. 8-16, Page 156, (or Fig. A-t) in terms 
of Euler angles. 

Euler angles are described in Section 8.7, Page 156, and illustrated in Fig. 8-16. 
Direction cosines a u , « 12 , a iz of X, etc., are given in Table 8.2, Page 158. For convenience 
the table is repeated below. These expressions are easily verified with the help of 
a simple model. 





X 


Y 






— sin <$> sin ^ cos 6 


a 21 = — sin <f> cos yp 

— cos <f> sin yf/ cos 6 


a 31 — sin e sin ^ 


Yi 


+ sin 4> cos 0 cos B 


a 2 2 — - sin 4> sin ^ 

+ cos 4> cos ^ cos 9 


<*32 ~ ~~ sin # COS \p 




a 13 ~ sin 6 sin <j> 


a 2 % = sin 9 cos £ 


<*33 = C °S 6 



Table A.l 



The above relations are very important in the treatment of rigid body dynamics as 
well as in other fields. 

A.4 Coordinates of Point p, Fig. A-3 (or m', Fig. 8-16) in Terms of Euler 
Angles <j>, 8 and Other Coordinates. 




Fig. A-3 

Rectangular coordinates of p are XuVuZi and x,y,z as indicated. Hence writing 
Xi = xa n + ya 21 + Za 31 and eliminating the as by Table A.l, we have 

xi = x(cos <h cos $ ~ sin <b sin cos 0) 

— 2/(sin <[, cos i/r + cos <f> sin ^ cos 0) + z sin 0 sin $ 

and similarly for 2/1 and Zu Or from a? = x x a u + y x a 12 + z t a 13 we obtain 

a; = #i(cos <f> cos ^ — sin <f> sin ^ cos 0) 

+ 2/i(cos</> sin ^ + sin £ cos^ cos 0) + 21 sin 8 sin </> 

with similar expressions for y and z. 



346 



RELATIONS BETWEEN DIRECTION COSINES 



[APPENDIX 



Now, for example, letting r, <j>\ 0 f represent spherical coordinates of p measured relative 
to X, Y,Z, we have x = r sin 0' cos y = rsin0'sin<£' and z - rcos0'. Eliminating 
x, y, z from (10), we obtain 

Xi — r sin 6' cos <£'(cos 6 cos ^ — sin <j> sin ^ cos 0) 

(12) 

- r sm#' sm<£'(sin<£ cost// + cos <j> sin ^ cos 0) + rcos0' sin0 sin^ 

etc. Thus it is clear that relations of the above type can be written in terms of Euler angles 
and various other coordinates. 

A.5 Direction Cosines of Line 0a f Fig. A-3, in Terms of Euler Angles 
\p y <£, 0 and Rectangular Spherical or Other Coordinates. 

The direction cosines Z,m,n of Oa, relative to X, Y,Z are just 

I = x/r f m — y/r y n — z/r (is) 

where x,y 9 z are the X, Y,Z coordinates of p. Hence the first of equations (5) may be 
written as 

h = (x/r)(cos cos if/ — sin <$> sin ^ cos 0) 

- (y/r)(sin<f> cos*/, + cos<£ sin^ cos0) + (z/r) sin 0 sin ^ 

with similar relations for mi and n u where r = (a: 2 + y 2 + 2 2 ) I/2 . Likewise, using (0) 
we have 

Z = (#i/?*)(cos cos ^ — sin sin ^ cos $) 

(15) 

+ d/i/^)(cos^> siny + sin</> cos^ cosfl) + (21/r) sin 0 sin </> 

where #1, 1/1, zi are the Zi, Fi, Z x coordinates of p. 

Writing r, 0', <// as spherical coordinates of p relative to the X y Y y Z frame, 

h = sin0' cos<£'(cos<£ cos^ — sin <f> sin ^ cos 9) 

— sin Q' sin<£'(sin</> cos^ + cos 6 sin*// cos 0) + cos 0' sin 0 sin $ 

etc. for mi and nu Likewise, 

I — sin 0 t cos ^(cos cos ^ — sin sin ^ cos 0) 

+ sin^j sin<£j(cos</> sin^ + sin</> cos$ cos 6) + cos 0' sin 0 sin 

where 0 t and </>j are spherical coordinates of p measured relative to X u Yi,Zu 

Of course cylindrical or other coordinates could be introduced in the above relations 
instead of the rectangular or spherical, 

A.6 Components of Velocity and Acceleration. 

(a) Referring to Fig. 8-3, Page 143, let v(x u yuZi) indicate the velocity of m relative to 
Xi, YuZu Then components v Xf v yf v z of v along X, Y \Z are 

v x = ^i a u + ^i a i2 + ^13' etc * ( 18 ) 
Or (see equations (5.4), Page 143), these components can be expressed as 

v x = v 0£ + x + Q y z - n z y, etc. (19) 
where Vox, the X component of the velocity of O, may, for example, be written as 

Components of v along X h Y u Zi can be written as 

V H = V x a n + V y a 2l + etc. (21) 

where v x , v v , v z can, for example, be expressed as in (IP). 
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(b) Let a indicate the acceleration of m relative to Xi,Yx,Zi. Components a Xj &y, a z of a 
along X, Y, Z are given by 

a * = 55i«n + ^i«i2 + Vi* etc - 

Of course can, if so desired, be expressed in terms of spherical or other 

coordinates. 

But in terms of angular velocity components of the moving X, Y,Z frame (see Sec- 
tion 9.4A and equations (9.6), Page 179) we have 

+ z(a x a z + h y ) + 2(zn y - yn z }, etc. {28) 
where <lq x can, for example, be written as 

a 0x = Vll + ^0«12 + Vl3- 

It is also clear that components of a along Xi, Yi,Zi can be written as 
where a x , a y , a* are given by (28), etc. 

A.7 Relations Between Direction Cosines and Unit Vectors. 

Let ii, is, ia be unit vectors along X U Y U Z\ and ei,e 2 ,e 3 unit vectors along X,Y,Z as in- 
dicated in Fig. A-3. As before, a 23 = cos0 23 , etc. 

Regarding Op as a vector r, we write 

r = xe 1 + ye z + ze 3 (00) 

r = Sjij + y x i 2 + (07) 

Dividing (26) through by r (the magnitude of r), ~ = ^ei 4- ~e 2 + ^e 3 . Now assuming, for 

example, that r is taken along X u we have r/r = ii, x/r = a iv y/r = « 21 , z/r = « 31 . Hence 

3 

Likewise, from (27) it follows that 

3 

e t = + « 12 i 2 + « 13 i 3 or e r = £a rs i s 

Since it is assumed that X u Y u Z x and X, Y, Z are orthogonal frames, ei • ei = 1, ei • e 2 = 0, 
etc.; ii • ii = 1, ii • U = 0, etc.; or in general, 

V«i = V*, = Kx (80) 

From the dot product of ei and the first equation of (28) we have 

v*i = a n e r e i + a: 2iV e 2 + a 3i e i ,e 3 

which by (SO) gives e^-ij — a iv Thus from either (28) or (29) it can be shown that 

e r -i s - a rs (SI) 
where the subscript of e is always written as the first subscript of «. 
The dot product of ii and the first equation of (28) is 

v*! = «ii e r i i + a ii e i ,, i + fl a A ,i i 

which by (SO) and (SI) reduces to 1 - a \ x + <4i + <4v Again, the dot product of i 2 and the 
first equation of (28) gives 0 = « u « 12 + "21*22 + "31*32* In manner all of relations (1) 
and (2) may be obtained. 
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In general it is seen from (28) that 



r=l r=l 



3 3 

Likewise from {29), V e r = ]£« rs vi s = Sv, s = Ki (**) 

s=l s=l 

See equation (#). 



A.8 Illustrative Exercises and Problems. 

(a) Proof of relations (1) and (2). Referring to Section A.2, take line Oa along X lr for 
example. In this case h = 1, mi = n± = 0; i = a n , w = a 21 , n = a 81 . Hence relations 
(5) become 

«ii + «fi + «ii = 1 

a ll«12 + *21«22 + «8l a iB = 0 
*11*13 + *2l*23 + a Zi a SS = 0 

In like manner the other relations of (1) and (2) may be verified. Note that proof of 
(1) and (2) constitutes a proof of (3). 

(b) As an exercise the student may derive relations (4) from (1) and (2). 

(c) Referring to Fig. A-l suppose that the Euler angles, not shown on this figure, have 
the values ^ = 60°, <f> = 30°, 9 = 45°. What is the angle B w for example? See Table 
A.l. Can each of the 6 iT angles be evaluated? 

Given a l2 = a, a 2s = 6, a 33 = c. Show that each of the remaining direction cosines 
can be evaluated. 

(d) Making use of relations (1) and (-4), show that the following determinant is equal to unity. 

«11 «12 ff 13 
a 21 a 22 a 2Z 
a 31 a S2 ff 33 

(e) Referring to Section A.4, write expressions for Xi,yi,Zi in terms of cylindrical coor- 
dinates and Euler angles. 

(/) Referring to Section A.4, Fig. A-3, let r = 10, <j>' = 60°, 0' = 30°, f = 25°, $ = 45°, 
$ = 20°. Compute numerical values of XuVutu 

(g) Again referring to Fig. A-3, let x = 4, y = 5, 2 = 6, ^ = 25°, <£ = 45°, 0 = 20°. Com- 
pute Xi,yi t zu 

(h) Starting with equation (10) and regarding x,y,z as variables, derive the first of rela- 
tions (8.4), Page 143. 

(i) Using the data given in (/), compute li,m lr ni of Fig. A-3. 

(j) Referring to Fig. A-4 below, line Op has a length of 13. The triangle OBp has an area 
of 30, and the area of the rectangle OABC is 12. Assuming Xi, y u z t are positive integers, 
show that xi = 3, yi - 4, zi = 12; h = 3/13, mi = 4/13, m = 12/13; I = 5/13, m = 6/13, 
n = 6y/3/13. 
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Jft, n relative to X, Y, Z 
Zi, relative to X lf Y lJ Z 1 



(k) Given r = xiU + y%i2 + ^iis and using x x = x« n + 3/a 21 + za 31 , etc. (see Fig. A-3), show- 
that r .= xei + ye 2 + ze 3 . Note relations (1), (2) and (.4). 

(I) An orthogonal X, Y,Z coordinate frame is determined by the following three vectors: 
ri = ii + 2i 2 + is, r 2 = 4ii - i 2 — 2i 3 , r 3 = 2i x + f>i 2 + ci 3 

Show that 6 = -4, c = 6; h = 3/13, m x = 4/13, ni = 12/18; J = 23/*, m=-l6/s, 
n = 31/s where s = 13\/l4. 

(m) Referring to Fig. A-5, writing x = * 1 o 11 + » 1 « 12 + z^g, = x 2 p n + 2/ 2 /? 12 + z 2 /? 13 and 



x = + ^27i2 + Via- show that in general y ( . = « ffc ^ 



'coordinates 




«»; - «!2**i3 = direction cosines of -Y relative to X lt Y lt Z^ 
yn,y 22 »Ti;j = direction cosines of X relative to X 2 , Y 2 , Z 2 . 
P\i> Pi2>fiiz — direction cosines of X l relative to X 2 , Y 2 ,Z 2 . 
To find expressions for y's in terms of a's and /?'s- 



Fig. A-5 

For a lucid discussion of matrix methods and a treatment of much of the above ma- 
terial in matrix form see: J. Heading, Matrix Theory for Physicists, Longmans, Green 
and Co., London, 1958. 



2.1. 


2A 


2.4. 


(a) 


2.5. 








2.7. 


(a) 




(b) 



Answers to Problems in Chapter 2 



m 1 f m 2 \ / wij 

(«) 2/i = 2/ + <h, J/2 = — 9i; (6) 2/, = 2/ + ( ^^-J 2/3, 2/ 2 = 2/ - ) Vs- No. 



— (i? + x 2 ) cos /3 — y 2 sin /? 
2/! = (i? + x 2 ) sin f3 + y 2 cos /?, = z 2 where £ = at + a£ 2 /2i? 
m" 2 - 2my 2 (o> + at/R) - my 2 a/R - m(R + x 2 )(u + at/R) 2 = F. 

2 

m? a + 2m£ 2 ( w + a£/#) + m(R + x 2 )a!R - m{R + x 2 )(u> + at/R) 2 - - F^, mz 2 = F^ 

2.9. See bottom of Page 286. 

2.10. (a) 1, (b) 7 

2.11. (a) 9, (6) 6 

2.12. (a) 5, (6) 10 

2.13. Degrees of freedom = 1; T = ±MPo 2 , where e is the angle made by the rod with the X axis. 

2.16. (a) Degrees of freedom — 3 

(b) Equation of constraint: (x 2 — x t ) 2 + (y 2 — #j) 2 - P f where x ti y t and x 2 ,y 2 are the coordi- 
nates of m 1 and m 2 respectively, I = length of rod. 

(o) T = £(m, + m 2 )(r2 + r 2 0 2 ) + \m 2 [Vp - 2lr} sin (0 - *) + 2lro$ cos (0 - *)] 
T = i(m 1 + m a )<l» + gt) + ^2 

2.17. r = + + i/jjj + iif 2 (^ + g) + + iM 3 (^ + 4 2 ) + £/ 3 0 3 2 

x 2 = ajj + cos + ^ 2 cos etc. 
Four superfluous coordinates in 7\ No. 

2.18. (a) x 2 = cc + (a — s) cos 0, 2/ 2 — 2/ + (a — s) sin 0, where a — m^l{m x + m 3 ) 
(6) r = i(m 1 +m 2 + m 3 )(i2 + ^2) + i/|2 

+ ^m 2 [s 2 + (a - s) 2 l 2 + 20(a — s)(^ cos 0 - x sin 0) — 2s(£ sin 0 + £ cos 0)] 

2.19. Four degrees of freedom. 

T = fag* + %m 2 y\ + KVfiJ + m^ + ^(ss + ^S) 2 + W 2 

where 7i and 7 2 are moments of inertia of the upper and lower pulleys and 0 is the angular velocity 
of the lower pulley. 

2.20. (a) T = ±m(r* + r 2 0 2 + 4a 2 r 2 r 2 ) + 1/0 2 ; (6) F = Jm^ + r 2 w 2 + 4a 2 r 2 r 2 ) + constant 

2.21. T = ±M 2 s\ + ^s\fR\ + ^3(8! + 5 3 )2 + ^M^ + 5 2 )2 + ^S 2 /^ 2 

+ + «2 + S4) 2 + + «2 - S4) 2 

2.22. r - £M^ 2 + + ^ + m {m $ + m3 ^ 2 ) 

2.23. T = ^[K 2 + r 2 0 2 - 2r 1 la0 1 sin - a)] + |m 2 [^ + r 2 <9 2 + 2r 1 i£* 2 sin (ff 2 ~ «)] + i 7 « 2 



2.27. T = Im 



R 2 (l + cos <?!) 4 2^(1 + cos<?i) 2 "I . 2 /cos 2 0! + cos 0A 2 . 



sin 4 0 2 sin 0 t 



~1 «o / cos 2 0i + cos 0 t \ 2 , n 

+ p J 9 i + 1(/ 2 +^)( s ; n2gi 9 ^ + 
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Acceleration, 28, 346 

along moving axes, 178, 179 
in generalized coordinates, 29 
in spherical coordinates, 29 
using Lagrange's equations, 48, 49 
Amplitude and direction of motion, 222 
Analogous electrical and mechanical 

systems, 309, 311 
Angles, Euler, 156 
Angular momentum, 195, 342 
Angular velocity as vector, 139 
Approximations of T 7 , P, V, 207 
Arbitrary constants, 6, 210, 224 
Arc length, 326, 342 
Atom, hydrogen, 325 
Axes, 

body-fixed, 143-147, 150-155 
direction-fixed, 161 
of inertia, 119 
principal, 119 

Bearing forces, 187, 192, 296 
Body-fixed axes, 143-147, 150-155 
Brachistochrone, 331 

Calculus of variations, 327 
Canonical equations, 317 
Center of mass, 

motion of, 177 

theorem, 26 
Central force, 88, 280, 320, 325 
Classical dynamics, 1 
Cof actors, 210 

Computational formulas, 283, 284 
Concepts, basic, 2 
Conservative systems, 81-98 

basic principles, 81 

forces, 82 

partly, 86 

potential energy, 82 
Constants, arbitrary, 6, 210, 224 
Constraints, 18 

and virtual work, 30, 31 

degrees of, 18 

forces of, 256-267 

holonomic, 193 

moving, 18, 46 

non-holonomic, 193 

rough, 264 
Coordinate systems, 10-15 
Coordinates, 

cylindrical, 11 

equilibrium, 206 

generalized, 15 



Coordinates (cont.) 

ignorable (see Ignorable coordinates) 

independent, 18 

moving, 2, 14, 21, 46 

non-inertial, 2, 3, 25 

normal {see Normal coordinates) 

of point in terms of Euler angles, 345 

spherical, 11 
Cosines, direction (see Direction cosines) 
Cylinder, rotating, 110 
D'Alembert's equation, 40, 58, 181, 331 
D'Alembert's principle, 1, 39, 58, 59 
Damped oscillations, 224 
Degrees of constraint, 18 
Degrees of freedom, 15 
Delta, Kronecker, 219, 343 
Determinant, fundamental, 209, 215 
Diagonal, principal, 220 
Differential equations of motion, 6, 42 
Differential, exact, 81, 105 
Direction cosines, 23, 343, 346 

and unit vectors, 347 

in terms of Euler angles, 156, 345 

in various coordinates, 344 

relations between, 343 
Direction-fixed axes, 161 
Double pendulum, 13, 20, 24 
Driving forces, 268-280 
Dynamical problems, types, treatment, 5 . 
Dynamically equivalent bodies, 131 
Dynamics, classical, 1 

Dynamics, rigid body (see Rigid body dynamics) 

Earth, 

angular velocity of, 283 
equations of motion on, 287, 291 
equatorial and polar radii of, 283, 291 
figure of, 281 

frames of reference, 283, 291 

geocentric, geographic latitudes, 281, 282 

gravity g, g\ 282 

motion relative to, 287-298 

moving frames on, 290 

rigid body near surface of, 290, 291 
Elastic springs, 89 
Electrical systems, 

kinetic energy for, 303 

Lagrange's equations for, 304 

potential energy for, 304 

power function for, 304 
Electromechanical systems, 306-311 
Ellipsoid of inertia, 118 

experimental project, 133 
Ellipsoid of revolution, 281 
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Energy integral, 91, 319 
Energy, kinetic (see Kinetic energy) 
Energy, potential (see Potential energy) 
Equations, of constraint, 18 

of motion, 6, 44 
Equilibrium, general treatment, 272, 273 
Equilibrium coordinates, 206 
Equivalent bodies, dynamically, 131 
Euler and Lagrange methods, comparison of, 197 
Euler angles, 156, 157 
Euler equations, 182, 195 

vector form of, 183 
Exact differential, 81, 105 
Experiments, suggested, 50, 71, 92, 110, 132, 
167, 228 

Figure of earth, 281, 282 
Forces, 

bearing, 187, 192, 296 

central, 88, 280, 320, 325 

constraint, 30, 59, 256-267 

dissipative, 99-116, 248 

driving, required, 268-280 

equilibrium, 272, 273 

f rictional, 100 

generalized (see Generalized forces) 

inertial, 2, 43 

not parallel to motion, 107 

power series for, 103 

viscous, 102 
Forces and voltages in electromechanical 

systems, 308 
Formulas, computational, 283, 284 
Foucault pendulum, 293, 294 
Frames, moving, 2, 14, 21, 46, 162, 178 
Freedom, degrees of, 15 
Freely falling body, 293 
Frequencies in small oscillations, 210 
Frictional forces, 100 
Fundamental determinant, 209, 215 
Fundamental frequencies, 210 

Generalized coordinates, 15 
Generalized forces, 42, 43, 60, 61, 85, 100 

as derivatives of Y, 85 

physical meaning, 60 
Generalized momentum, 316 
Generalized velocities, 19 
Geocentric latitude, 282 
Geographic latitude, 282 
Gravity equation, 284 
Gravity g and g' t 282, 284 
Gyroscopes, 159, 190 
Gyroscopic terms, 238 

Hamiltonian, 

for central forces, 320 

for moving coordinates, 321 

general form of, 318 

special cases of, 318 
Hamilton's equations, 1, 316, 318 

derivations of, 316 

uses of, 322 



Hamilton's principle, 326-338 

applications of, 336 

from calculus of variations, 331 

from D'Alembert's equation, 331 

Lagrange's equations from, 333, 334 
Holonomic systems, 59, 193 
Hooke's law, 81 
Hydrogen atom, 325 

Ignorable coordinates, 234, 235 

as functions of time, 239 

elimination of, 236 

using the Routhian function, 236, 237 

selecting proper, 242 
Inertia, ellipsoid of (see Ellipsoid of inertia) 
Inertia, moments of (see Moments of inertia) 
Inertia, principal axes, 119 
Inertia, products of (see Products of inertia) 
Inertial coordinates (frame), 2, 3, 4, 60 
Inertial force, 4, 43 
International gravity equation, 284 

Kinetic energy, 

basic relation of, 23 

electrical, 303 

for p particles, 26 

for small oscillations, 207 

general expression, 25, 27, 46 

in earth-fixed coordinates, 286-289 

in non-inertial coordinates, 25 

in normal coordinates, 218 

of rigid body, 148, 149 

using direction-fixed axes, 161 
Kronecker delta, 219, 343 

Lagrange's equations, 1 

for conservative systems, 86 

for electrical circuits, 304 

for electromechanical systems, 306 

for single particle, 39, 42 

for system of particles, 58, 80 

from Hamilton's principle, 333 

physical meaning, 50, 69 
Lagrangian function L, 86, 306 
Latitudes, 282 

Mass, 

center of, 26 

reduced, 320 
Metric tensor, 342 
Models, 156 

Modes of oscillation, 210 
Moment of force (torque), 147 
Momental ellipsoid, 118 
Moments of inertia, 117-138 

experimentally determined, 132, 133 

principal, 119 

relative to parallel axes, 120, 121 
relative to rotated frame, 122 
Momentum, 

angular, 195, 342 

corresponding to an ignorable coordinate, 235 
generalized, 316 
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Motion of rigid body, 148, 149, 182 

relative to moving frame, 162, 163 
Motion, stability of, 22.6, 248 
Moving constraints, 18, 46 
Moving frames, 2, 14, 21, 46, 162, 178 

Newton's laws, 1 
validity of, 2 

Non-conservative systems, partly, 86 

Non-holonomic systems, 193, 194 

Non-inertial coordinates, 2, 3, 25 

Normal coordinates, 217, 228 
with external forces acting, 226 
with viscous forces acting, 227 

Normal modes, 210 

Notation, vector and tensor, 339-342 

Orthogonality conditions, 219 
Oscillations, small (see Small oscillations) 

Parallel axis theorem, 120, 121 
Particle, acceleration of, 178 
Particle on moving spiral, 255 
Phase angles, 210, 224 
Pendulum, 

double, 14, 20 

Foucault, 293, 294 

simple, 292 
Period of oscillation, 210 
Polar coordinates, 10 
Potential energy, 82, 83, 303 

approximate form of, 208 

for small oscillations, 207 

general expression, 82 

in normal coordinates, 218 

of springs, 89 

varying with time, 90 
Power function P, 104-106, 207, 304 

special form of, 105 
Principal axes of inertia, 119 
Principal diagonal, 220 
Products of inertia, 118 

physical meaning, 293 
Projectile, 293 

Reactive forces, 256, 263 
Reduced equations, 19, 40, 59 
Reduced mass, 320 
Rigid body dynamics, 139-175 

equations of motion, 149 

Euler equations, 182 

expression for kinetic energy, 148 
Roots, 215 

Rotating coordinates, 4, 14 
Rotation of earth, 283 
Rough constraints, 264 
Routhian function, 236, 237 



Satellites, 297 

Scalar functions T, y,P, 339 
Small oscillations, 

about equilibrium positions, 203-233 

about steady motion, 234-255 

forced, 226, 227 

general examples of, 204, 205 

in electrical and electromechanical systems, 307 

with viscous damping, 224 
Space ship, object inside, 166, 191 
Spiral, motion on, 52 
Springs, elastic, 89 

potential energy in, 89 
Stability of motion, 226, 248 

Taylor's expansion, 206 

Tension as force of constraint, 30 

Tensor, metric, 342 

Tensor notation, 339-342 

Top, 

on earth, 295 

on rotating support, 174, 295 

oscillating, 159, 234, 240, 243 
Torque, vector quantity, 147 
Torsional constant, 133 
Transformation equations, 10-15 

reduced, 19 
Transformation theory, 322 
Two-body problem, 320 

Unit vectors, 347 

Universal gravity, 281, 282, 284 

Variational calculus, 327 
Vector notation, 339-342 
Vector potential function, 91 
Vectors, unit, 347 
Velocity, 

in generalized coordinates, 19 

in moving coordinates, 21 

in spherical coordinates, 20 

of free particle, 142 

of particle in rigid body, 141 

using transformation equations, 21 
Vibrating systems, 203-233 
Virtual displacements, 29, 30 

with time varied, 31, 46 
Virtual work, 29, 30, 59 
Viscous forces, 102 

Voltages and forces in electromechanical 
systems, 308 

Work, 22, 23 

related to kinetic energy, 22, 23 
related to potential energy, 82 
virtual, 8W, 30 
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